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Abstract

In this thesis coarse graining renormalization transformations are applied to an effective theory of LQCD in
141 and 2+1 dimensions. The theory is valid in the strong coupling and heavy quark regime. The tool of choice
determines recursion relations for the couplings of the theory at varying length scales.

In 141 dimensions the method is introduced in the context of pure gauge theory. Step by step, parts of the
quark determinant are included in the description of the model and the corresponding running couplings are
obtained. Yielding the transfer matrix, the recursion relations are solved analytically. The thermodynamic
limit is taken for some intensive observables. Afterwards, continuum extrapolation is performed numerically
and results are discussed.

In 241 dimensions the coarse graining method is applied in the pure gauge and static quark limit. Running
couplings are obtained and the fixed points of the transformations are discussed. Last, the critical coupling of
the confinement-deconfinement transition is determined in both limits. Comparisons to literature values are
drawn.
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Chapter 1

Introduction

Quantum chromodynamics (QCD) describes the theory of strong interactions. It characterizes the behavior of
quarks, the fermions of the theory, and gluons, its gauge bosons. The different kinds of quarks are called flavors,
of which six are known: up, down, charm, strange, top and bottom. Next to the electromagnetic and weak
interactions, the strong force is part of the standard model of today’s particle physics. [1]

Additionally to the usual quantum numbers, e.g. electric charge and spin, the fundamental particles of QCD
carry the color charge. It can have the values red, green and blue. In everyday life the particles can only be
found in color neutral states. These are build either from three quarks occupying all the three values or a
quark-antiquark pair, where the particles are in a color-anticolor combination [1].

Because the force between quarks increases with their distance, separating the particles results in pair pro-
duction, which again leads to bound states. This phenomenon is called confinement. At high temperatures,
however, the coupling of the quarks decreases. Then, the particles can transition into a deconfined state and
appear in unbound states. This state is known as the quark gluon plasma [1,/2].

Due to the additional properties of QCD its phase diagram is expected to feature many interesting phenomena,
which are still mostly hypothetical [3]. The current idea of the phase diagram of QCD is shown in figure
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Figure 1.1: Current draft of the QCD phase diagram. The figure is taken from [4].

Next to the deconfinement transition, the nuclear liquid-gas transition will be of interest in this work. It de-
scribes the formation of droplets of nuclear matter at sufficiently high chemical potential. At zero temperature
it is a first order transition. Away from this limit it changes into a crossover [54/6].

Because of the high coupling between the particles QCD has to be treated non-perturbatively. The discretiza-
tion of the theory has proven itself in this context and led to the development of lattice QCD (LQCD) [7].



Chapter 1. Introduction

In recent developments an effective theory of LQCD has been derived in 141 and 3+1 dimensions (1+1D and
3+1D) to study the model at finite chemical potential and temperature. This has been implemented by expand-
ing around the vanishing inverse coupling 3 and the vanishing hopping parameter x o 1/m, with m, being the
quark mass. Therefore, the theory is valid in the strong coupling and heavy quark regime [8-11].

The effective theory can be interpreted as a spin model, where the spins are the irreducible characters of the
gauge group SU(N.) and N, is the amount of colors. The theory reproduced the deconfinement and nuclear
liquid-gas transitions qualitatively [5}/6},8].

The use of techniques on the effective theory that proved themselves in the context of Ising-type systems is
suggested by the aforementioned interpretation. A prominent example of them are coarse graining renormal-
ization transformations. They describe the process of iteratively reducing the spacial degrees of freedom. This
leads to a description of the same theory on a coarser lattice. This is captured by scale dependent interaction
strengths, the running couplings. In this thesis coarse graining renormalization transformations are applied on
the effective theory in 141D and 2+1D [12}|13].

In chapter [2| renormalization group theory on the lattice is introduced and general features relevant to this
thesis are discussed. Chapter [3] deals with pure gauge theory in 141D and its analytical solution is covered.
Afterwards, in chapter [4] the derivation of the effective theory in 141D is summarized and comments regarding
higher dimensions are made.

