Advanced Solid State Theory

Magnetism, Superconductivity and Electron Correlation

SS 2019

£
GOETHE ;%
UNIVERSITAT

FRANKFURT AM MAIN

. . Roser Valenti
Institut fiir Theoretische Physik, Goethe-Universitiat Frankfurt



Source

This script has been prepared by Roser Valenti and Harald Jeschke on the basis of the
following literature:

Czycholl, Gerd: Theoretische Festkorperphysik: von den klassischen Modellen zu mo-
dernen Forschungsthemen, Springer, 2008.

W. A. Harrison: Solid State Theory, McGraw-Hill 1970.

C. Kittel, C. Y. Fong (Contributor): Quantum Theory of Solids, 2nd Revised Edition
John Wiley 1987.

N. W. Ashcroft and N. D. Mermin: Festkorperphysik, Oldenbourg 2001.
J. M. Ziman: Principles of the Theory of Solids, Cambridge Univ. Press 1979.

K. Elk, W. Gasser: Die Methode der Greenschen Funktionen in der Festkorperphysik,
Akademie-Verlag Berlin 1979.

Patrik Fazekas: Lecture Notes on Electron Correlation and Magnetism, Word Scien-
tific 1999.

Erwin Miiller-Hartmann: Theoretische Festkdrperphysik, Script

Claudius Gros: Festkorpertheorie, Script

J. B. Ketterson and S. N. Song: Superconductivity, Cambridge Univ. Press 2003.
Gerald D. Mahan: Condensed Matter in a Nutshell, Princeton University Press 2011.

Eberhard Engel, Reiner M. Dreizler: Density Functional Theory Springer, 2011.

In this course we will introduce density functional theory as a basic method to understand
and investigate the electronic properties of solid state systems as well as a few many-body
methods in order to describe correlation effects. We will provide a theoretical understan-
ding of magnetism, superconductivity, quantum Hall effect, tolopogy in condensed matter
systems and a few phenomena related to actual research.

We would like to thank Myriam Medina and Kateryna Foyevtsova for typing most of the
latex version of the manuscript.

11



Inhaltsverzeichnis

1 Density functional theory 3
1.1 Introduction . . . . . . . . . .. 3

1.2 Foundations of density functional theory . . . . . .. .. .. .. ... ... 6
1.3 The Kohn-Sham ansatz . . . . . . ... ... ... .. ... .. ....... 8
1.4 Functionals for exchange and correlation . . . . . .. ... ... ... ... 13

2 Magnetism 17
2.1 Coupling of matter to a magnetic field: Diamagnetism and paramagnetism 17
2.2 Paramagnetism of localized magnetic moments . . . . . . . . .. .. .. .. 21
2.3 Pauli paramagnetism of conduction electrons . . . . . . ... ... 24
2.4 Landau diamagnetism . . . . . .. .. ..o 25
2.5 De Haas van Alphen effect . . . . . . . . .. .. ... ... ... ..... 29
2.6 Quantum Hall effect . . . . . . . . .. .. ... 30

3 Collective magnetism 35
3.1 Dipole-dipole interaction . . . . . . . .. ... 35
3.2 Exchange interaction between localized spins . . . . . . . .. .. ... ... 35
3.3 Heisenberg model and related lattice models for collective magnetism . . . 38
3.4 Mean-field theory for the Heisenberg model . . . . . . . . . . .. .. .. .. 39
3.5 Spin wave excitations: magnons . . . . . . .. ... 43
3.6 Quantization of spin waves . . . . . .. ... 46
3.7 Itinerant magnetism . . . . . .. ... oL Lo 49

4 Superconductivity 53
4.1 Experimental results . . . . .. ... oo 53
4.1.1 Zeroresistance . . . . . ... 53

4.2 Meifiner effect . . . . . . .. 54
4.3 Entropy and specific heat . . . . . . ... ... L. 55
4.4 Cooper pair . . . . . ... 56
4.4.1 Retarded pair potential . . . . . . .. ... L0000 56

