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Abstract

In this work, we will derive an effective theory of lattice QCD in 1+1 dimensions
in the strong coupling and heavy quark regime. The lattice action will be expanded
around heavy quarks so that the integrals over the gauge links can be carried out.
This effective action that we calculated is then resummed to an exponential. The
resummation produces a correction term which can be inserted in two different ways.
We further will obtain some gauge corrections to the effective theory. The effective
theory is then mapped to the linked cluster expansion, where we need to take care
of the correction terms arising from the resummation of the effective theory. In the
last step, we will calculate some thermodynamic quantities and discuss our results.
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Chapter 1

Introduction

Three of the four fundamental forces, electromagnetism, the weak interaction, and
the strong interaction, are described by the standard model; only gravity is excluded.
These three forces are formulated as quantum field theories which are categorised
in gauge groups by their symmetry.

Quantum Chromodynamics (QCD) is the theory of strong interactions, the in-
teractions between quarks and gluons. Six quark flavours are known, the up, down,
strange, charm, top, and bottom quark.

Since quarks are fermions, in addition to the electric charge and the flavour
charge, a third charge is needed to fulfil the Pauli exclusion principle. Particles
like the A™, which contains three up-quarks with parallel spins, need an addi-
tional quantum number so that the wave function can be symmetric. This quantum
number is known as colour and takes the values red, green, and blue.

Free particles always appear as colour singlets that can be built from three
(anti-) quarks or a quark-antiquark pair; this is called colour confinement. Another
phenomenon is the asymptotic freedom. It describes the behaviour of quarks at
small distances or, equivalently, at high momentum transfer. This leads to a weaker
coupling at higher energies.

These phenomena indicate a rich phase structure of QCD. The phase diagram in
the temperature-chemical potential plane, of which one version is sketched in figure
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Figure 1.1: Sketch of the QCD phase diagram, taken from [1]
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1.1, is of specific interest. At low temperatures and chemical potentials, the quarks
are confined to hadronic states. The quark-gluon plasma can be reached moving to
higher temperatures. After the crossover transition [2], the energies are high enough
for the quarks and gluons to deconfine. This means that the quarks and gluons can
move freely, only weakly interacting with each other. It is possible that the crossover
turns into a first order phase transition at an unknown critical endpoint at higher
chemical potentials.

At zero temperature and a baryon chemical potential around the proton mass,
a first order liquid-gas transition is found. At higher temperatures, this transition
ends in a critical endpoint. It is predicted that at much higher chemical potentials
a colour superconducting phases exist, as a result of quarks on the Fermi surface
forming Cooper pairs.

Here, we are going to use the approach of lattice QCD [3,4] in order to examine
the behaviour of the strong interaction. As we are replacing the continuous space-
time with a lattice, space-time has to be discretised. This means that the Lagrangian
of continuum QCD

1 . va -
L= —ZFW(:C)FM (z) + (i) — m)y (1.0.1)
has to be discretised as well.

The gauge part of the Lagrangian has to be rewritten in terms of the so-called
gauge links U, (z). They represent the gauge fields, connecting neighbouring lattice
sites. Because of the behaviour of the gauge link under a local SU(3) rotation

U, (x) = WU, (z)W]

T+

W, € SU(3), (1.0.2)

only closed loops are gauge invariant. The smallest closed loop is called plaquette
and is build from four link variables:

Upp(z) = Uu(x)Ul,(m+u)UZ(x—|—u)UJ(x). (1.0.3)
With the plaquette at hand, we can build the Wilson gauge action [3]

5,[U] = %ZZRetr(l—Uw(:ﬂ)) _ Qﬁf St Up+teU}), B = %. (1.0.4)
c ¢ p

x  u<v

Deriving the fermionic action is more complicated since the problem of fermion
doubling arises when using a naive approach of discretising the fermion action.

There are different methods of dealing with this issue; we are going to use the
approach of Wilson fermions. In this approach, an additional term that breaks chiral
symmetry is added to the Lagrangian. This leads to the fermion action

Sy = ¢(x)QU]¢(x) (1.0.5)

with the Wilson-Dirac-operator

3
QU =11,y [e““‘sm(l U @)y + €0 (L= 3, )US ()0 y0ms |- (1.0.6)

v=0



This thesis starts with chapter 2, which contains the derivation of an effective theory
of LQCD in 1+1 dimensions. In order to derive the effective theory, the action of
lattice QCD is expanded around heavy quarks and § — 0, afterwards the gauge
links are integrated out.

The effective action will further be resummed to an exponential, and we will
introduce two ways on how to take care of some correction terms of subleading
order. Finally, some gauge corrections will be calculated.

In chapter 3, the effective theory is analytically evaluated. The linked cluster
expansion is introduced and used to calculate some thermodynamic quantities of
the effective theory. These results will be analysed and discussed.

Chapter 4 will finally give a conclusion of the results, as well as a short outlook.



Chapter 2

The Effective Theory

This chapter is based on [5-7], where this derivation is performed in 341 dimensions.

We will perform the calculations in 1+1 dimensions, so the index p runs only
from 0 to 1. For this reason, we need to use a two-dimensional formulation of the
gamma matrices in our calculations. The euclidean formulation of the two gamma
matrices in two dimensions is similar to the first two Pauli matrices:

01 0 —
Yo = 01 = (1 O), Y1 = 02 = (2 O) (201)

Furthermore, we will have to pay attention when traces occur, since the trace
over the identity matrix equals 2 instead of 4.

The derivation of the effective theory in 141 dimensions starts with the LQCD
partition function with the Wilson gauge action and the Wilson fermion action

z- / gdUu(x) det Q [U,] e=1Us] (2.0.2)

with

2N
P (trUp +trU}), B ="

5 =3, ; 72

(2.0.3)

Performing an integration over the spatial gauge link variables will yield the effective
action

Zeps = / [ [ dUo(w) 7510, Sy = —log / [[dvi(2) det @ [U,] e,

(2.0.4)
Now, we will perform an expansion around the gauge action and afterwards an
expansion around the fermion determinant, in order to obtain the effective theory.

2.1 The Character Expansion

The gauge action is expanded around § — 0 using the character expansion 8]

Sy :log/[dUl]H 1+ Y da (B (U)] (2.1.1)

r#0

7
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The sum extends over all irreducible representations r, with the dimension d,., the
expansion coefficients a,(3), and the characters x,(U,) = tr Uj.

Terms that do not wind through the temporal boundary of the lattice can be
neglected because they become constant contributions independent of the link vari-
ables after the integration over the spatial links and therefore cancel out in the
expectation values.

In order to obtain the leading contribution, the plaquettes without temporal
links are neglected, only chains of plaquettes looping through the temporal boundary
remain.

Now, to perform the spatial link integration, the following group integrals are
necessary:

/ AU (XU)x,(UTY) = %XT(XY) (2.1.2)

T

(/dUXAU)zéw. (2.1.3)

This integration process is the reason why all the plaquettes of a graph belong to
the same representation.
From this, we get:

= ey =log [T [1+ D la (8] xe (W (W), (2.1.4)
(i) r£0

Using the fundamental representation leads to the leading order contribution of this
nearest neighbour interaction of Polyakov loops

— Oeff = Zlog [T+ N (LpLy+ LzLy)], M= u™t + O(uM ), (2.1.5)
(T)

with the Polyakov loops

N¢—1

L(Z) = tr W(&) = tr [ [ Uo(Z,0). (2.1.6)

The corrections to the coupling )\, known up to order u™*1° [8]  can be obtained
by including spatial plaquettes.

We will now proceed to perform the hopping parameter expansion and leave the
expansion of the gauge action behind since it is not of further relevance for this
thesis. Due to the fact that the calculations are performed in the cold regime, the
pure gauge contribution is exponentially suppressed and thus can be neglected.

2.2 The Hopping Parameter Expansion

In the next step, we will expand the quark determinant around heavy quarks, i.e.,
k = 0, with s as the hopping parameter. We perform this expansion in the strong
coupling limit, which we discussed in the previous chapter. The results from this
section and the pure gauge contribution can be included independently from each
other.



CHAPTER 2. THE EFFECTIVE THEORY 9

The Wilson Dirac operator, eq. 1.0.6, can be rewritten as

1

Qf[U]:l_/{fM[UL Hf:2<1_{_d+am)

(2.2.1)

with the hopping matrix M[U] and the hopping parameter x; [9]. We can now
expand the quark determinant

det Q = exp (trlog[l — ks M]) = exp —ZztrM” : (2.2.2)

n=1

Every factor of M carries a Kronecker delta d,,+;, which can be interpreted as
a single hop on the lattice. Every hop also carries a spin factor (1 &+ +,). When
looking at this and the identity (1 —7,)(1 + ~,) = 0, it gets apparent that only
closed fermion loops without backtracking will give non-vanishing contributions.
Therefore, we receive all closed quark lines free of backtracking of length n from this
expansion.

2.2.1 The Static Quark Determinant

The first step in the derivation of the effective action is the calculation of the static
quark determinant. We will perform this derivation in the case of Ny = 1, so the
flavour index can be dropped. However, in chapter 2.2.5, the calculation will be
extended to two flavours. The hopping matrix M[U] can be split into temporal
and spatial hoppings, where hopping refers to quark lines connecting neighbouring
lattice sites. These temporal and spatial hoppings are then split into positive and
negative components. It is now possible to split up the hopping matrix

x,y]

det Q. = det [1 - T, =T, — S}, =S, (2.2.3)

using the temporal hoppings T, , and the spatial hoppings S, ,

(2.2.4)

The indices ¢, s and x of the determinant show that the determinant has to be
calculated in the colour, spin, and coordinate space.

As a next step, we split the quark determinant itself into a static and a kinetic
part

det Qry = det(1 =T — S) = det(1 —T,,) det (1 -1 ij?f ) (2.2.5)
5, 2y

We will examine the kinetic quark determinant in the following section.
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The static quark determinant contains a positive and a negative part and can be
rewritten with the trace-log identity

o0

det Qsiar = det(1 —T') = exp ( — Z % tr(T" + T‘)"). (2.2.6)

n=1

Because backtracking is prohibited, it is not possible to have terms that mix 7" and
T—. This means that the static determinant can be separated into two parts.

det Qgpar = det(1 — TF)det(1 —T7). (2.2.7)

These combinations will reduce to temporal Wilson lines W (%) =[], " Uo(7,1),
loops through the temporal boundary of the lattice, because only closed quark lines
contribute and we can only move in the temporal direction while in the static limit.
Inserting the temporal hoppings and using the relation (1 + v5)* = 2(1 + 7o) as
well as the trace-log identity, the coordinate space determinant can be calculated:

1 1
?5‘; Qstar = H clest 1+ 5(2%@)]“6]“““(1 + 70) Wizl c}:it 1+ 5(2&)]\“6’]\[‘““(1 — o)W1

(2.2.8)
The additional minus sign in equation 2.2.7 stems from the antiperiodic boundary
conditions. The spin determinant can be evaluated with the relation

det, [1 + a(1 £ 7,)] = [1 + 2a]*:

5151; Qstar = H dgt [1+ (2r)NeeNar) dgt [1 4 (2k)NeeNeanpy i) (2.2.9)

We further introduce the effective couplings for the quarks and antiquarks
hi(p, Ny) = (2k)NteNeon
hi(p, Ny) = (2k)Nte=Near, (2.2.10)

With the couplings, the static determinant simplifies to

det Qurar = 11 det [1+ hu (u, N,)Wa]? det [1+ (g, N)WIP. (2.2.11)

We use the relation for SU(3) matrices calculated in Appendix A.1
det[l + aU] =1+ atrU + o tr U 4 o® (2.2.12)

in order to calculate the remaining colour determinant.
This leads to the final expression for the static determinant:

det Qurar = [T+ hiLe+ BILL 4+ 13)* (1 + by LL + BIL; + B3)%. (2.2.13)

xz

Now, we proceed to calculate the kinetic quark determinant. We rewrite it to

St + S5,

det Qpin = det (1 17 ) =det(1-P—M) (2.2.14)
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with
P=P,=(1-T,,)""(S},)
M=M,=1-T,,)"(S;,) (2.2.15)

We see that it is necessary to calculate the static propagator (1 — T, )" in order
to expand the kinetic quark determinant.