The application of coarse graining renormalization group transformations on the effective theory in 1+1D is
studied in chapter First, the tool of choice is tested on pure gauge theory. It reproduces the analytical
solution that was previously discussed in chapter 3| Afterwards the static quark determinant is included in the
effective action. The knowledge from this step is used to consider more and more parts of the quark determi-
nant. Corrections to the heavy quark limit are incorporated up to O(x*) - the highest order the effective action
is known to. This restriction is circumvented by assuming a general form of the effective action. All gauge
integrals are performed analytically.

Regarding the effective theory in 2+1D coarse graining renormalization is applied in chapter [f]in the pure gauge
and heavy quark limit, respectively. In contrast to the discussion regarding 1+1D, approximations have to be
introduced to obtain the running couplings.

In chapter [7] the renormalization scheme is evaluated for 1+1D. First, it is observed that the running couplings
are in all cases of a similar form. This insight allows us to solve the recursion relations analytically. Because
of that, the partition function is obtained in terms of the transfer matrix and the thermodynamic limit is per-
formed. In the last step the baryon density and the pressure are calculated on the lattice and after continuum
extrapolation. The observables show the liquid-gas to nuclear matter transition paired with typical lattice arte-
facts.

The evaluation of the running couplings in 2+1D is covered in chapter[§] The fixed point of the renormalization
transformation is determined analytically. This allows us to determine the critical inverse coupling (. of the
deconfinement transition in the pure gauge and the heavy quark limit, respectively. The results are compared
to the literature.



Chapter 2

Renormalization Group Theory

The general idea of renormalization group transformations is to relate a physical system with a characteristic
scale, e.g. the distance between two neighboring lattice sites of a discretized model, to the same model at a
different scale. This process can be split into two steps, coarse graining and rescaling. The first corresponds to
a reduction of degrees of freedom of the system, e.g. by integrating out appropriately chosen lattice sites. In
the resulting expression the new scales of the theory are identified causing the new action to be of the same
form as the previous one, except for altered coupling constants [12,/13].

In the following this will be discussed by considering the action

S[w] = Knbu[Y)] (2.1)

with the coupling constants K, and functionals 6,, acting on the field configuration . The latter is determined
by each 1, corresponding to the field strength of ¢ at lattice site x. Additionally, we collect the coupling
constants K, in a vector K = (K1,...) [12].

The quantitiy of interest is the partition function |12]

2(K) = [laujeswow (2:2)

2.1 Coarse Graining and Rescaling

Let A be the lattice underlying our system of interest and a its length scale. To implement coarse graining we
split A into two distinct sublattices A’ and A” with sites {z’} and {z”}, respectively. We assume the distance
between all nearest neighbors in A’ to be increased by a factor A > 1 compared to a, e.g. a — aA. Further,
let ¢’ and v” denote the field configurations of the sublattices A’ and A” respectively. Now, the integration
measure [di)] can be rewritten as [12}/14]

Jiaw) = [avjaw = [ (EIA d%) (161 dwx//> (2.3)

To reduce the degrees of freedom we integrate out the lattice sites of A” and rewrite the resulting expression in
terms of a new action S’ [12]

/ [dy")e~SEOW "] L —S'[¥'] (2.4)

In general the new action S’ is not of the same form as S. Often, however, by choosing the previously introduced
lattice decomposition appropriately and introducing approximations, S’ can be brought into the same form as
S. Then the same functionals 6, appear except for altered couplings K, — K. Thus, (2.4) can be written
as [12]

/[dw”]e*S(K)[w/’w”] = e SEIY 4 corrections (2.5)
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The details of this step depend on the particular system.
The model is now described on a coarser lattice with characteristic length a’ = aA and the partition function
(2.2)) is left invariant under the scale transformation (except for possible correction terms) [12]

Z = /[dw]e*S(K)W = /[dw’]e*S(K/)[w/] + corrections (2.6)

2.2 Renormalization Group Transformations

2.2.1 General Properties

Renormalization group transformations are defined to relate the coupling constants at varying length scales. In
the context of this discussion this implies that there exists a mapping Ra between the couplings K and K’ |12]

K’ = Ra(K) (2.7)

Imagine two successively applied coarse graining and rescaling iterations with factors A; and A, respectively.
According to the previous discussion the system has length scale of @’ = aA; after the first iteration and
a’ = a'Ay = aAsAq after the second. This implies, that renormalization group transformations follow [12]

Ra,a, (K) = K" = Ra, (K') = Ra, (Ra, (K)) (2.8)

In other words renormalization group transformations satisfy the closure relation Ra,an, = Ra, © Ra, with
the composition operator o. Because A1, As > 1, there is no inverse in the set of all renormalization group
transformations {Ra }. Thus, the tuple ({Ra}, o) forms a semi-group [12].