4.4.2 Cooper instability of the Fermisea . . . . .. .. .. .. ... ... o7

4.5 BCS theory . . . . . . . 59
4.5.1 Hamilton operator in second quantization . . . .. ... ... ... 60

4.5.2 BCS wavefunction . . . . .. ... oL 63

4.5.3 Mean-field treatment of the Hamiltonian . . . . . . . . . . ... .. 63

111



5 Greens function formalism 69

5.1 Imtroduction . . . . . . . .. 69
5.2 Two time Greens functions . . . . . . . . . . ... 74
5.3 Application to noninteracting electrons . . . . . .. ... ... 86
54 Quasiparticles . . . . .. L 89






Kapitel 1

Density functional theory

1.1 Introduction

The Hartree-Fock approximation is an approximate solution to the problem of interacting
electrons. It constitutes an effective simple particle theory

. h? koo N o o
Heff<Pk (r) = _%VQ Vefo} (r )@ka(r) = EkaSOka(T) (1.1)
with an effective potential that depends on the state ¢f (7), i.e. on the orbital indices kq:

Vel}fa( ) = Vext(F) + VHa?“treE(F) + Va:ka’U(F) (1-2)

Here, the “external” potential is that of the ionic cores

Vi ( ZV 7 — R,|) = Zm (1.3)

the Hartree potential arises from the Coulomb interaction of an electron with the electro-
static potential generated by all the other electrons

.,
Vitartree(T) = €7 / dr' = (TZ, (1.4)

with

Ne Ne
R R 2
= <<I>‘Z§(r—ra) <D> = Z}(pka(r)’ (1.5)
a=1 a=1
The exchange operator V¥« (r) is given by

1 ¢ (r)
ko O’ _ 2 3.7 pord B .
Vo) = —e Z/d i (”rr—r/rsokm’

(1.6)

it involves an integral over ¢f (r) and all other PR, (T r) with the same spin. The complica-
ted, nonlocal form of the exchange operator is the reason why the Hartree-Fock equations
are difficult to solve for large systems; they are mostly used in quantum chemistry where
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molecules with a small number of atoms and thus of electrons are studied. Solution typi-

cally involves Nj . integrals where Ny, is the size of the basis set. Hartree Fock also
de

has a well-known unphysical feature which is a diverging velocity vy = ¢ at the
k=kp

Fermi surface in all metallic (i.e. ungapped) systems.

Exchange and correlation

The key problem of electronic structure is that the electrons form an interacting manybody
system whith a wave function W(7;) = W(ry, 79, -+ ,7y). Since the interactions involve
always pairs of electrons, two-body correlation functions are sufficient to determine many
properties like for example the total energy E = % = (H). Explicitly, the joint
probability of finding electrons of spin ¢ at r and of spin ¢’ at ' is given by

w707, 0") = (3000 = 7)o — 0a)o( — 75)3(0" — 05))
o,
= N(N —1) Z d3T3---d3rN|\IJ(?,0;?’,0';?3,03;--- ;FN,UN)‘z (1.7)

03,04,

for normalized ¥. For uncorrelated particles, the joint probability is just the product of
probabilities, so that the measure of correlation is

An(F.0:7,0") = n(F.0:7.0") — n(F.0)n(F, o' (1)
and thus
n(r,o,7,0") = n(r,o)n(r, o) + An(r,o;7', 0’) (1.9)

It is also useful to define the normalized pair distribution

Pl / A poli 4 /
g(r,o;7r,0') = n&r, ML ) =1+ Z(T’ EAMEL ) (1.10)
n(r, o)n(r’, o) n(r,a)n(r’, o)

This is 1 for uncorrelated particles; correlation is measured by ¢(r,o;7,0") — 1. All
long range correlation is included in the average terms so that the remaining terms
An(r,o;7",0') and g(r,o;7",0’) — 1 are short range and vanish at large |[r — 7’|. The
Hartree-Fock approximation (HFA) consists of neglecting all correlations except those re-
quired by the Pauli exclusion principle. The exchange term in the HFA contains the Pauli
exclusion and the self interaction correction, ¢.e. it cancels a spurious self interaction con-
tained in the Hartree term. Both effects lower the energy which can be interpreted as the
interaction of each electron with a positive exchange hole surrounding it. The exchange
hole An,(r,o;7",0') is given by An(r,o;7",0’) in the HFA, were ¥ is approximated by
the single determinant wave function ¢; one finds