2.2.2 The Static Quark Propagator

In order to start the calculation of the static quark propagator !, we rewrite 7" and
T~ in a form that is more convenient for this approach:

T*(x,y) = 22 PLUso(te, T) O, 1,1 0z5 b, (2.2.16)
with

1 S -
2y = 2ke W, Py = 5(1 %), Uso(ts, @) = Up(z), U—o(ts, T) = Ug(ﬂ)

~1, t=0 ~1, t=N,—1
b, = ’ b= ’ ! (2.2.17)
1, t#0 1, t#N,—1

1
We can see that z, = h;"* and the antiperiodic boundary conditions are taken care
of by the factors b~ and b". Because we want to expand the static quark propagator,
we need to make sure that the convergence radius p(7) is smaller than 1, which is
easily fulfilled for z < 1 as

o) =2 p( 51 20) ) Uole) (6., o) = = (2.2.18)

We can now proceed to expand the static quark propagator using the requirement
that backtracking is forbidden, so 777~ = 0:

(Qstar) ' =(1-T)"" = ZTJ' =1+ Z [(THY + (T (2.2.19)

Because the calculation of the sums over T and T~ are analogous to each other,
we will discuss only the calculation for 77 in more detail.
First, we are going to plug in the expression for T"":

(T (z,y) = 5f,§5tz,ty7jZin_

J—1
[[vot. +i,2)
=0

j—1

i
i=0

j—1

= 0.0t,0,— 2 P [ [ Uolta +1.2) by, . (2.2.20)
i=0

!Based on private notes from Jonas Scheunert
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Because of the relation (1 + 70)? = 2(1 + 1), we can use the identity (P.)’ = Py.
As we are in the static case, we can always assume that ¥ = v.

We will proceed to look at two separate cases, one where ¢, = t, and one where
ty # t,. We will start with the first case, where we change the exponent from j to
JN; to fulfil the constraint ¢, = t,:

(TTY N (,y) = PyhAW (ty, ) (—1) (2.2.21)
with

hy =2, W(te, ®) = ] Uslts +1i,2). (2.2.22)

In the second case, the constraint ¢, —t, 4+ 7N, > 0 has to be fulfilled. This leads to

(TH) 4N (g ) = Py 277t p W(tx,ty,f)Wﬂi(ty,f)(—l)j, | te <t (2.2.23)
W(tm’ty’f)W]_1<ty7f)(_l)j7 tz > ty
with o
. 1.5 Uslty +1, %) if ty, <t
W(ts, ty, 7) = N tatty - o . (2.2.24)
Hi:O UO(tIB + Z? I) Zf ty > ty

When defining the step function with 6(0) = 0, the results can be summarised and
rewritten to the final expression:

D (T (w,y) = 0z gPe[ = 61,0, AW (o, £) (1 + By W (t,, 7))~

j=1

+ 2T Wty ty, B) (L + MW (L, T)) (0, — t.) — hiO(t, — t,))]. (2.2.25)
In a similar way we calculate the contribution for Y 72, (T)/(x,y), only z; is re-

placed by z_ and W with WT. This leads to the full static quark propagator:

~ W (t,, T) Wi (t,, &)
; = 0z g8 Oty |1 — Py = P D
Qrl2:0) ’y{ | 1 W (L, 7) 1+h1WT(tz,f)]
1, Wi(tg,t,, ©) tot Wi(ty,t,, T)
Ot, —t,)| Pzl ™" ’ — Py
+ 0, )[ + 1+h1W(t ) 11+h1WT(ty,§:’)]

W(ty, ty, T) N tot, Wity ty,T)

0(t, —t P2 h b _ 2.2.26
o y)[ e T W, 7) : 1+h1WT(ty,f)]}( )

For convenience, the static propagator can be split up again:

Qubi(z,y) = A (z,y) + A~ (z,y) + (Bt (z,y) — B~ (2,9)) (2.2.27)
with
1 W 1 W (L, ty)

At — _ ~ 5. Ne TN PY) _ _

(z,y) 2(5“/{ 1+h1W] + 2(53;,yh1 T3 [Qt ty) — hi0(t, ty)]

) ! W] 1 e W)

A = -0, — —596 hi0(t, — t,

(x7y) 2 y|: 1 + thT:| Y1 1 + hlw-l- ( ) 1 ( Yy )
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B*(z,y) = _%%% Lok, EV; hlt {9 by~ t.) — hb(ts — ty)}
B (00) = ~ S + 30 1z o, — ) — hao(e, — 1)
(2.2.28)
We will further use the shorter notation
Quot(#,Y) = Azy + 70 Bry (2.2.2)

with A, , = AT(z,y) + A~ (z,y) and B,, = B™(z,y) — B~ (z,y).
As we completed the derivation of the static quark propagator, we can start
calculating the kinetic quark determinant.

2.2.3 The Kinetic Quark Determinant to Leading Order

In this work, we will perform the expansion of the kinetic quark determinant

det[1 — P — M] —exp(trz S (P+ M)" ]) (2.2.30)

to order x*. Tt is again based on [5,7].

In the first step, we will perform the expansion to leading order. As only closed
loops contribute, only terms with an equal number of P and M terms have to be
considered, so the leading order is

det Qrin = exp ( — Ztr P, M; + O(Ii4)). (2.2.31)

Because every P and every M comes with a factor of k, the leading order contribution
is of order k2.

We dropped the indices here and in the following chapter because we have only
one spatial dimension:

det Qrin, = exp ( —tr PM + O(I{4)>. (2.2.32)
Now, we plug in the static quark propagator:

det Quin = exp ( =) tr (Qotat) ST 41 (Qstar) 15 oo 1St + (9(,#)) (2.2.33)

$7y

This is analogous to an arbitrary propagation in the temporal direction, one spatial
hop forward, again an arbitrary temporal propagation, and another spatial hop
backwards.



14 2.2. THE HOPPING PARAMETER EXPANSION

Furthermore, we can insert the definitions of the static quark propagator and
the spatial hoppings:

det Qpin =exp (= K23 tr[(Ary +7%0Bay) (1 + 1) Ui (1)

z,y

(Ayrisi +90Byyi.00)(L = U] (@)] + O(xY)) (2:2:34)

After evaluating the gamma matrices, all terms, except for one, drop out:

det Qrin = exp ( — 4r? Z tr [BJC,yUl(y)ByH’HiUIT(x)] + O(/{4)> (2.2.35)

z?y

In order to perform the integration over the spatial gauge links, we need the following
group integrals [10]:

/ dUU;; =0

1
/ dUU,;U}, = Jidji

1
[ UL =[St + G
1
T NJ(NZ 1) [5id5al§jk5bc + 5il5ad5jc5bk] (2.2.36)

The last integral is only relevant for some terms of the O(x?) action.

Because single occupied links vanish, we can assume that z = y.

In order to actually perform the integration, we have to expand the exponential
first. This leads to

/[dUl] exp(—tr PM) =1+ /[dUl] tr PM + O(k%). (2.2.37)
The integration over the expanded term gives

/ [AU1] Y tr [ByoUs(2) B,y 441U (2)]

4K? N _ n _
N. Z tr[B:W — Byl tr[Bz+i,x+i N B:p+i,x+i] (2:2.38)

In the last step, we plug in the expressions for B* and B~

k2N, hy W hyW1
dU;| det Qpin, =1 — tr{———m—m—) —tr | ——%—
Jlaviaeta ) (r(lmwf) Y(thwg))

7 T
haWaii th#i 4
tr{ —m— ) —tr (| ——— @) . 2.2.39
( r<1‘|‘h1Wf+i> r<1+h1Wi+i> HOUD (2239
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As those terms are quite lengthy, we also introduce a shorter notation where

(W)™ (W™ )

Wn minam r) =1t =
1 2 2(33') r ((1 + thf)nl (1 + hlwg)n2

(2.2.40)

and for even more brevity, because we will need those terms a lot

Wﬁ (f) = Wn1m100 - WOOTLQmQ

niminams
W+ (f) Wn1m100 + W()Ongmg- (2241)

niminams
Also, we introduce the nearest neighbour coupling constant

2
N,
ha(re, N,) = “N (2.2.42)

Plugging in this coupling constant, the expression above takes its final form

/[dUl] det Qpin =1 — ho Z Wi (B Wi (F + 1) + O(kY). (2.2.43)

2.2.4 The Kinetic Quark Determinant to Next to Leading
Order
In this chapter, we will perform the calculation of the kinetic quark determinant to

order O(k*).
Expanding the sum to this order leads to

det Qpin = exp ( — tr PM — tr PPMM — tr PMPM + O(x°)) (2.2.44)

The exponential has to be expanded again because of the integration, which leads
to an additional term:

det Quin = 1 — tr PM —tr PPMM —tr PMPM — tr PM tr PM + O(x%). (2.2.45)

We will only show the calculation regarding the term tr PPM M, the full action for
an arbitrary number of degenerate flavours can then be found in the appendix B.1.
Again, we need to plug in the static quark propagator and the spatial hoppings

_ ~1 o+ -1 +
tr PPMM = Z tr [(Qsm'f)wwsw,:c-s—i (QStat)x+i,y+iSy+i,y+i+i

x7y
1 —_ 1 _
(@star) +i+i,y+i+isy+i+i,y+i<Q5t‘1t) +i24+1 x+i,x]

=r! Z tr[(Aze + %0 Bzee) (1 +71)Ui(2)

x7y
<Aa:+i,y+i + VOBx+i,y+i>(1 + 1) Ui (y + 1)
Ay+i+i,y+i+i + fVOBy+i+i,y+i+i>(l + ’71>U1Jr (y+1)
Ayt + 0By 10011 +70)U] (). (2.2.46)
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As before, most of the terms vanish after the evaluation of the gamma matrices:

tr PPMM =166 _ tr [ByoUs(2) Agg1, 1 Us(y + 1)

x7y
By+1+1,y+1+1U1T(y + 1)Ay+1,x+1U1T($)]- (2‘2'47)

Since we have doubly occupied spatial links, the integration is the same as in chapter
2.2.3:

4
/ (AL 0 PPMM = 161 S 0B 614,11 Ay ] 0By 141)

c z,y

(2.2.48)

We can set © = y because A, , describes a purely temporal propagation. When
plugging in the definitions of A and B, we get two different contributions, one
where zy = yo and one where xy # .

First, we calculate the term for xqg = yo. This contribution is evaluated in the
same way as in the previous chapter 2.2.3. It results in the first term of equation
2.2.51.

The second term stems from the contribution where xq # 1. In this case,
Apviger and Ay 5,4 describe fractional Wilson lines which will form one loop
around the lattice when multiplied. They can be followed by an arbitrary number
of closed loops. Also, forward and backward propagations can mix, because the
spatial hoppings are already integrated out, so the backtracking restriction is not
violated. These propagations lead to the term proportional to the sum, 2.2.49.

Writing down both contributions in the form of 2.2.40 and 2.2.41 leads to:

- 2 A
/[dUl] tr PPMM = ~hg, 3 Wiy (7 = 1) (2+ 1= Wiy (@) Wi (@ + 1)

N.—1
— hs, Z Wi (@ <W2121( v) — 2N71_1 Z (2“)2tW1010(f)>Wﬁ11(f—|— 1)
=1
(2.2.49)
with
KN, B2 KANA(N, — 1) RIN,(N, — 1)
R L s N (2.2.50)

Furthermore, we can evaluate the sum and rewrite the other terms, which leads to
the result:

JE T > (Wi (&~ D)W@) Wiy (7 + 1)
)
)

- h32 Z |:W1_111<f - i)W£21( )Wllll( 1)

T

)2NT N - _ N A
%Wnn( = DWio1o(Z) Wiy, (7 + 1)] (2.2.51)

—>

+2 Wnn( D W11 (D)W (&
4W1111( i)Wﬂll(f)Wllll(

—>

+
_|_

8y
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The remaining terms, 2.2.44, are calculated similarly, and the final result can be
found in appendix B.1.