The couplings

K™ = Ra, A, (K©) (2.9)

now determine the interaction strengths at arbitrary scales and therefore correspond to the running couplings
of the theory. The trajectories K(©, ... K for all initial couplings K(°) create a renormalization group flow
on the coupling manifold [12].

2.2.2 The Renormalized Correlation Length

The correlation length of a system describes over which distances variations in the field ) can be expected. If
it is infinitely large, it implies, that the system undergoes a phase transition. Note, that the converse is not
necessarily true, because not every phase transition implies a diverging correlation length. The interplay of
renormalization group transformations and the correlation length will lead to important insights. |12]

For a lattice with scale a the physical correlation length ¢ can be expressed in terms of its counterpart in lattice
units 1 by ¢ = (1a. On the other hand, like any physical observable ( is invariant under renormalization group
transformations ¢ = (aAa. Therefore, the renormalized correlation length satisfies [12]

sy

a=73 (2.10)
2.2.3 Fixed Points
A particular choice of couplings K. is called a fixed point, if [12]
K. = Ra(K,) (2.11)

If the system is at a fixed point K., it shows scale invariance and we have
(a(Ke) = G(Ra(Ke)) = G(Ke) (2.12)

Then, following the correlation length either vanishes or is infinitely large [12].

For ¢ = oo the fixed point is called critical as the system undergoes a phase transition. For { = 0 the fixed
point is called trivial and no critical behavior is implied. Further, for any non-fixed point indicates, that
the system is driven away from criticality by iterating the renormalization group transformation infinitely many
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times [12]. A more detailed discussion of behavior away from fixed points is given in the next subsection.

The basin of attraction of a fixed point K. corresponds to the set of all initial couplings {Ky} that converge
to K. by (repeated) application of the renormalization group transformation. Note that all points Kg in the
basin of attraction of a critical point have the same correlation length. This can be quickly seen by considering
the correlation length over the renormalization flow K™ of {K,} [12]

G(Ko) = AG(KW) = - = A" (K™) (2.13)

In the limit n — oo the running couplings flow towards the critical point, where the correlation length diverges.
Because A > 1, the same holds true for ¢;(Ko) [12].
The basin of attraction of a critical fixed point is called critical manifold |12].

2.2.4 Stability of Fixed Points

To gain information on the renormalization flow close to fixed points let us consider some coupling K with a
small deviation JK from a critical point K. [12]

K =K, + 0K (2.14)

We apply a renormalization group transformation on 6K and expand it around the critical point

0K’
=Ra(K) =K, + §K + O ((0K)?) (2.15)
8K “K,
with the Jacobian J(&) := %—IE‘K - 0K |12|. This matrix now determines the behavior near the critical point

at a given scale factor 6. For simplicity we assume J(®) to be symmetric and therefore diagonalizable with real
eigenvalues [12].
The closure relation (2.8) transfers itself onto its linearization J(4) [12]

JA) 3(A2) — J(A1A2) _ J(A2) y(A1) (2.16)

and the matrices commute with one another independent of the scale parameters. Consequently, the eigenvalues
Ji,a of J(®) maintain the same behavior

Aq Ao (A1AS
jiATjiae) = jiAide) (2.17)

Equation ([2.17) is solved by the approach ji(A) = AY¥ for some unknown and scale independent y; [12].
The deviation dK’ from the critical coupling compared to K then determines the behavior we are interested
in. Decomposing both in the eigenbasis {ez(-A)} of J®) gives

K =3 a®el® = 36K = J<A>Z (A) (&) Z“(A (e (2.18)

i

(A)

The eigenvalues j;~’ now dictate the renormalization flow [12].