2

PR GEAGH (1.1)

Anypa(F,o57,0") = Any(7,0:7,0") = — G50

It is immediately clear that the exchange hole involves only electrons of the same spin
and that the probability for finding two electrons of the same spin at the same point
r =7’ vanishes (see eq. (1.9)). There are stringent conditions for the exchange hole: 1) it
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can never be positive, An, (7, o; 0') <0 (ie. d.(r,o;7",0") < 1) and 2) the integral of
the exchange hole density Anm(r, o;7’,0') over all 1 is exactly one missing electron per
electron at point 7 (if one electron is at r, then the same electron cannot be at 7).

The exchange energy can be interpreted as the lowering of the energy due to each electron
interacting with its positive exchange hole,

A . poaliS w4 /
Ea: = [(‘/;nt> _EHartree< HFA Z/d3rn /d3 il (1,70-;7,70-) (112)

=7

Correlation: The energy of a state of many electrons in the Hartree Fock approximation
is the best possible wave function made from a single determinant. Improvement of the
wave function to include correlation introduces extra degrees of freedom in the wave
function and therefore always lowers the energy for any state, ground or excited; this
lowering of the energy is called the correlation energy E.. (This definition is not the
only possible as a different reference state could be chosen, but it is the one leading to
the smallest possible magnitude of E.).

The effects of correlation can be cast in terms of the remaining part of the pair correlation
beyond exchange:

An(r,o;7",0') =n, (1,07, 0") = ny(r,o;7,0") + n.(r, 0,7, 0) (1.13)

As the entire exchange-correlation hole obeys the sum rule that it integrates to 1, the
correlation hole n.(r, o; 7, ¢') must integrate to zero, i.e. it merely redistributes the density
of the hole. In general, correlation is most important for electrons of opposite spin as
electrons of the same spin are automatically kept apart by the exclusion principle.

9x
0.8 | -
0.6 i
04 | -
0.2 f i
. . . Abbildung 1.1: Exchange hole
0 0 ] 5 3 4 9-(7) in the homogeneous elec-

rirg tron gas.



1.2 Foundations of density functional theory

Density functional theory has become the primary tool for calculation of electronic struc-
ture in condensed matter, and is increasingly importat for quantitative studies of molecules
and other finite systems. In a famous 1964 paper!, P. Hohenberg and W. Kohn showed
that a special role can be assigned to the density of particles in the ground state of a
quantum manybody system; the density can be considered as a basic variable, i.e. all
properties of the system can be considered to be unique functionals of the ground state
density. Hohenberg and Kohn formulated density funtional theory as an exact theory of
manybody systems of interacting particles in an external potential Vi (r) including any
problem of electrons and fixed nuclei, where the Hamiltonian can be written

ZV? +2Vm To) + = Z’T _Tﬁ’ (1.14)

i#£]

Density functional theory is based upon the following two theorems first proved by Ho-
henberg and Kohn:

Theorem 1: For any system of interacting particles in an external potential Vi, (7), the
potential V. (7) is determined uniquely, except for a constant, by the ground state par-
ticle density ng(r).

Corollary 1: Since the Hamiltonian is thus fully determined except for a constant shift of
the energy, it follows that the manybody wave functions for all stated (ground and ex-
cited) are determined. Therefore, all properties of the system are completely determined
given only the ground state density ng(7).

Theorem 2: A universal functional for the energy E[n] in terms of the density n(r) can
be defined, valid for any external potential Vi (7). For any particular Vi (r), the exact
ground state energy of the system is the global minimum value for this functional, and the
density n(r) that minimizes the functional is the exact ground state state density ng (7).
Corollary 2: The functional E[n| alone is sufficient to determine the exact ground state
energy and density. In general, excited states of the electrons must be determined by other
means.