2.2.5 Multiple Flavours

The previous calculation was done for one flavour, Ny = 1. It is also possible to
expand this to multiple flavours. Every new flavour adds a second quark determinant
and new hopping parameters

Ny Ny
Z= / (AT, det Quuar g exp ( - > % tr( Py + Mf)n>_ (2.2.52)
f=1

f=1n=1

We will perform our calculation with the assumption of degenerate flavours. This
is a great simplification, as the additional flavours enter as the number Ny:

Z = /[dUM] det Q! exp ( — Ny Z % tr(P + M)") (2.2.53)

n=1

2.3 Resummation

In chapter 2.2.3 and 2.2.4 it was necessary to expand the exponential of the kinetic
quark determinant. Hence, we can resum the effective theory to an exponential
again. This resummation will improve the convergence of the effective action as it
includes an infinite number of graphs.

The effective action is available to order O(x?), so the term proportional to x>
and the last term of B.1.1 can be resummed.

Here, we wrote down the relevant terms, omitting the rest of the O(x?) effective
action, as this would compromise readability:

L - Nf 9 Z Z Wi (@)Win (7 + %)

fz:ﬁ:l

+ Nf Z Z Wi (D) Wi, (F+9)]° (2.3.1)

T i==*1

The O(k*)-term is proportional to N,(N, — 1), which makes the resummation a
bit more complicated, as we would need a term proportional to N2 for a perfect
resummation. When we split this term, the leading order term resums perfectly, as
expected, but the subleading order term is still present:

=1- Nf— Z Z Wi (Z)Wi (7 + Z Z Wi (&)Wiyy (2 + 1)

f ==l T i==%1
f4N Z Z Wi (@) Wi (7 + 1)) (2.3.2)
T i==%1

In order to take care of this subleading order term, we perform the resummation
with the leading order term and implement the subleading order term as a correction
term.
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Figure 2.1: The first three detours of O(k?u™)

We will implement the correction term in two different ways. As the first pos-
sibility, further called the first correction, we will add the correction term after the
exponential:

hy o
= €Xp ( — Ny Z Z éwnn(x)wnn@ + 2))

7= j:l
— — - “ HﬁNT
N Z Z W1111($)]2[W1111($ +1))* + O( N3 ) (2.3.3)
7 i=k1 ¢

This process does not change when going to higher orders, we would just add all the
correction terms after the exponential.

As the second option, further called the second or alternative correction, we put
the correction term in the exponential:

h
exp ( Z Z 2VV1111 Wi (% + Z)

TZ 1=zl

Sy TN

Z i=%1

Wi (@) Wi (Z +1)] > +(9< ]GV];/ ) (2.3.4)

To order x* this is trivial, but at higher orders, it is important to calculate counter-
correction terms. This is necessary because after expanding the newly obtained
exponential again to the order it was expanded to previously, it should be identical
to the unresummed effective action.

This makes the calculation of the second correction term a little bit more com-
plicated, but, as we see later, the evaluation of the effective theory is easier.

The terms we neglected in this chapter will appear in the exponential in their
normal form.

2.4 Gauge corrections

Until now, we only considered pure gluonic and pure fermionic contributions. In
this section, we will discuss how the expansion in « is affected when mixed with the
expansion in . These corrections can be absorbed into the coupling constants, for

example hy(k) = hy(5, k).
2.4.1 Corrections to the h; Coupling

The gauge corrections for h; had been calculated for the three dimensional case
in [9,11], the corrections for the anti-quark coupling h; are identical to these.
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We receive the corrections by adding detours to the winding graphs. The result-
ing diagrams reduce to Polyakov loops after the integration. In order to obtain these
diagrams, additional detours of the quark lines are formed and filled with plaquettes
as we see, for example, in figure 2.1.

Diagrams of this type also build the leading order corrections at O(x?). All
diagrams can be placed at N, locations and can point in the positive or negative
spatial direction, resulting in a factor of 2. We also receive a factor of x? from
the two additional links and the factor u™ from the plaquettes filling the detours.
Adding up all detours of this type leads to the contribution:

N,—1 N

Z N, k2" = 2NT/<52u_—

— (2.4.1)

n=1

In the following, we will include all corrections up to O(k™u™), with n +m < 7.
The calculation of these detours is explained in appendix A.5.

We can resum the term of the detour A.5.4, which is proportional to N?, to an
exponential. We also include the other terms we calculated, which leads to the total
contribution:

_ N
hy(k, Ns,u) = hy(k, Ny) exp (2N7f<;2“1—“+m4NT [—8u+6u2+4u3NT} > (2.4.2)

—Uu

2.4.2 Corrections to the hy Couplings

The corrections for hy were discussed in [12], and the corrections for h2, hs,, and
hs, were evaluated in [5].

The corrections to ho are depicted in figure 2.2. Because we are in the one-
dimensional case, there is only one type of corrections. These corrections stem from
graphs where the spatial quark hoppings take place at different locations. As the
links have to be at least doubly occupied, the space between them is filled with
plaquettes. Similar to the leading order correction of hy, up to N, — 1 plaquettes
can fill the space between the spatial links and those contributions can be summed

_— _—
7 7

Figure 2.2: Diagrams of the corrections for hs, on the left O(1), on the right O(u)



20 2.4. GAUGE CORRECTIONS

up. A factor of 2 is added since, in contrary to hq, the orientation of the plaquettes
is not specified. This leads to the sum

! u— ulNT
d ot =2——— (2.4.3)
- 1—u

and then to the entire correction of ho

2N _ ., N:
hg(/i, NT, u) — ’%N T (1 + 2%) . (244)

Next, we are going to calculate the corrections for h2. Again, we only get corrections
from inserting plaquettes between the spatial quark hoppings. The three Polyakov
loops, depicted in figure 2.3, lead to two sums and, if we split up both pairs, a factor
of 4 because there are two possibilities for the orientations of the plaquettes. If we
split up one pair, we receive a factor of 2 for the orientation and a factor of 2 because
it is not fixed at what pair the plaquette is inserted. The sums take the form

(Z ) (Z ) -l 245)

n=1 n=0

which leads to the correction

h2(k, N, u) = ”T]ZT (1 LU lzlfz(z); U T>>. (2.4.6)

We can also obtain this correction by squaring the corrections for hsy, but the method
above is a more instructional way of calculating the correction.

There are two other couplings, both taking place between two Polyakov loops.
With the first coupling, hs, = %, all four spatial links share the same position and

with the second one, hs, = %, the spatial links are only doubly occupied.

 —  ——  —— _—_—

Figure 2.3: Diagrams of the corrections for h3, on the left O(1), in the middle one
version of O(u) and on the right two versions of O(u?)
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_— _—
7 7

Figure 2.4: Diagrams of the corrections for hsz,, on the left O(1) and on the right
O(u)

Figure 2.4 shows the contributions to hs,. Again, only one type of the contribu-
tions exists in one dimension. The prefactor 4 of the sum stems from the orientation
of the plaquettes and the possibility to choose which pair will be split up:

e u—ulMr
2.2 "=4 ) 2.4.7
; u — (2.4.7)
This leads to the correction
KN, u— ulNT
h N, u) = (1+4 ) 2.4.8
s N = 0 (14 (2458)

The last coupling hg, has the more complicated form

 ——  ——  —

Figure 2.5: Diagrams of the corrections for hs,, on the left O(1), in the middle
O(u?), N, = 4 with one split up pair and on the right O(u?), N, = 4 with two split
up pairs
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O O O O O O O O
O 0 O O 0 O O O
0 ] O 0 ] O O 0J
B 0J ] O 0 ]
= B 0 — a

- L O ] L O

| O | O O | O

Figure 2.6: All diagrams of the corrections for hs, at order O(u?), O(u*), and O(u°)

N,—2
4N, (N, _ 1
hs,(k, N, u) = n (]\72 (1 + E 4nu (n —1i_ )), (2.4.9)

with n as the number of plaquettes.

As we can see in figure 2.5, the term N, — (n + 1) arises, because we can’t have
spatial links from the different pairs at the same spatial position since these are the
contributions from hs,. We divide by N, —1 to take care of the fact that both links
are actually at a fixed position, in contrast to the assumption above that we can
choose their position freely.

In order to obtain the prefactor of Z 4n we need to add up all the prefactors
of the diagrams for every order. In figure 2. 6 we see all diagrams for the orders O(u?),
O(u?), and O(u®). For each diagram, we have to determine the possible placement
and orientation of the plaquettes.

The first diagram for order O(u?) receives a prefactor of 4 for the two possi-
ble orientations for the plaquette and the distinguishable link pairs, both giving a
contribution of 2. The second diagram gives a prefactor of 8 since the link distin-
guishable pairs lead to a factor of 2, and we receive a factor of 4 from the orientation
of the plaquettes. Adding up those prefactors leads to an overall factor of 12, which
is equivalent to 4n at n = 3.

The prefactors of the first two diagrams of order O(u?) are identical to the ones
from order O(u?). The third one has a prefactor of 4, because we have two possible
orientations for the plaquettes between the otherwise indistinguishable link pairs.
This leads to an overall prefactor of 16, which is again equivalent to 4n at n = 4.

For the first two diagrams of order O(u®), we receive again the prefactors 4 and
8. The third diagram also gives a prefactor of 8 because, in contrast to the third
diagram of order O(u*), the two link pairs are distinguishable. This leads to the
prefactor of 20, or 4n at n = 5.

This process is repeated at every order, so we always receive an additional factor
of 4 with every step. This leads to the conclusion that the universal prefactor of
order O(u") is 4n.

Now that the derivation of the effective theory is complete, we will evaluate it
with the linked cluster expansion in the next chapter.



Chapter 3

Analytic Treatment of the
Effective Theory

In this chapter, we will evaluate the effective theory with the linked cluster expan-
sion.

3.1 Linked Cluster Expansion

In this part, we will introduce the linked cluster expansion. We will discuss the
foundations at the example of a scalar field with nearest neighbour coupling. This
introduction is based on the work of [7,13-16].

3.1.1 Classical Linked Cluster Expansion

The partition function of the scalar field with a two-point coupling has the form:
= / [dgbi] e~ Sol0T+h Ty 8i@is @) (0) (3.1.1)

with the fields ¢;(x) and the coupling v;;(x,y), which we assume is small, so that
we can perform an expansion around the free theory.
We rewrite the partition function in terms of the source fields J;(z):

Z[J] = /[d(]ﬁ]e_s[d)HZ“” 22 Ji(@)¢i(x) (3.1.2)

For the calculation of thermodynamic quantities, we define the grand canonical
potential, or generating functional of connected correlation functions, W:

W/ J,v] = log Z[J, v] (3.1.3)

The linked cluster expansion is equivalent to a Taylor expansion of the generating
functional with respect to the coupling v;;(z,y) around the free theory:

WIJ,v] = (exp (ZUij(m’y)m>)W[J’ 0] (3.1.4)

ij

=0

23
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We rewrite the derivatives with respect to the couplings as derivatives with respect
to the sources:

ow 1 %Y ow  ow
—F + (3.1.5)
dvj(x, y) 0Ji(2)0J;(y)  6Ji(x) 6J;(y)
WIJ] is also the generatlng functional of the connected n-point functions:
d i 1 S[q‘)l] = i . 1.
sl =5 [l (6:(2)) (3.16)
For higher order derlvatlves, it also produces the cumulants:
W (0,()6,) — (06 ) (5.1
0Si(2)0T; (W), Z e o
The methods of moments and cumulants are explained in appendix A.4.
The linked cluster expansion performed to second order gives:
W([J, v] =W|[J, 0] —i—ZZvl]xy JU}
iy 3035 (2, ) |,
52W[J 0]
+ = vii(x, y) ok (2, w +... (3.1.8
;;;Z J y kl )(5 Zj(x y)évkl< )620 ( )
We can also define the coupled n-point functions:
S"WIJ, v]
n 9 geeeydin) — . 319
Ma(@n 2o, ) = G Y 5 (3:.1.9)
These then define the free n-point functions:
Mo (21,20, ..., 20| g = Mp(21) (21, 22, .. ., Ty). (3.1.10)

The Kronecker deltas arise from the free theory because of:

x 7y = (9i(2)0;(Y))] =0 = (9i(2))(05(y)) (3.1.11)

The Kronecker deltas lead to the disappearance of any disconnected graphs, which
makes the linked cluster expansion an expansion in connected graphs.