Schematic representation of the Hohenberg-Kohn theorem:

Vet (F) £ 10(7)
N8 1
U,(r) = Wo(r) (1.15)

Small arrows indicate the usual solution of the Schodinger equation where the potential
Vit (T) determines all states of the system W,;(7) including the ground state Wy(r) and
ground state density ng(r). The large arrow indicates the Hohenberg-Kohn theorem which
completes the circle.

Proof of theorem 1: density as a basic variable
We use the expressions:
(Wln(r)|¥) N J &y dry 32V (T, Ty, )

-~ = =

()= (UIW) [ Brid3ry - dBry |V (ry, Te, T3, T2

(1.16)

'P. Hohenberg and W. Kohn, Inhomogeneous electron gas, Phys. Rev. 136, B 864 (1964).
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for the density of particles, with the density operator

n(r) = 6(r—ra) (1.17)
and
o <‘;[I|H|‘1}> T\ _ T % 37" T
5= Sy = ) = )+ (V) + / &1 Ve (F)n(7) + En (1.18)

for the total energy, where expectation value of the external potential has been written
explicitly as a simple integral over the density function. F;; is the electrostatic nucleus-
nucleus interaction. Now we prove theorem 1 b%/ reductio ad absurdum. Suppose that
there were two different external potentials V.. (r) and Vé(xt)( ) which differ by more
than a constant and which lead to the same ground state density n(r). The two external
potentials lead to two different Hamiltonians H® and H® which have different ground
state wave functions U and U® which are hypothesized to have the same ground state

density ng(7). Since ¥®@ is not the ground state of HM it follows that
EW = (gWFO WY <« (0@ 0w ?) (1.19)

Here a nondegenerate ground state is assumed which simplifies the proof but is not es-
sential. The last term can be written as

<\I;(2)|[f[(1)’\p(2)> - <q,<2>|g<2>|\1,<2>> + <\1,<2)|g(1> _ g@),\p(z))
= B+ [ VR - VE D] ml®), (1.20)
so that

EW < E® /f[v%m—@ym%®. (1.21)

On the other hand, if we consider E® in exactly the same way, we find the same equation
with superscripts 1 and 2 interchanged:

E® < EW /f[v%m—mgﬁhdm (1.22)
If we add Eqgs. (1.21) and (1.22), we arrive at the contradictory inequality E®) + E?) <
E®M + E®_ Thus, there cannot be two different external potentials differing by more than
a constant which give rise to the same nondegenerate ground state density; the density
uniquely determines the external potential to within a constant.

The corollary 1 follows since the Hamiltonian is uniquely determined (except for a con-
stant) by the ground state density. Then, in principle, the wave function of any state is
determined by solving the Schodinger equation with this Hamiltonian. Among all soluti-
ons consistent with the given density, the unique ground state wave function is the one
that has the lowest energy. Of course, no prescription has yet been given to solve the
problem. Still, the manybody problem in the presence of V. (7) needs to be solved. For
example, for electrons in materials where the external potential is the Coulomb potential
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due to the nuclei, the theorem only requires that the electron density uniquely determines
the positions and types of nuclei.

Proof of theorem 2

The proof of theorem 2 requires proper definition of the meaning of a functional of the den-
sity and restricting the space of densities. We restrict to densities that are V-representable,
i.e. densities n(r) that are ground state densities of the electron Hamiltonian with some
external potential V.. Within this space of densities, we construct functionals of the
density. Since all properties such as the kinetic energy, etc. are uniquely determined if
n(r) is specified, each such property can be viewed as a functional of n(r), including the
total energy functional

Eux[n] = Tn| + Eiw[n] + /d37” Vext (T)n(r) + Erp
::&ﬂﬂ+/ﬁ%%ﬂﬂﬂﬁ+EH (1.23)

where Ej; is the interaction energy of the nuclei. The functional Fyk[n] thus defined
includes all internal energies, kinetic and potential of the interacting electron system

Fux[n] = T[n] + E[n] (1.24)

which must be universal by construction since the kinetic energy and interaction energy
of the particles are functionals only of the density. Now consider a system with a ground
state density n(!)(7) corresponding to the external potential v (7). the Hohenberg-Kohn
functional is equal to the expectation value of the Hamiltonian in the unique ground state

which has the wavefunction ¥
ED — EHK[n(l)] = <\Il(1)]]3[(1)|\11(1)> (1.25)

Now consider a different density n(® (r) which necessarily corresponds to a different wave
function W It follows immediately that the energy E®) of this state is greater than £(1)
since

EW = (gOFOpOY < (@ FO|p®) = F?) (1.26)

Thus the energy given by (1.23) in terms of the Hohenberg-Kohn functional evaluated for
the correct ground state density ng(r) is indeed lower than the value of this expression
for any other density n(r). This means that if the functional Fyxk[n] were known, then by
minimizing the total energy of the system (1.23) with respect to variations in the density

n(r) one would find the exact ground state density and energy. This establishes corollary
2.

1.3 The Kohn-Sham ansatz

The Kohn-Sham approach is to replace the difficult interacting manybody system with a
different auxiliary system that can be solved more easily - it is an ansatz because there is
no unique prescription of how to choose the simpler auxiliary system. The ansatz assumes



that the ground state density of the original interacting system is equal to that of some
chosen non-interacting system. This leads to independent particle equations for the non-
interacting system that can be considered exactly solvable with all the difficult manybody
terms incorporated into an exchange-correlation functional of the density. By solving the
equations one finds the ground state density and energy of the original interacting sys-
tem with the accuracy limited only by the approximations in the exchange-correlation
functional. These approximations, the most important of which are the local density ap-
proximation (LDA) and generalized gradient approximation (GGA) functionals will be
discussed below. The Kohn-Sham ansatz for the ground state rests on two assumptions:
1) The exact ground state density can be represented by the ground state density of the au-
xiliary system of noninteracting particles. This is called non-interacting-V-representability
(see scheme below)

2) The auxiliary Hamiltonian is chosen to have the usual kinetic energy operator and an
effective local potential Vi f(é) acting on an electron of spin o at point 7.

Schematic representation of the Kohn-Sham ansatz:

Ve (F) €= no(1) <> no(7) 22 Vs (7)
Y ) () Y
U,(r) = Wo(r) izt N.(T) < i(T) (1.27)
H Ky means Hohenberg-Kohn theorem applied to the noninteracting problem. The KS
arrow indicates connection in both directions between the manybody and independent
particle systems.

The actual calculations are performed on the auxiliary independent particle system defined
by the auxiliary Hamiltonian

1 .
HS = — §V2 +V(r) (1.28)

aux

V(r) will be specified later. For independent electrons, the ground state has one electron
in each of the N7(o =1, ) orbitals ¢¢ (r) with the lowest eigenvalues €7 of the Hamiltonian
(1.28). The density of the auxiliary system is given by

n(r) = > n(r,o0) = ZZ 7 (7)), (1.29)

g

the independent particle kinetic energy T is given by

= __ZZ WOV 7) = ZZ/d?’ | V7 (7) (1.30)

and we define the classical Coulomb interaction energy of the electron density n(r) inter-
acting with itself as

1 n(r)n(r’
EHartree[n] = 5 /d?)T dST/ % (131)

The Kohn-Sham approach to the full interacting manybody problem is to rewrite the
Hohenberg-Kohn expression for the ground state energy functional (1.23) as

FExs = Ti[n] + /d37’ Vext (T)n(7) + FHartree| ] + Err + Fxe[n] (1.32)
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Here V. (7) is the external potential due to the nuclei and any other external fields
(assumed to be independent of spin). All manybody effects of exchange and correlation
are grouped into the exchange-correlation energy FE,.. Comparing the Hohenberg-Kohn
(1.23) and the Kohn-Sham (1.32) expressions for the total energy shows that E. can be
written as

Exc [n] = FHK [TL] - (Ts [TL] + EHartree [n]) (133>
Exc [n] = <T> - Ts [n] + <‘A/;nt> - EHartree [n] (134)

This shows that Ey.[n] is just the difference of the kinetic and internal interaction ener-
gies of the interacting manybody system from those of the fictitious independent-particle
system with electron-electron interactions replaced by the Hartree energy. As the uni-
versal functional Ey.[n] of (1.32) is unknown, approximate forms for Ey.[n] make the
Kohn-Sham method a valuable approach for the ground state properties of the manybo-
dy electron system.