We rewrite the derivatives with respect to the couplings from equation 3.1.8
to derivatives with respect to the sources, so they are expressed as free n-point
functions:

WIv] ZZM (z)vi(z,y) M;(y)

Y i,
+ = Z Z Mzk U’Lj X y)vkl(x y)M (y>
T,y i,7,k,l
+ = Z Z M;(z)vij(x,y) Mik(y)ve(y, 2) Mi(z) + . ... (3.1.12)
zyzzgkl

As this process gets quite lengthy at higher orders, the graphical approach discussed
in the next section will be very useful in further calculations.
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3.1.2 Graphical Definition of the Linked Cluster Expansion

In order to understand the graphical linked cluster expansion, we have to establish
some definitions from graph theory and also a rule for their implementation, analo-
gous to [7,13].

A graph is defined as a set of vertices and bonds with every bond connecting two
distinct vertices. An n-rooted graph has n fixed, distinguishable, external vertices,
all remaining internal vertices are free.

The number of edges incident at a vertex is called the valence of that vertex. An
n-valent vertex has a valence n.

A graph where any pair of vertices is joined by a continuous sequence of bonds
is called connected otherwise it is disconnected.

If it is possible to find a labelling of the bonds and vertices of two n-rooted
graphs so that the bonds and vertices of those two graphs can be made identical,
those graphs are isomorphic. The symmetry factor is the number of distinct isomor-
phic labellings of a graph.

For the calculation of W, we need the set of all topologically distinct 0-rooted
connected graphs. The number of bonds determines the order of the graph, so for
order O(v?) we need all O-rooted graphs with one or two bonds. We will also need
a rule that describes how to switch between the mathematical expression and the
graphical representation of W.

1. Assign a symbol x1, s, ..., x, to every vertex

2. Add a factor v(z;, z;) to every bond connecting the vertices z; and z;
3. Add a factor M,(z;) for every vertex x; with valence p

4. For every vertex symbol z; add a sum over the entire lattice

5. Divide by the symmetry factor of the graph

This leads to the graphical expression of the grand canonical potential, which is

equivalent to 3.1.12
IRETARE Y
= —|+ = - 1.1
W] .+2+2 +4 + (3.1.13)

The equality between this graphical rule and the linked cluster expansion of the
grand canonical potential is proven in [17,18].

Until now, we did not specify the type of the interaction. When we choose the
interaction to be a nearest neighbour coupling

o(z,y) = v for x and y nearest neighbours ’ (3.1.14)
0 else
the mathematical expression of the grand canonical potential simplifies to:
q q ¢’
W] = NM, + §'UNM12 + Zv?NMQ2 + 502NM12M2 + ... (3.1.15)
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N is the number of lattice sites and stems from the sum over the whole lattice. ¢ is
called the embedding number and differs depending on the lattice that is used, in
our case it is equivalent to 2d, with d the dimension of the lattice. It describes how
many possibilities we have to put the graph on a given lattice without violating the
restriction of the nearest-neighbour coupling.

3.1.3 Generalisation of the Linked Cluster Expansion to
Polymer Interactions

Later, we will need a possibility to perform the linked cluster expansion on a three-
point coupling. Therefore, we are going to introduce a generalisation established
n [15].

First, we need to expand the scalar field by a three-point coupling:

z- /d@exp —Sulo]+ 57 30 3 vl )6 @)s(w)+

Y )

3 LS ey, z)cbi(a:)asj(ym(z)). (3.1.16)

Cxy,z gk

By following the steps of chapter 3.1.1, we obtain the linked cluster expansion for
the grand canonical potential

Wio, u [exp(Q,zz% (x.1) y))

Y )

exp( ZZUW T, Y, 2 (MM(i e )ﬂW[ﬁ,ﬁ]

,Y,2 1,5,k

(3.1.17)

v=u=0

Furthermore, we have to express the derivative with respect to the three-point cou-
pling as a derivative with respect to the sources:

oW F*W LW Pw W ew
Ouigr(e,y,2)  0Ji(x)0J5(y)0Jk(2) — 6Ji(x) 6.J;(y)0 k() 0.J5(y) 0.Ji(x)0J(2)
W 8w W W W

" 0Ji(2) 0J;(x)0J;(y) + §Ji(2) 6J;(y) 5Ju(2) (3.1.18)

When we go up to order O(v?, u), which means the graphs can have up to two bonds,
and assume a cyclic three-point coupling, we get:
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W] ZZM @ )vij (@, y) M;(y)

Ty iy
+ - Z Z Mzk Uzj i y)vkl(m y)M (y)
T,y 1,7,k,l
T3 Z Z M;(z)vij(z, y) My (y) vy, 2) Mi(z)
T,Y,2 1,7,k,l
1
Ty Z z; wie (7, y, 2) Mi(2) M; (y) My (2)
,Y,2 1,5,
530S i ) M) M)+ (3.1.19)
xy l’]’

We specify the three-point interaction as a set of two nearest neighbour interactions:

for(z,y) and (y, z) nearest neighbours,

( ) for(x,y) and (z, z) nearest neighbours, (3.1.20)
u(z,y,z) = 1.
Y for(x, z) and (y, z) nearest neighbours,

o 2 & <

else

This shortens the expression of W:

2
W, u] =N M, + gfuNMf 502NM2M2 + 4v2NM2

2
+ LuN M+ JuN MM, + (3.1.21)
As we won’t go to higher orders, the two- and three-point interactions don’t mix,
which makes the rules for the graphical representation a lot simpler.

The graphical representation will look like this:

W[]_.+ /®\ @ 1/\+Q (3.1.22)

The purple coloured bonds belong to the two-point coupling and the blue coloured
bonds to the three-point coupling. Some graphs have circles around their vertices,
one for every base interaction, in order to make the two vertices of the last graph
distinguishable. Therefore, the triangular graph with the two-point coupling has a
circle around its middle vertex because the two couplings meet there, whereas the
graph with the three-point coupling hasn’t because only one interaction takes place.

Because those are the only graphs we will consider, our rules stay simple. Now,
we determine M, by counting the number of the circles, including the dot, at each
vertex. The vertex without a circle leads to n = 1, a vertex with one circle to n = 2
etc. We also have to take into account that the symmetry factor depends on the type
of the interaction because more vertices are now distinguishable. We can see this
with the last graph, which does not have the same symmetry factor as its two-point
coupling counterpart.
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When going to higher orders, this gets more complicated because the different
couplings start mixing. Since we don’t need to consider this case, we will now apply
the linked cluster expansion to the effective theory.

3.2 Linked Cluster Expansion of the Effective
Theory

As we derived the necessary parts of the formalism, we can now map the effective
theory to it, according to [7]. At first, we will disregard the correction term of the
resummation, but we will discuss its implementation in the last part of this chapter.

3.2.1 Application to the Effective Theory

Here, we will apply the linked cluster expansion to the resummed effective action to
order O(k?) and at Ny = 1,

z= / [dUo]dethmteXp< %%WHH(@WHH(@), (3.2.1)

where (z,y) describes pairs of nearest neighbours. We can rewrite the sum as
> s> it1, Which leads to the additional factor of % in order to avoid overcounting.
Comparing this to the partition function for the two-point coupling

/ [d¢i] exp (So ¢i] + Z¢z z)vii (@, y)d;(y )) (3.2.2)

shows how it is possible to connect both equations:

with J(Uy, Wi;1;) as the Jacobian determinant. We do not have to calculate it
explicitly since the free energy depends solely on the expectation values of the free
theory.

At order O(k*), we have more than one field, which leads to the correspondence:

— + - 12 I+ +
¢i <_>(VV1111, W2222v W11117 [W1111] 7W2121, W10107 W1111> WOOOO)

S0l e 7 (U, Wit Wabaas Witits (Wiini)®s Wahar, Wioto, Wik, Woooo) det Qsra-
(3.2.4)

The two- and three-point interactions are written down in appendix B.2, as these
expressions are quite lengthy.

After we established this relation between the linked cluster expansion and the
effective theory, we can solve the remaining integrals over Uy.
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3.2.2 Calculation of the n-Point Functions

To calculate the integrals, we have to express the n-point functions in terms of
cumulants. For brevity, we introduce the following naming scheme for the integrals:

N T
Z[(n1m1n2m2)x]k :/deet Qstét(Wnlmlnzmz)k (325)

with x either +, —, or blank.
The only exception from the naming scheme is 2y, which stands for

Ny

20 = /deet Qi (3.2.6)

The n-point functions relevant for our calculations are of the form:

z - Z z
M[) _ 10g %o, M1 _ (1111) , MQ _ (2222)+’ M3 _ (1111)7
20 20 20
z - ¥4 zZ VA
M4 _ [(1111) ]27 M5 _ (2121)'*‘7 M6 _ (1010)7 M7 _ (1111)""

_ Faun-p Z(21111)—

Mg — 1, Mll 2

(3.2.7)

We also have to rewrite the Wy, minym, terms in terms of Polyakov loops. This
calculation is described in appendix A.2. The integrals will then be solved with the
techniques presented in appendix A.3.

We wrote down the results for Ny =1 and Ny = 2 in appendix B.3, as they are
quite lengthy.

3.2.3 Calculation of the Correction Term

Now, we still need to implement the correction term 2.3 into the framework of the
linked cluster expansion.
Considering the first correction term, the effective action looks like

z- / [d0y] det Q uas exp(S,) — / (dUy] det Quat Suore, (3.2.8)

with S, denoting the effective action without the correction term and

272
h — — — — 2
Secorr = Z Tfﬁi[WHH(x)]Q[Wnn(x - (3.2.9)

z

the correction term.
We will expand the generating functional at S.,.. = 0, as we can not apply the
linked cluster expansion directly to this action
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= log ( / [dUo] det Qurar exp(So))

1

N f[dUO} det Qstat eXp(So) | /[dUO] det QStCLt Scorr

=log ( / [dUy] det Qstar eXp(So))

—exp ( —log ( / [AU] det Qrat eXp(So)>) / [AU] det Quiat Seorr- (3.2.10)

The first term and the term inside the exponential had been calculated previously
in chapter 3.2.1.
The correction term itself evaluates to:

NJ% h% 2 2
/[dUo] det Qstat Scorr = VTFZ((HH)_)QZ(‘)/_ (3211)

with V' the spatial volume of the lattice.

At higher orders, this integration gets more complicated because one has to take
care of the embedding of the correction terms.

The second correction is unproblematic to this order because we can evaluate it
with the normal linked cluster expansion.

It is not entirely clear how to take care of this correction when going to higher
orders because it is only possible to investigate this problem when all the terms
to order O(x®) are known fully, without the abbreviations of the dense limit. The
correction terms can either be evaluated only to first order in the linked cluster
expansion or to the highest order that was used for the other terms. Because of
the counter correction terms, it is probably necessary to perform the evaluation to
the highest order, but it was not possible to investigate this problem further in this
thesis.