The Kohn-Sham variational equations

The solution of the Kohn-Sham auxiliary system for the ground state can be viewed
as a problem of minimization with respect to either the density n(r, o) or the effective
potential V7 f(?). As Ty is expressed as a functional of the orbitals but all other terms are
considered to be functionals of the density, one can vary the wave functions and use the
chain rule to derive the variational equation

5EKS o 5Ts + 6Eext 6EHartree + 5EXC 5”(?7 U)
U7 (r)  ovr()  Lon(rie) © on(ro) T on(r.o) | our(r)

=0 (1.35)

subject to normalization conditions

W7IWS) = bijeq (1.36)
We use the expressions (1.29) and (1.30) for n?(7) and T, which give

P N on(r) .
W - 2v wz (T)7 (57%7*(?) - wz (T) (137)

and the method of Lagrange multipliers to handle the constraints:
5 — 2
W{EKS—;;@(/%W@)] —1)} =0 (1.38)
This variation leads to the Schrédinger-like Kohn-Sham equations
(Hgs —&7)v{(r) = 0 (1.39)
where 7 are eigenvalues and Hg is the effective Hamiltonian (in Hartree atomics units)

.

1 -
Hio(r) = — §v2 + Vi (7) (1.40)
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with

o (7 — 5EHartree 5Exc
V() = Veul 1)+ 5000 Sl o)

= Vext (F) + VHartree(?) + V;(UC(F) (141)

These are the well-known Kohn-Sham equations?; they have the form of independent
particle equations with a potential that must be found selfconsistently with the resulting
density. The equations are independent of any approximation to the functional Ey.[n],
and would lead to the exact ground state density and energy for the interacting system
if the exact functional E.[n] were known. Furthermore, the Hohenberg-Kohn theorems
guarantee that the ground state density uniquely determines the potential at the mini-
mum, so that there is a unique Kohn-Sham potential V.5 () |min = Viés(7) associated with
any given interacting electron system.

F.., Vic and the exchange-correlation hole

The genius of the Kohn-Sham approach is that by explicitly separating out the independent-
particle kinetic energy and the long-range Hartree terms, the remaining exchange-correlation
functional Ey.[n] can reasonably be approximated as a local or nearly local functional of
the density. This means that the energy FE. can be expressed in the form

Eeln] = / Brn(F)ewe((n], F) (1.42)

where e..([n],7) is an energy per electron at point r that depends only on the density
n(r, o) in some neighborhood of point 7. The exchange and correlation energy density can
be related to the exchange correlation hole using the coupling constant integration. In
general, the derivative of the energy with respect to any parameter A in the Hamiltonian
can be calculated using the variational property of the wave function:

0F oH

— = (Uy\| |V 1.43
and from this, an integral expression can be obtained for calculating energy differences
between any two states connected by a continuous variation of the Hamiltonian:

N ro oH
AE = Al d)\a)\ = //\1 ANV, | a)\|\Il,\> (1.44)
Here, we are interested in varying the Hamiltonian continuously between the non-interacting
and the fully interacting limits. For this we can use the parameter e? in the interaction
energy, scale it by e — €2\ where \ is varied from 0 to 1. This we do only to the electron-
electron interaction term (nuclear term is treated separately as external potential), and

we find for the change in energy

d‘/int
d\

AE = /Ol(ww D, (1.45)

2W. Kohn and L. J. Sham, Self-consistent equations including exchange and correlation effects, Phys.
Rev. 140, A 1133 (1965).
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If we do this with the added constraints that the density must be kept constant during
this variation, all other terms remain constant and the exchange correlation energy is
given by

2

¢ dV}nt ]- 3 — 3 ,FLXC (7_4\’ ’F\/)
Exc[n] = /0 AU =37 10) — Eitartree[n] = 5/65 Tn(r)/d T'W (1.46)
where 7iy(7,7") is the coupling constant averaged hole
1
meli) = [ A6 (1.47)
0

Nxe(T,7") is the exchange correlation hole summed over parallel (¢ = ¢’) and antiparallel
(0 # o) spins. Thus, the exchange correlation density £,.([n],7) can be written as

o1 Ne (7, 77)
exe([n],7) = §/dsrlm (1.48)

This result shows that the exact exchange correlation energy can be understood in terms
of the potential energy due to the exchange-correlation hole averaged over the interaction
from e? = 0 to e? = 1. For ¢ = 0 the wave function is just the independent-particle Kohn-
Sham wave function so that nl (r,o;7",0’) = n.(r,0;7",0’) where the exchange hole is
known from Eq. (1.11). Since the density everywhere is required to remain constant as
A is varied, ey ([n],7) is implicitly a functional of the density in all space. Thus E,.[n]
can be considered as an interpolation between the exchange-only and the full correlated
energies at the given density n(r, o). Analysis of the averaged hole 7iy.(7,7") is one of the
primary approaches for developing improved approximations for Ey.[n].

Exchange-correlation potential V..

The exchange-correlation potential V.%(r) is the functional derivative of Fy. and can be
written as

N

Oexe([n],7)

Velr) = exc([nl, 1) +n(r)— - o)

(1.49)
where ex.([n],7) is defined in (1.42) and is a functional of the density n(r’,¢’). V. is not a
potential that can be identified with interactions between particles and it behaves in ways
that seem paradoxical. The second term in (1.49), sometimes called response potential,
is due to the change in the exchange correlation hole with density. In an insulator, this
derivative is discontinuous at a band gap where the nature of the state changes disconti-
nuously as a function of n. This leads to a derivative discontinuity where the Kohn-Sham
potential for all the electrons in a crystal changes by a constant amount when a single
electron is added. This can be understood by examining the kinetic energy. The great
advance of the Kohn-Sham approach over the Thomas-Fermi approximation is the incor-
poration of orbitals to define the kinetic energy. In terms of orbitals, it is easy to see that
the kinetic energy T for independent particles changes discontinuously in going from an
occupied to an empty band since the ¢ (7) are different for different bands. In terms of
the density, this means that the formal density functional T;[n] has discontinuous deriva-
ties at densities that correspond to filled bands. This is a direct consequence of quantum
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mechanics and is difficult to incorporate into an explicit density functional; also the true
exchange-correlation potential must change discontinuously. These properties are not in-
corporated into any of the simple explicit functionals of the density, such as local density
or generalized gradient approximations, but they occur naturally in orbital dependent
formulations like the optimized effective potential (OEP).

Meaning of the Kohn-Sham eigenvalues

The Kohn-Sham eigenvalues, introduced as Lagrange multipliers, have no direct physical
meaning, at least not that of the energies to add or substract electrons from the interacting
manybody system (in analogy to Koopmas theorem for Hartree Fock). The exception is
the highest eigenvalue in a finite system which is minus the ionization energy. Nevertheless,
the eigenvalues have a well defined meaning within the theory and can be used to construct
physically meaningful quantities. For example, they can be used to develop perturbation
expressions for excitation energies, either in the form of a functional or in the form of
explicit manybody calculations that use the Kohn-Sham eigenfunctions and eigenvalues
as an input.

Within the Kohn-Sham formalism, the meaning of the eigenvalues, known as Janak theo-
rem, is that the eigenvalue is the derivative of the total energy with respect to occupation
of a state:

_ dEtotal _ /dST dEtotal dn(?)

i — : 1.50
c dn; dn(r) dn; (1.50)

1.4 Functionals for exchange and correlation

Even though the exact functional Fy.[n] must be very complex, the great success of DFT
is due to remarkably simple approximations.