3.3 Observables

In this chapter, we will calculate the pressure p, the baryon number density ng, the
baryon mass mpg, and the binding energy €, analogous to [6,7,15].
The pressure is defined as proportional to the generating functional:

0 T

The quark number is defined as the derivative of the generating functional with

respect to the fugacity:
0
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Using a simple relation between the fugacity and h,

0 0

“ozlry T M om

. (3.3.3)

we can rewrite the quark number in terms of hq:

o w
ng = h1 <a_hlV>T7V (334)

The antiquark density is calculated similarly, only replacing h; with h;. Combining
both the quark and the antiquark density leads to the baryon number density:

1 ow - oW
= | h— - — hy— . 3.3.5
e 3( Yoh, V Yoh, V )Ty ( )

In our plots, the baryon chemical potential will be normalised with the baryon
mass [19]

amps g—o = —2log(2k)
amp g—o = —3log(2k). (3.3.6)

The lowest order gauge corrections for the masses in three dimensions are known
from [6]. For our one dimensional result, we calculated them up to order O(k"u™)
withn+m <7T:

4 + 32k*u — 64K % — 803

am =m -8 2
M M,3=0 K 1 u
“ + 24K — 54r*u? — 60K*u>. (3.3.7)

amp = Mpg—o — 6&21 —

An outline of the calculation of the masses and their corrections can also be found
in A.6.
The binding energy is calculated as a dimensionless ratio, which contains the
energy density e and the baryon mass:
e — mpn
e=——2"F (3.3.8)
mpnpg
The energy density is defined as the derivative of the generating functional with
respect to the lattice spacing a:

1 /0W

We can replace the derivative with respect to a with derivatives with respect to the
couplings:

1 OkOhy O W 1 0kOhy O W 1 OkOhy O W
N:0a 0k Ohy V |, N;0Oa Ok Oh, V . N;0a Ok Ohy V|,
1 858h31 o w 1 8:‘%8}132 o w

3.1
N.Oa Ok Ohg, V N.Oa Ok Ohg, V (3.3.10)

z z
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Making use of the equation

Ok mpg
— = —K— 311

the energy density simplifies to:

e =

RMpg 8h18w+6ﬁlaﬂ+8h28ﬂ 8h31 0 K_’_ahg& 8&
3N, \ Ok Ohy V. 0k Ohy V. Ok Ohy V Ok Ohs, V Ok Ohs, V )
(3.3.12)

3.4 Results

We present every observable for the generating functional to order 2, identified
with W, and to order x* without the correction term, depicted as Wj. Further,
we present the observables for the x* action including the correction term. W,y
corresponds to the first correction term, where we added it after the exponential, and
W.at corresponds to the second, or alternative, correction term, where we inserted
the correction into the exponential. Most of the times, the single terms will overlap,
it is mostly the first correction term that differs visibly from the rest.

Figure 3.1 shows the baryon number density at different values of k, N, V, u,
and Ny. Every plot shows the silver blaze property, which means that the baryon
number density stays at zero until the chemical potential reaches the constituent
quark mass. Slightly before this point, the baryon number density starts to rise
and eventually, we will reach the saturation with the value 2N;. The saturation is
a lattice artefact, so even before it is reached, the results are mainly dependent on
these artefacts and can be ignored.

The first correction term dips between g = 1 and the saturation. Due to the
connection of hy with x and N,, decreasing one of them decreases the difference
between the different terms, especially the dip for W,,... Also, the change in the
volume V' has this effect on the first correction term. Including the gauge corrections,
so that u # 0, increases the difference between the terms. When switching to
Ny = 2, the corrections differ more from the uncorrected terms, so we keep the
volume smaller as the first correction term would start to diverge badly at V = 75.

Figure 3.2 shows the behaviour of the pressure. It generally increases with in-
creasing baryon chemical potential, just as we expected. Here we have the same
effects as with the baryon number density, when lowering x, N, and V', considering
u # 0 and changing to Ny = 2. We can also observe that the overall value of the
pressure increases with smaller x, N, and higher N¢, but stays mostly the same
when changing the volume or turning on wu.

In figure 3.3, the plots for the binding energy can be found. The binding energy
drops below 0, which indicates that the quarks are bound. Overall, the behaviour
stays the same as for the pressure and the baryon number density. For the terms of
order k*, the contribution gets bigger at lower N, and higher x but seems mostly
unchanged by a change in the volume or by turning on the gauge corrections. When
going to higher Ny, the contribution gets smaller. The first correction term We,,, is
actually saturating in the first plot and the last two plots, but at much lower values
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Figure 3.1: The baryon number density for Ny = 1 at different values of x, N., Vm
and v and at Ny = 2
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Figure 3.2: The pressure for Ny = 1 at different values of x, N;, Vm and u and at
Ny =2
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Figure 3.3: The binding energy for Ny = 1 at different values of x, N;, Vm and u
and at Ny = 2.

of the binding energy, so that the other graphs would not be distinguishable when
scaling the plot according to it.

Figure 3.4 shows the baryon number density at varying u. For the first correction
term, mainly the depth of the dip changes, it gets bigger for higher u. The second
correction term changes less with u. The transition moves further to the left for
higher v and at very high w its shift to the left as well as the shape indicate that
the expansion breaks down.

In figure 3.5, we see two different plots. In the left plot, the correction terms
themselves are plotted for two different values of N,. We can see that the contri-
bution of the first correction term is much bigger as the contribution of the second
correction term. Also, they grow with increasing N,, which is a behaviour we don’t
want because those terms should be neglected when going to the high- /N, -limit.

In the right, we see all the terms of subleading order of N, at different values of
N,. Here, the terms get again bigger with increasing V.

Luckily, the contribution of all those terms is quite small compared to the overall
contribution. But as the error of the high-/N,-limit increases when going to bigger
K, which is necessary to reach the continuum limit [7], [5], it is of great use to have
an estimate of the influence of these terms.
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Figure 3.4: The first and second correction term at x = 0.03 and N, = 50 at different
values of u
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Figure 3.5: The correction terms for Ny = 1 at different N;. In the left we see the
correction terms and in the right we see the Low- /N, -corrections.

In figure 3.6, we see six of these curves. We have the first correction term and
the second correction term at an error of 20% and 10%, as well as Ny = 1 and
Ny = 2. We chose the first value of N. in a way that convergence is given. The
shape of the curve correlates with our expectations, and only the first correction
term looks different. As the calculations get really expensive for Ny = 2, we had
to choose quite big steps for k and what we see here is the first value of kK we were
looking at. Therefore, the parameters we can choose are very restricted, so it might
not be advisable anyway to use the first correction at Ny = 2. At lower N, we can
choose k bigger as at higher N,.

Looking at all the results, we can observe that the first correction term behaves
in a more problematic way than the second correction term. As we can see in figure
3.5, those differences only start at © ~ 1 where we have to be careful anyway, because
the baryon number density gets more and more influenced by lattice artefacts and
hy reaches hy = 1 which leads to problems with our expansions. Also, the second
correction term is calculated in a simpler way, so it might be preferable to use it
instead of the first correction term, but this definitely needs to be checked at higher
orders of k.
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Figure 3.6: « as a function of N, shown at V' = 75. The left contribution is the error
for the low-N,-corrections with the first correction term in relation to the high- NV
baryon number density, the right contribution for the second correction term. From
top to bottom, we have for Ny = 1 an error of 20%, an error of 10%, and for Ny = 2
an error of 20%.



Chapter 4

Conclusion and Outlook

In this thesis, we derived the effective theory of lattice QCD in 1+1 dimensions and
treated it analytically with the linked cluster expansion. While doing this, we had
to take care of a newly arising correction term, as we did not neglect the terms of
subleading order in N, as it was done in previous three dimensional calculations.
Furthermore, we investigated the behaviour of this correction term. We used two
different methods to calculate the correction term and compared them to each other.

This led to the finding that the contribution of these terms increases with in-
creasing N,. This behaviour is not desirable, as we leave out those terms when going
to the high-N,-limit. Therefore, we gave an estimate of the contribution of these
terms depending on x and N, so that it is possible to choose these parameters in a
way that the high-NV,-limit does not break down.

This gets important when thinking about the continuum limit, as we need to
change x and N, our error increases when we go to smaller lattice spacings. As our
calculation took place in 141 dimensions, we could not test this hypothesis because
we could not obtain the continuum limit, since the established methods are designed
for 341 dimensional calculations. Therefore, it would be of great interest to repeat
the calculations of the subleading order terms in 34+1 dimensions in order to take a
look at the continuum limit.
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Appendix A

Additional Calculations

In this appendix, we will derive the colour determinant from chapter 2.2.1 in more
detail, as it was done in [7], and furthermore calculate the generating functional
for the Wi minym, terms as in [5]. Also, we will give a short introduction to the
integration over Polyakov loops [7] and in the methods of moments and cumulants
[20], [21]. Lastly, we will show the calculations of the gauge corrections and the
masses.

A.1 Static determinant

In order to calculate the quark determinant, we need to prove equation 2.2.12. This
equation can be expressed as:

det[1 + hy W] (A.1.1)

with W € SU(N).
We rewrite the determinant with the trace log identity and expand the arising
logarithm:

N (l+1
det(1+h W) => "> H lk T h”“l tr(WhHke, (A.1.2)
n=0 {k;}n I=1 b

with NV the degree of SU(N). The indices {k;}, are bound by the two equations:

N N
> ki=n, and Y ik <N. (A.1.3)
=1 =1

We will use the Cayley-Hamilton equation
A4 AV 4 A+ (1) det(A) ], = 0, (A.1.4)

here depicted for SU(N).

The determinant corresponds to the coefficient c¢q. Also, the coefficients are given
in terms of complete exponential Bell polynomials which can be rewritten in terms
of traces of powers of A.

For SU(3), the Cayley-Hamilton equation, expressed in terms of powers of traces,
reads

det(A) — %((tr A — Btr(A%)(r A) +21(4%) ). (A.15)

39
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This fixes the highest power term of the logarithm because of the fact that
det(W) = 1.

Therefore, we can rewrite the determinant as:
1
det(1 4+ hW) = 1+ K% + hy tr(W) + §h§(tr(W)2 - tr(W2)>. (A.1.6)

We make use of the relation tr(W?) = tr(W)? — 2tr(WT) to reach the final result:

det(1+mW) =1+h tr W 4+ A3 tr WT + 13, (A.1.7)

A.2 Generating Function for W,,, Terms

To solve the integrals in 3.2.2, we have to rewrite the Wy, 1 nom,-terms

(Wz)™ (R Wl)me )

niminam =1 h
Wl 1n2ma r((1+h1Wf)nl (1+h1W;)n2

(A2.1)

into Polyakov loops, as it is not possible to integrate directly over the fraction and
the trace.

We will make use of a generating function that gives, depending on our evaluation
process, the usual formulation or the expression in terms of Polyakov loops. We need
three different generating functions, depending on the form of Wi, nom,-

The first one, for the terms of the form W,,,q0, stems from [5]:

G(a, B) = log det[a + Bh W]. (A.2.2)
The one for the quite similar term Wyq,,,, looks like:
G(a, 8) = log det[a + Sh W] (A.2.3)

The last case is specifically constructed for Wig10:

G(a,B) :m (log (det ((a + W) (a+ ﬁl_hWT)>)

— log (det ((5 +ahW)(B + ah1WT)>)> : (A.2.4)

For Wi111, we can use the same generating function but multiplied by —hqh.
Then, we receive all terms by taking derivatives with respect to a and § and
setting a = 8 = 1 afterwards:

(_1)n—1 an—m am
(n — 1)! dan—m 9™

annm -

G(a, p) (A.2.5)

a=p=1

When setting ny = ny and m; = ms, we can also use this formula for the last case
A.2.4.
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It is possible to check if the generating function returns the right W, ., n,m, term
by using Jacobi’s formula when calculating the derivative

%log det A(t) = tr (A(t)*%A(t)) (A.2.6)

In order to obtain the expressions in terms of Polyakov loops, we need to express the
generating function in terms of Polyakov loops first. For this task, we can use the
method from appendix A.1, which also works for the more complicated generating
function A.2.4. For example. the first generating function takes the form

G(a,B) = log[a® + a?Bh L + af*hILT + B2h3]. (A.2.7)

When we take the derivative now, we receive the expression for W, nym, i terms
of Polyakov loops, which finally enables us to perform the integration.

A.3 Integration over Polyakov Loops

At first, we have to change the measure of our integration from temporal links to
Polyakov loops. This process leads to a Jacobian in the form of an effective potential

/ W] = / dL]e. (A3.1)

This potential is equivalent to the SU(3) Haar measure, calculated in [7]
1
V=3 log(27 — 18| L|*+8Re(L?) — | L|*) (A.3.2)

We can parametrise the Polyakov loops in terms of two angles, which brings them
into a diagonal form [22]:

L(0,¢) =€’ + e +e ) 9.¢ € [-m ). (A.3.3)

We can rewrite the measure as
/ [AW] = / [dL]e" = / [d6][dg]e?V . (A.3.4)

This introduces another Jacobian identical to the previous one A.3.2.
Now, we can easily solve the integrals, as they reduce to integrals over exponential
functions.

A.4 Moments and Cumulants

The method of moments and cumulants is an important part of the linked cluster
expansion [7] and is also used in other fields [20], [21].