The local spin density approximation (LSDA)

This approximation is based on the observation that solids can often be considered close
to the limit of the homogeneous electron gas. In that limit, the effects of exchange and
correlation are local in character. Thus, the local density approximation (LDA), which
was already proposed by Kohn and Sham, takes the exchange-correlation energy as an
integral over all space, with the exchange-correlation energy density at each point assumed
to be the same as in a homogeneous electron gas with that density:
EE ) = [ e (ol (7). 0' () (151
The axis of quantization of the spin is assumed to be the same at all points in space, but
this can be generalized to a non-collinear spin case. The LSDA can be formulated either
in the two spin densities n'(7) and n*(r), or in the total density n(7) and the fractional
spin polarization
"(r) —nt(r)
. ni(r)—n*(r
7 = _ 1.52
(=" (152
Solving the Hartree-Fock equations for the homogeneous electron gas can be done analy-
tically; one finds a dispersion (in atomic units)
k> k

k
5k——+?Ff(x) with x:E

y (1.53)
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and

fla) = —(1+1_x21n HxD (1.54)

2x 1—=x

where the second term is the matrix element for the exchange operator.
For a polarized system, exchange has the form

e2(n, ) = ,(n,0) + [ex(n, 1) — £4(n, 0)] f2(C) (1.55)
with

L(1+QV+ (1= -2
2 23 — 1

fo(€) = (1.56)

For unpolarized systems, the LDA is found by setting n'(7) = n*(r) = »()/2. The corre-
lation energy of the inhomogeneous electron gas cannot be calculated analytically; it is
calculated with manybody methods (RPA) or numerically with Quantum Monte Carlo. It
has been parameterized using analytic forms, for example one that is the same as (1.55),
as proposed by Perdew and Zunger.

Generalized gradient approximations (GGAs)

The first step beyond the local approximation is a functional of the gradient of the density
|Vn?| as well as its value n at each point. But a straightforward expansion can run
into problems due to the violation of sum rules. The problem is that gradients in real
materials are so large that the expansion breaks down. The term generalized gradient
approximation denotes a variety of ways proposed for functions that modify the behavior
at large gradients in such a way as to preserve the desired properties. The functional can
be defined as a generalized form of (1.51)

EXGCGA[nT, nt] = /d3r n(T)exe(nt, nt, |Vnl|, |[Vnt, )

- / Ern(F)eom (n) Foo(nl, nt, [VRT], |90, - ) (157)

Xc

where F}. is dimensionless and £2°™(n) is the exchange energy of the unpolarized gas. For

exchange, there is a spin scaling relation
1
By [n",n!] = 5| Eo[2n"] + B.[20"]] (1.58)

where E,[n] is the exchange energy for an unpolarized system. Thus, for exchange we
need to consider only the spin-unpolarized F,(n,|Vn|). It is natural to work in terms of
dimensionless reduced density gradients of mth order that can be defined by

|V™n| V™

Sm = (Qkp)mn = 2m(37r2)m/3n(1+m/3) (1.59)

Since kp = 3(%”)1/ 3L s, is proportional to the mth order fractional variation in density

s’

normalized to the average distance between electrons r,, for example

Vn|  |Vry
(2kp)n  2(%)Yor,

S1 =8 =

(1.60)
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The lowest order terms for F, have been calculated analytically

10 146
[, 14+ —s?
= = L grsi T 5050

1 SRR (1.61)

Numerous forms F,(n, s) have been proposed; these can be illustrated (see Fig. 1.2) by
the widely used forms of Becke (B88)3, Perdew and Wang (PW99)* and Perdew, Burke
and Ernzerhof (PBE)®. In the region that is most relevant for physical applications, s < 3,
the three forms have similar shapes and lead to similar results. For the large s region,
relatively little is known.

3 T T T ¥ pZ T
r/’
’/
B88-GGA .-~
’/
’/
’/
2| « .
/,/ PBE-GGA
< I 8 L et e ISP
3
/Egi PW91-GGA
1
LDA Abbildung 1.2: Exchange en-
hancement factor F,(n,s) as
function of dimensionless den-
0 , ‘ , ) . ) . sity gradient s. From R. M.
0 2 4 6 8 10 Martin, Electronic Structure,
S
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