The moment is a collection of symmetric functions that assigns a number (a, . .., )
to each combination (a, ..., ), with (¢) = 0 for the empty combination. The mo-
ment product

M ® Q2= 103 (A.4.1)
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is defined by a sum over all partitions P, of («,..., ) in two sets

(o, ..., B)3 = Z<OZ,...,(S><’}/,...,€>2. (A.4.2)

Py

One example for a set made out of three entries is:

(o, B,7)3 =(a)1(B,7)2 + (B)1{a, 7)2 + (7)1, B)2
+ (o, B)1(7)2 + (B, 1) 1{a)2 + (o, 7)1(B)2, (A.4.3)

(o, ) = 3(a)(a, a)e + 3{a, a)i{a)s. (A.4.4)

We define the cumulant making use of the exponential of the moment

expgll =1+ %[]@n =1+ (). (A.4.5)

This makes it possible to define the moments and cumulants in terms of each other:

(aq,...,« ZZ g, ..., co s aglk (A.4.6)

k=1 P

n

(g, ... ap] = Z(—l)k_l(k —1)! Z(al, e Q)1 QG ) g (A.4.7)

k=1 Py

Here, we can see some examples of these relations:

(a, ) = [a, 5] + [o][8], (A.4.8)
(o, B,7) = [a, 8,71 + [a, BI[v] + [B,4][ed] + [, A]16] + [ ][],

[Oé,ﬂ] = <Oé,ﬁ> - <O‘><B>7 (A49)
[, B,7] = (e, B,7) = (a, BY(7) — (@, 7)(B) — (B, v){e) + 2(a){B) (7)-

We define the generating functional of the moments as:

fo{za}) Z Z 041, e Q) Ty e T, (A.4.10)

The generating functional of the cumulants is defined in a similar way.
The main theorem of the methods of moments and cumulants states that

exp fy({ra}) = 1+ fy({za}). (A1)

This can be proved by induction.
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Furthermore, we can apply the formalism to a general polymer system. The
function I(X;) describes the value we are left with after the integration over the
polymer X;. We define a cluster moment

1

0, otherwise

, if every pair X;, X; is disconnected

(X1, X)) = { (A.4.12)

so that the generating functional of the moment is the same as the partition function
of the polymer system

ZEIXON =1+)_ Y l<X1, L XV(XY) . T(X). (A.4.13)

It can be proved that the cumulants posses the opposite property of the moments:
[X1,..., X, =04 X, U...UX,is connected. (A.4.15)

If we define the general polymer system as the effective action

Sets / (U] exp ( - i % (P + M)”) (A.4.16)

n=1

and choose the variables X; to represent a combination of tr(P + M)" factors, this
leads to the conclusion that the effective action can be exponentiated when only
connected polymers are considered. This only holds in the infinite volume limit, but
corrections could be calculated.

A.5 Calculation of Spatial Detours

This chapter contains a detailed calculation of the corrections to the coupling hq,
which was discussed in 2.4.1.

This detour adds 4 links and 1 plaquette , which gives a factor of x*u. It can be
attached in NV, locations and can point in 2 directions, which means upwards or
downwards in the one dimensional case. The trace gets adjusted to

tr (2= 70)" (1 = 7)1 + 7)1+ 1)L —10)] = =4t [(1 =)™ (A.5.1)

which leads to the overall contribution

Co = =8k uN,. (A.5.2)
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The first of these detours can be placed at N, locations in 2 directions, the second
detour can be placed in 2 directions as well but only at N, — 3 locations. Each

detour gives a factor of k%u, and we have to include a combinatorial factor of % to
take care of the double counting. The trace
tr (2 —70)" (1 =) (L = 20) (2 +71)(L = 70)(L = 71) (1 = 10)(1 + )]
—tr (2 70)™"] (A5.3)
gives no additional factor, so the full contribution is
cp = 26" N, (N, — 3). (A.5.4)

Again, we can place this detour at N, locations. The lower part can be placed in 2
directions, and the upper part has to point in the same direction as the lower part.
The trace

tr{(1=70)" 7 L = 7)1 =)L = 70) (X +) (L +m)] = 4tr[(1—0)"] (A5.5)

gives a factor of 4, leading to the contribution

ce = 8K N, (A.5.6)

There are N, locations to place the detour, 2 directions for the first detour and 1
for the first detour. The trace gives

tr[(1—70)" (1 = 7)1 —70) (1 + 7)1+ 7)1 —70) (L — 7))
=2tr [(1 — ~0)™"] (A5.7)

This leads to the contribution
cq = 4k’ N, (A.5.8)
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Both detours come with a factor of N, for their location, a factor of 2 for the
direction and an additional factor of 2 because they can also point to the left. But,
the trace for both diagrams cancels, since the trace for the first diagram gives

tr [(1—70) " (1=71) (1=7) (1=70) (14+71) (L+70) (1+7)] = 8tr [(1—70)""] (A.5.9)

and the trace for the second diagram gives

tr[(1—70)" (1 = 71) (1 = 7)1 = 7)1+ 7%0) (L + 1) (1 +7)]
= —8tr[(1— )V (A.5.10)

Therefore, we get
ce = 0. (A.5.11)

_1_

The detours in both diagrams can be placed at N, different locations, and they can
point in 2 directions. The trace for the first diagram has the value

tr [(1—90)" (1 = 7)1 = %) (1 + 7)1 +71) (L —70) (1 —70) (1 + n))]
—2tr [(1 — 40)"] (A.5.12)

For the second diagram, the trace gives the same result:

(1 — 700" (1 = 1) (L = 70)(L = 30) (L + 1)L+ 3) (L — 20)(L +7)]
—2tr [(1 — o)) (A.5.13)

Adding up both diagrams results in the contribution

c; = 8k’ N, (A.5.14)

The first detour can be placed at N, locations, the second detour at N, —4 locations.
Also, both detours can be placed in 2 directions. The trace gives no additional factor:

tr[(2 =)L =) (L1 = 10) (X +71)(L =) (L = 71)(2 = 70)(L —70) (L + )]
=tr[(1— )] (A.5.15)

This leads to the contribution

cg = 4"’ N, (N, — 4). (A.5.16)
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_|_

Again, we have two diagrams that give the same contribution. The detours can be
placed at N, locations and can point in 2 directions. The trace for the first diagram
gives

tr [(1—50) ™" (1 = 71) (1 = 70) (1 = 71) (1 = 7)1 +71) (1 + )]
=2t [(1 — )] (A.5.17)

and the trace for the second diagram gives the same contribution:

tr[(1—70)" (1 =)L —7) (L = 70) (L +7) (1 — %) (1 + )]
=2tr[(1 — )] (A.5.18)

Both diagrams together lead to the contribution
cn = SK*uPN;. (A.5.19)

A.6 Calculation of Hadron masses

In this section, we will go over the calculation of the Hadron masses, following [19],
and their corrections up to O(k"u™) with n +m < 7.

For the calculation of the mass, it is necessary to specify an operator. The
operator for the pions look like:

74 (@) = doo(2) (95 agupel)
7.(2) = Gae(2)(18)asdse (). (A6.1)

For the proton and antiproton, we have the operators

Do (%) = €cae(C5) pyttac () [upa(2)dye () — dpa(2)uye ()]

p; (y) = 5fgh(075)esoa5f(y>[Jeg(y)acph(y) — Ueg(y)dpn(y)] (A.6.2)
with
Cry,C71 = —fy;f
—Cc=CT=Cc"1'=0" (A.6.3)

We want to calculate the pion propagator

C) = (m0.00m0.01) = (abaPOORREO]) (A6

S Serr

with the quark propagator
PylUle = (1= rgMU]), = 3 sy MU, (A6.5)
1=0
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Using
Py, x) = v Pf(z,y)7s, (A.6.6)
we can rewrite the pion correlator to
C(t) = <tr[P;(t,0)Pu(t,0)]> (A.6.7)
Serf
In general, the computation of such expectation values looks like
1 _ . _
(©) = [WUddavle U0, 5, v). (A.6.9)
With the hopping parameter expansion, we have to compute
1 — Ky ! i
cit) = /[dU] exp {Xf: 121: Lt M[U] } tr [Pd (t,0)Py(t, 0)} . (A.6.9)

As we are calculating the leading order, we can set Z and the effective action to 1,

which leads us to
C(t) = Kk / [dU] tr [(1 + 90)* U (t — 0)UL(t — 0)].
Using the relations

Y5(L = 7)75 = (1 +7,)
tr[(1 + Vﬂ)N] = tr[2V (1 + )] = oN

we get the result

C(t) = Nic(zﬁu)t(znd)t.

We plug this into the following correlation function
m(A) = — tli)rgo % log(A(0)AT(t))  for mesons,
m(B) = ~ lim % log(B(0)B(£))  for baryons,
which leads to a meson mass of
mar = —log(2k,) — log(2k4)

or, in our case of degenerated flavours

my = —2log(2k).

(A.6.10)

(A.6.11)

(A.6.12)

(A.6.13)

(A.6.14)

(A.6.15)

When we perform this calculation for baryons, we receive the degenerate baryon

mass
mp = —31og(2k).

(A.6.16)
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We calculate the gauge corrections of the masses at N, — oo. This calculation is
along the lines of the calculation of the hy corrections, but with an additional factor
taking care of the additional quark lines.

Again, we calculate the corrections up to O(k"u™) with n +m < 7 and we
receive graphs similar to the ones in appendix A.5. The only difference is that the
plaquettes sit on different quark lines. This leads to the contributions

u

ey = —8kK? + 32kt — 64K — 80kMu3
—u

u

cp = —6k? | + 24k*u — 5dr*u® — 60KM . (A.6.17)

—Uu



Appendix B

Analytic Results

This appendix collects all expressions too lengthy for the main text.

B.1 Effective Action to Order x*

This chapter contains the terms of the kinetic quark determinant to order x* in the
Wymynoms-notation. All sums are already evaluated. We set k; = W,
the couplings should be well known from chapter 2.2.3 and chapter 2.2.4. The sum
over ¢ = =£1 includes forward and backward hops, therefore, the prefactors had to

be adjusted in regard to chapter 2.2.

Seff = - Zlog det Qstat + Z Z (Nf 2 Wllll f)Wl_lll(f+ Z)

T i==%1

hs, L. .
+ Nf%{wnn(x — i) tr(4) Wiy, (7 +19)

+ Wi (& — 1) W (2) Wiy, (7 + 1)
+2Win (@ — )W i
(

- 4W17111(f - Z)WIJEH

—

Wi (2 4 4)
Wi (@ +9) }

) 1311(
7)
- Nf%{wl_Hl(f - i)Wim(f)Wﬂn(f"’ Z)
2

— kaWi1 (T — ) Wio10(Z) Wiy, (T + 2)}

hs, N? o
fTS N2 -1 { <W2222( ) — 2Wiin (2 )) Wi (74 14))
+ Wi (@) (WQE?Q("% + i) — 2Whin (7 + Z)) }
h31 N,

5 v A Wi @P i+
(Wi (@) = 2Wiia(3) ) (Wil (7 + 1) — 2Waans (7 + 1)) §
N LW B (Wi (B )+ B Waono(F +5))

49
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(Wahor (@) + Ba Waono(@) ) Wiy (7 + ) |
- N W @+ o
(W2m< ) = Wi (@) ) (Wahaol @ + ) = 2Wina(@+1)) }
e { (W) = Wi @) W@ 0
Wiy (@) (Wahoo (7 + ) = 2Warn (7 +7) ) |
h

3 S o
- NJ%TZ{WQJEm(x)WQJEQl@ + )
P 4N+ = .
+2 [(ZK)ZNT + &w] Wio10(Z)Wio10(Z + 4)

Wi (@) Wi (& + W})

—i—Nf

R e e vi— e e
- Z Z NJ%ZQWHH('%.)WHll(x + )W (Wi (¥ +19) (B.1.1)

Ty i=+1

B.2 Two- and Three-Point Interactions

This chapter contains the two- and three-point interactions from chapter 3.2.1.

vy (T, 7) =6((Z, 1)) [ — Nyh20i1051

hs N? N?Z
+Nf 21 (NfN2 1 + N3 _ Nc>5i25j2
N¢ N¢
+ Ny2hs, (NfN2 — + N3 _ NC)5i35j3
2

hs N? N?
+Nf 21 (NfNCQ ] + N3 _ Nc>5i4(5j4

C

h
+ Nﬁ%aﬁaﬁ

. 2k)4NT —(2K)%
+ Nihs, [(%)QN + D2y )1(\/T31)]5i65j6
2

2
C_ + Nf—N3 _C i )(51‘25]‘4 + 8;40;2)

N2
N2 _ 1 + Nfﬂ) (51'35]'4 + 52'4(5]'3)
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h 2
+ Nf%kl(aﬂajﬁ + 6i60;4)

h
+ N?%kl (51'56]'6 + 5i65j5>:| (B21)

uijk(fv 377 5) :5(<fa @)5(@7 5)) |: - ‘]\[Jch?’l51‘15]‘26]“1 - Nf2h315i16j36k1
+ thgzéﬂ(sﬁékl — ka1h325i16j66k1

+ Nf4h31 5i1§j75k1 — th31 tr(4)5i15j8(5k1}

+ ({7, 2))6((, 2)) [ — Nyh3, 0101062 — N§2hs, 0;1010k3
+ Nyhs,041010k5 — Npkihs, 041051086

+ Nf4h315i15j15k7 — th31 tr(4)5i15j1(5k8}

+ (5(<f, y_’>)(5(<f, Z>) [ — th315i25j15k1 — Nf2h315i35j15k1
+ Nths, 05051081 — Nykihs, 046051011

+ Nf4h3151'75j15k1 — th31 tr(4>6i85j16k1:| (B22)

B.3 Integrated LCE z-Functions

B.3.1 N;=1

Below are all z-functions evaluated with N, = 3 and Ny = 1, needed in Chapter
3.2.2.

2 =1+ 4h3 + hS + 4hihy + 6h1hy + 10RTA; + 6h5RT

+ 20h3hT + 4hShY + 4h3 + 6hyh] + 10h1h] + 6hTRT

+ 4hiRS + hY + flhi’l_z? + hffﬁ? ) ) (B.3.1a)
Z(1100) —=6h3 + 3hS + 2hihy + 12h%hy + 10R2A3 4 15R5R2

+ 30R3R3 + 12h8h? + 3hihi + 20h1hT + 6h3 A1

+ 170h§’7ﬁ +76h51"71? + 3@?}3? 7 7 ) (B.3.1b)
Z(0011) =2h1hy + 3hihy + 10h3A3 + 6h5h2 + 6h% + 30h3H3

+ 6hSh? + 12h kY + 20hThT + 15h3A3 + 10R5AS

+ 3hS + 12R3RS + 3RSAS (B.3.1c)
Z(1111) =3h1hy + 6hthy + 11hThT + 9h5hT + 21h5h3 + 6hSh3

+ 6h bt + 21R1RT + 9R3AT + 11R5RS + 6R3AS 4 3hSKS  (B.3.1d)
Z(2200) = — 4h% + 3hS 4 4hthy — 20202 + 12R3A3 — 12h3R3

+ 12h§ﬁ§ - Sh‘ih‘f — ghfﬁ? - 8@%? — 41:&{%? + 3@%? (B.3.1e)
2(0022) = — 2n2h% — 2R3R3 — 4k — 12h3h3 — 4RSh3 + 4h, b}
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+ 8hiht + 12h3R3 + 8hSAS + 3hS + 12R3AS 4 3hSAS (B.3.1f)
Z(2100) =10h$ 4 2h1hy + 8hihy + 12h7hT + 3h3RT + 42R3H3

+ 3hyhi + 12R1RT 4 8h3h5 + 2hThS + 10h3h° (B.3.1g)
Z(0021) =2h1hy + 3hthy + 12h3hT + 8hhT + 10h3 + 42h3R%

+ 10hSh3 + 8hyhy + 12h1hT + 3hIRS + 2R5A3 (B.3.1h)
Z(1010) =3 + 6h% + 11hyhy + 9hThy + 21R3A2 + 6h5RT + 6h3

+ 211303 + 9h kY + 11h3hT + 6R2R° + 3R3R3 (B.3.1i)
2(1100)2 =4h3 + 9hS + 20h1hy + 4hThT + 36hTh: + 24h3h3 + 36h0RT

+ 34h1hT + 21203 4 24R3R5 + 4h3hS 4 9hShS (B.3.1j)
Z(0011)2 =4h2h% + 2h2h2 + 4h3 + 24h3h3 + 4RSh3 + 20h A}

+ 34h1h] + 36h3hT + 24hTR5 + 9RS + 36h3KS + 9RSKS  (B.3.1k)
Zaooyoorty  =hihy + 6hihy + 10RTAT + 15h7RY + 45h1RT + 18hYRY
+ 6hyh + 40RTRT + 15h3R5 + 25h3h3 + 18R3AS + 9RSAS  (B.3.11)

Z(1111)~ :6/1‘;’ + Sh? + 9h‘11l_11 + 9h?ﬁ% — 6]_151” + Gh?ﬁi’ _ 9h1l_ﬁ

— 9hihT — 3h§ — 6R3AS (B.3.1m)
2(2222)+ = — 4h3 + 4hthy — 4h3h3 + 10RShT — 43 — 24h3h3

+ 8KSK3 + dhy B + 3RS + 16R* R + 10K2R° + 16K°RS

+ 3h$ + 8hTRS + 6hSAS (B.3.1n)

Zun-ye =43 + 9h8 — 2hihy + 8hihy — 12hThT + 8T + 4k

— 42h3h3 + 4RShY + 8hyh} — 12h1h} + 8h3h}

— 2h5h5 + RS + 43RS (B.3.10)
Z(2191)+ =10h3 + 4hyhy + 11hThy + 240303 + 11h5AT + 10R3

+ 84R3h3 + 10ASh3 + 11hy bt + 24h5RT 4 11R2A3

+ 4h5hY + 10h3RS (B.3.1p)
Za111)+ =6h3 + 3h% + 4hihy + 15h1hy + 20hThT + 21h5R]

+ 6h3 + 60h3h3 + 18hSh3 + 15k At + 40h1R1

+ 21h7hT + 20h3H5 + 3RS + 18hTAS + 6hORS (B.3.1q)

B.3.2 N;=2

Below are all z-functions evaluated with N, = 3 and Ny = 2, needed in Chapter
3.2.2.

20 =1+ 20R% + 50h8 + 20R] + hi® + 16h1hy + 180RhTA,
+ 240h7hy + 40R1°hy + 136h2h% + 816h°h? + 570RSh?
+ 40R1h2 4 2003 4 816h313 + 2320h5R? 4 800K K3
+ 20h 23 + 180hyhi + 2651h1h] + 3720h{h}
+ 570h1°hT + 816h3hT + 5312h5hT + 3720h5h3
+ 240h1' A5 + 50h8 + 2320h3 R0 + 6832h0RS
+ 2320h7KS + 50h;°hS + 240k, h] + 3720h1h]
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2(1100)

Z(0011)

<(1111)

Z(2200)

+ 5312R1AT + 816h;°h] + 5T0RTAS + 372005 hY

+ 2651h5h5 + 180h1 A% + 20R + 800RSRY + 2320h8hT

+ 816h7R] 4 20h 2R 4 40h A% 4 570h1hi° + 816R1A1°

+ 136R1°R1° + 40R2A1 + 240R°RI + 180K8HIT + 16R A1

+ hi? + 20h A} + 50h8hi® + 20RTh} + hi*h}? (B.3.2a)

=15h3 + 75 + 45h] + 3h1® + 4hyhy + 180hThy + 420R] Ay

+ 100R1°h, + 68h2h? + 1020R3h% 4+ 1140h8h2 + 110h11A2

+ 612hTh7 + 3480h8h3 + 1800hTAT + 60hi*h3 + 45k, b}

+ 2651h1h] + 6510h]h + 1425h;°h] + 408hih]

+ 6640R5hT + T440h3hS + 6601 RS + 1740RTAS

+ 10248hSAS + 5220hIRS + 150h2hS + 60h, AT

+ 3720h1hT + 9296h7 AT + 2040h1°h] + 285h7A%

+ 4650h°hY + 5302hR5A% 4 495h1 hT + 600R;A]

+ 3480hSh] + 1836h7A] + 60h,*h] + 10~ h° + 570R A"

+ 1428h1h1% + 340h1°h1° + 20A3h1" + 300R5h + 360hTA;"

+ 44hi hit + 15R5h? + T5RSh? + 45hTh* + 3h1%h1*  (B.3.2D)

=4hyhy + 45h1hy + 60h]hy + 10h{°h, + 68hThT + 408h3H3

+ 285h5h2 4 20h1 K2 + 15h3 4 612h3A3 + 1740K5R3

+ 600hTAT + 15h1%h3 + 180h,hi + 2651h71RT + 3720h1 AT

+ 570h°hT + 1020h7R] + 6640h5R; + 4650hTR]

+ 300h1 RS + 75h8 + 3480R3RS + 10248h5hS + 3480h7hS

+ T5h1%h8 + 420h, hY + 65101 ] + 9296h7h1

+ 1428h1°h] + 114003 KT + 7440h5 KT + 5302h5 Kt

+ 360h1 AT + 4505 + 1800R5R] + 5220h8h] + 1836R 1A}

+ 45h12h] + 100h, hi® + 1425h7h1° + 2040k h}°

+ 340h1°h" + 110RTh;" + 660hThy" + 495K h;" + 44hi byt

+ 3012 + 60R3h12 + 150A8h12 + 60ROA1% + 3R12R12 (B.3.2¢)

=3hyhy + 45h1hy + T5hhy + 15h1°h; + 43hThT + 360R3H3

+ 315h5h7 4 25h1'h? + 315h3h3 + 1380RSRY + 600R) R}

+ 15h1%h? + 45h k] + 1539h1hT + 3120R] k] + 600h R}

+ 360h3h7 + 4190R5RhS + 4050h3h3 + 315k A3

+ 1380h3h8 + 6846R5RS + 3120h3h8 + 75h12RS + T5h, AT

+ 3120h1h] + 6846h1h] 4+ 1380h1°AT + 315h3A%

+ 4050h5 RS + 4190hTAT + 360h1' AT + 600h3A] + 3120h5A]

+ 1539h9hY + 45h12R% + 15k, h1° + 600A1A10 4 1380K7 R 10

+ 315k °h1° + 25hTh1T + 315R5RTT + 360RShyt + 43R hit

+ 15h3hy* + T5hShy® + 45h7hi® + 3hihy? (B.3.2d)
— 6h3 + 5h5 + 24h9 + 3012 — 12h3hy + 136R7hy + T6h1%h,
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2(0022)

2(2100)

2(0021)

— 4h2h? + 1121502 + 564h8h? + 100h1 A2 — 72R3R3

+ T76RShS + 112007 A3 + 60h12h} + 51h1hT + 2460R] R}

+ 1115h}f7ﬁ — 24h§f}§> + 928h§’7zi - 3824}1%?

+ 600h1 RS — 152h3R8 + 2520hShS + 3328RIRS

+ 150h1*hS + 104h1h] + 3584h7hT + 1608h;°h] — 25hTAS

+ 600h§’7zi + 2702}@? + 450@%? - 80h§’7ﬁ + 776h?7}‘f

+ 115gh?h? + 60_}&%? — 6h‘1‘_h}0 + 520h{_h}0 + 268_h}0h}°

— 4h2hi' + 16h5hyt + 168hThy' + 40k hi' — 6h3hy?

+ 5h8hi% 4 24hJhi? + 3hi%h1? (B.3.2¢)
— 4h§h§_— 24h5h} - 25h§h§_— 4h}%§_— 6h7 — 7_2h§ﬁ§

— 152h§lfl” — 80h‘1’zﬁ) — 6h}2h§ — 12h1h‘117+ 51h1h] )

+ 104h7Rh} — 6h1°AT + 1120205 + 928h°h% + 600h5h°

+ 16h}iﬁ? + 5hS + TT6h3hS + _2520h?h? +_776h§’h§ _

+ 5h12h8 + 136h A7 + 2460h1hT + 3584hTR] 4+ 520h1°h7

+ 564h3A% 4 3824h°hT + 2702R5AS 4 168h1 AT + 24

+ 1120h3h] + 3328hShY + 1152hTh] + 24h1%h] + T6h1h7°

+ 1115h‘1*7ﬁ0 + 1608@{%10 + 268@0}310 + 100/1%71}17

+ 600h§@11 + 450}@&1 + 40h_}1h11 + 3hy* + 60h3 hy?

+ 150h8h1% 4 60hIh1* + 3hi%hi (B.3.2f)

=21h3 + 70hS + 21n7 + 4h hy + 192h1hy + 284h7h,

+ 24h1°hy + 72R3RT 4 908KSA3 4 5T6hSAT + 10hT h3

+ 684h3hT + 2704h8h3 + 680hTh3 + 45h A + 2600 R}

+ 4050h7ThT + 310R 1R} 4 432h3h5 + 5712h5R3

+ 3616h5h° + 60h1 RS + 1892h2h8 + 7728RSAS

+ 1892h h8 + 60h A + 3616h1h] + 5712k AT + 432h1°h]

+ 310h3hT + 4050R5RT + 2600hThT + 45h " hY + 680h5A]

+ 2704h8h] + 684hJh] + 10h 7% + 576h1h1° + 908R] A"

+ 72h°hi® + 24hThiT + 284h3 Ryt + 192h5hyt + 4hithyt

+ 21h3hy? + 7T0RShy + 21h7 A1 (B.3.2g)

=4hyhy + 45k hy + 60hThy + 10h1°hy + T2h3h3 + 432h5 A3

+ 310hTh3 + 24h ' hT + 21h7 + 684h3hT + 1892h5R3

+ 680hJA} 4 21h12h3 + 192h1hT + 2600k A}

+ 3616h]h] + 576h;°h] + 908hIAT + 5712h5 A3

+ 4050h3h; + 284hi B} + TORS + 2704hTRS + T728RSAS
+ 2704h3h8 + T0RI2RS + 284h h] + 4050h1h]

+ 5712h]h] + 908h;°h] + 576hThT + 3616h7 Y

+ 2600h5hS + 192h1' 1% + 2147 4 680A3 AT + 1892h°RS
+ 684hIR% 4 2111209 + 24h A1° + 310R1R1° + 432K7H10
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107,10 7 7 7
+ 72h1°h1" + 10RThT + 60R5hT + 45R5hT + 4hi'hlt  (B.3.2h)
Z(1010) =3 + 45h3 + 75h8 + 15h] + 43h,hy + 360k hy + 315R1A B
- 2 1
+ 25h1°hy + 315h3hT + 1380h5hT + 600hThT + 15h}i}32
- 7 ’ 1
+ 45h3 + 1539R3h3 4 3120h8h3 + 600hh3 + 360h, hi
- B B 1
+ 4190h1h] + 4050h7h1 + 315h °h] + 1380hTA;
+ 6846h°R3 5ho h h h
Ghéf}é + 3120;%}}1 + 75h¥iﬁ + 75hS + 3120R3hS
+6846h7h] + 1380h7h8 + 315k AT + 4050h1h] + 4190h]A]
+ 360h1°h] + 600RTRT + 3120h5 K% + 1539R5AS 1
1178 7, 7, 7
+ 45h1711é + 15h] + 600h3hT 4 1380hShT + 315hIRS
+ 25l + 315h1h1% 4+ 360RT A1 + 43h1°h1° + 15h2h"
+ 75hShit + 45R5h1T + 3hythyt - (B.3.21)
. 2 o ) : ) ) .0.241
(1100) 6h; + 25_)21 +96hy + 9h1? + 132h1hy + 664hThy + 244h;°h,
+ 16h2h3 + 1048h5h7 + 2136h5hT + 300hi h3 + 288h3 A3
_ B ~ 11
+ 4544h8h3 + 3880h7AT + 180h1%hT + 2001h1h]
L _ -
+ 10380}2@11 + 3485h}0@‘1* + 96h3hY + 6872h7 R}
+ 13976}2@é + 1800h}ih? + 832h3AS + 13440R5AS
+ 1127211101@71 + 450@%? + 2816h1h7 + 14840h] AT
+ 4992th15 + 65h§h§ + 4800h3h% + 9954h5 bt
+ 1350?21_21 + 280h§h? + 4544hSh] + 3960h]h]
+ 18(2)@11h1 + 426@;%%0 + 2272h7 1 + 832h1°hy°
+4hihy' + 304h§>i_zil + 672h5A1 + 120R1 Y + 6K3012
+ 95h8h1? + 96RhTh}* + 9hi2hy? (B.3.2j)
2(0011 2 :16h2ITL2 5_2 8_2 h h h | | J
) © 813 21h6+26h1h1 +9§§h1h1 + flhilhf + 6h3 + 288h3h3
11711 + 280h3h% + 6h1%h% 4 132k A + 2001h AT
L _ _
+ 2816h]h{ + 426h;°h] + 1048hTh5 + 6872h3H3
8715 7, 7 7,
+ 4800}13@; + 304hiih‘? + 95h8 + 4544h3hS + 13440hShS
+ 4544hh8 + 9512 RS + 664h k] + 10380R1A]
7 A 7
+ 14840&}811 - 2272@%{ + %136hfh5f + 13976R5hY
+ 9954%@1 + 672h}ih? + 96h] + 3880h3h] + 11272hSh]
+ 3960h3h] + 96h12h] + 244h,h}° + 3485h1h1"
77,10 7 A
+ 4992héf}11 + 832h}0fﬁ° + 390h§h}1 + 1800h7 Ryt
+ 13502111121 + 120}@%11 + 9h1% + 180R3R 2
+450h7hy” + 180hThy? + 9hi*hi? (B.3.2k)
Z ) - ] ) 3.
11000011y =hihy + 4?}211}11 - 1o?h§h1 + 25h1°hy + 34h7hT + 510R3A3
+ 5703 A} + 55hy"h} 4+ 459h3h3 + 2610hShT + 1350R7A%
+ 45h *h3 + 45h, b} hi i b
vl 1hy + 2651h1hy + 651015y + 1425k R}
+ 510hThY + 8300RTA] + 9300hTH] + 825k A3
o _ _
+2610h3h8 + 1537218 K8 + 7830RIRS + 225h RS
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+ 105h1h] + 6510h1h] 4+ 16268h]h] + 3570h;°h]

+ 570RTAS + 9300h5 AT + 10604h5hT + 990h1 A%

+ 1350h3h] + 7830hSh] + 4131hJR] + 135h;°A]

+ 25h1hy° + 1425h11;° + 3570h{ b ® + 850R°h}°

+ 55h3hit + 825h3htt 4+ 990ASAYT + 121h Ayt + 45R5R )

+ 225hSh1% 4+ 135R7R 1 + 9h12hi? (B.3.21)
Z(1111)- =15k} + 75hS + 45h] + 3hy® + 135h1hy + 360h]hy + 90h Ry

+ 612h5hT + 855h%h; + 90hi'hi — 15h3 + 1740hSh3

+ 1200A3h3 + 45h12h3 — 135h k) 4 2790RT AT + 855h10N1

— 612h3h3 + 2790RSRS + 360h hS — 75RS — 1740h3hS

+ 1740hIRS + 75h1%RS — 360h k] — 2790h1hT + 612h:°h]

— 855h3hT — 2790RTRT + 135k, hY — 45k — 120043 h]

— 1740RSh] + 15h1%h] — 90h1hi° — 855h1hi° — 612h]A}°

— 90hThy' — 360h5hy' — 135R5h1T — 3hy? — 45Rh)*

— 75hSh}? — 15h7h}? (B.3.2m)
Z(2209)+ = — 6h3 + 5hS + 24h] + 3h* — 12h1hy + 136h1h,

+ 76h,°hy — 8h3h3 + 88h3h3 + 539h5h3 + 96k h] — 6k}

— 144h303 + 624h8h3 + 1040R0R3 + 54hi%h3 — 12h,h}

+ 102h1h7 + 2564h7hT + 1109R°h] + 88h3h5 + 1856h5A3

+ 4424h3h; + 616y b + 5hS + 624h3AS + 5040hShS

+ 4104h7AS + 155h ;2R + 136h, h] + 2564h1h]

+ T168h1h] + 2128h 1 h] + 539hThT + 4424h3H%

+ 5404h5hS + 618hI'h% + 24h7 4 1040h3h + 4104RSh]

+ 2304h7A] + 84h1*h] + T6h h° + 1109h1h;°

+ 2128h7h1° + 536h1°h1° + 96h3A1" + 616R5A T

+ 618h7h;" + 80hi' hi' + 3h1% + 54hihi? + 155h8hy?

+ 84h{hi? + 6hi*h}? (B.3.2n)
Zun-ye  =6h} + 95k + 96h) 4+ 9k — 2hihy + 42hThy + 454hThy

+194h{°h; — 36h3h3 + 124h3h? + 1061h5HT + 194h1 h?

+ 6h% — 342h3h3 + 156hShT + 1460hTh% + 96h1%R}

+ 42h bt — 1300h1h] + 176R1hT + 1061h1°hT + 124h303

— 2856h°h° + 176h8hS + 454hM h° + 95hS + 156h3AS

— 3864hShY + 156hThS + 95h1%hS + 454k AT + 176h1A]

— 2856h]h] + 124h°h] + 1061h7AT + 176h7 A}

— 1300RSRT + 42h1'hS 4 96R] + 1460h3h] + 156hShT

— 342h7h] + 6h1°h] + 194h1h1° + 1061hTh1°

4+ 124h7h1% — 36h1°A10 + 194R3R1T + 454R°R1T + 42R5h 1

— 21 A1 4 ORI + 96K3A1% 4 95R8R12 + 6RIR12 (B.3.20)
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Z(2121)+ =21h3 + 70hS + 21h7 + 8hyhy + 237hih, + 344h7h,
+ 34h1°hy + 144h2h3 + 1340R5hT + 886RTRT + 34hi'h3
+ 21h$ + 1368h3h7 + 4596h5hT + 1360hhT + 21h R}
+ 237hyhi + 5200h1h] + 7666Rh]h + 886k h]
+ 1340hTh] + 11424R5R3 + 7666 AT + 344h; b + T0RS
+ 4596h5hY + 15456hShS + 4596h7AS + T0h*hS
+ 344hy h] + T666h1h] + 11424h7h] + 1340h1°h]
+ 886hThS + T666h7 AT + 5200R5AY + 237h1 AT + 21A]
+ 1360h5Rh] + 4596hSh] + 1368hIh] + 21h1*h] + 34hihy°
+ 886h1h1% + 1340h7h1° + 144R1°R1° + 34h2h1T + 344h3h11
+ 237hShit + 8hi'hi' + 21RhTh}% 4+ TORSA? + 21RTR1>  (B.3.2p)
211+ =15h3 + T5hS + 45h] + 3h1® + 8hyhy + 225h1hy + 480h]hy
+ 110h1°hy + 136hThT + 1428h3h3 + 1425h5hT + 130h1 A3
+ 15hF + 1224h3h% + 5220R5hT + 2400hh3 + 75h R}
+ 225h bt + 5302h1AT + 10230h]hy + 1995h;°h]
+ 1428h2h5 + 13280h3h5 + 12090h%h3 + 960h1 A3 + T5RS
+ 5220h3RS + 20496h5HS + 8700hTAS + 225h1%RS + 480k, h]
+10230R71R] + 18592h1h] + 3468h1°hT 4 1425h2h}
+ 12090R7A5 + 10604h5hT + 855k ' hY + 45h] + 2400h3h]
+ 8700hSRh] + 3672h7A] + 105h;%h] + 110k, h}°
+1995h7h1% + 3468R1h1° + 680h°h;° + 130hTA
+ 960h3hy" + 855hTh1" + 88k Ryt + 3h1* + THATh;?
+ 225hSh1% 4+ 105R7R 1 + 6h12hi? (B.3.2q)

B.4 List of Integrals over Polyakov Loops

This chapter contains a list of integrals over Polyakov loops, used in chapter 3.2.2.
Appendix A.3 shows the process of their calculation.

/ dUL? =1
dUL® =5
dUL? = 42
dU(LT? =1
dU(LH5 =5

dU (L)Y = 42

— e — Y —



B.4. LIST OF INTEGRALS OVER POLYAKOV LOOPS

t/dULUﬁ):l
l/dUL%LUQ:Q

dUL*(LT)? =6

dUL3(L1)? = 98 (B.4.1)
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