For y; > 0 the deviation in direction eEA) increases. Contributions of this kind have been found to correspond
to deviations from the critical manifold. By iterating the transformation infinitely many times the coupling is
driven away from criticality. This corresponds to an unstable recursion relation. If all y; < 0, contributions in
all direction eEA) decrease and cause deviations only inside the critical manifold. After an infinite number of
iterations the system still shows critical behavior. For y; = 0 the coefficients are not altered. They have been

found to be important for logarithmic corrections to the scaling behavior of the system [12].
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Pure Lattice Gauge Theory in 141D

Pure lattice gauge theory in 1+1D can be solved analytically in dependence on single group integrals. This
solution is discussed for periodic boundary conditions in both the temporal and spacial direction. Periodicity
in the former direction is mandatory for describing systems at finite temperature [15}|16].

The studied system is described by the Wilson gauge action with a compact Lie group G |7L[15L/16]

Se == "ReTr[1—Up| (3.1)
dy &

Here 3 is the inverse coupling strength, P a plaquette, Up a plaquette of link variables in the fundamental
representation and dy its dimension. Additionally, in this chapter A will denote the set of all sites on the 1+1D
lattice. |7,/15}/16].

In this thesis we are interested in the case of special unitary groups G = SU(N,..), because they describe the
gauge fields of LQCD [7].

Because the partition function can be used to obtain important thermodynamic observables, e.g. the pressure
and density, it is our quantity of interest. In terms of the gauge action it reads [7},15|

7 /[dU]est[U] (3.2)

The integration measure is given by
/ ) = / dUy(n) / AU, (n) (3.3)
neA

where Uy(n) is the temporal link variable at lattice site n and Uy (n) is its spacial counterpart [7].
Like any class functionE] the integrand in (3.2)) can be expressed in terms of a character expansion [15,/16]

z= [ 3 e V) (3.4
P r

The sum goes over all irreducible representations r of the group. The x, are the characters of the respective
representation r and ¢, the corresponding character coefficients [16]

Cr = /dUXT(UT) exp (—di ReTr[1 — U]) (3.5)
The irreducible characters follow the orthogonality, gluing and separation relation
[ wh =s,. (36)
[ wan@v) = = wy) (3.7)
[0 (QUalv) = L ) (3.8)

LA class function f has the property f(QUQ™1) = f(U) for all elements of the gauge group Q,U € G
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with the dimension d, of the representation r and some group elements U,V € G |7L[L5|17]. Further properties
will be used later on in this thesis and can be found for example in the references [15], [17] and |18].

Another observable of interest will be the lattice string tension o,. It is related to the Wilson loop W, which
describes the expectation value of a closed path C of link variables on the lattice

W(C) = 1/def I v ) I]1D. erxe(Up) = dpe=Arer (3.9)
( P r

n,i)eC

Here we used the area of the loop in lattice units Ay, and the path ordered product P H cc along the closed
contour C' [15}16].

3.1 Gluing of Plaquettes

To perform all gauge integrals Migdal proposed to use the gluing relation (3.7) [19].
Consider two neighboring plaquettes and their contribution of the character expansion, e.g.

Z CrXr (Uo(x)Ul (x+ 60)Ug(:c + el)UI(os)) and Z CrXr (Uo(LZ} +eo)Ur(z + 160)Ug(17 +eq + el)Uf(a; + eo))

T

Both share the link variable U; (z +e1), which we integrate out using the gluing relation (3.7). This is illustrated
in figure [3.1] and results in

ZZCTCT /dU1 x + eg)Xr (Uo(x)Ul(x—l—eO)Ug(x—i—el)UlJr(x))
Xr! (U()(!L‘ + 60)U1(.’E + 2€Q)Ug($ +eg + 61)Uf((E + 6(]))

= Z finr (Ug(m +e1)U] (2)Uo (2)Up(x + e0)Us (z + 2€0)Ug (x + eo + el)) (3.10)

A

>
>

Figure 3.1: Gluing two plaquettes to form a larger contour. Figure based on [15].

The link variables in the characters in now describe a path ordered product around both plaquettes and
the exponent of the character coefficient resembles the amount of plaquettes enclosed by this path, its area in
lattice units [15}/19].

This can be generalized to arbitrary closed contours that share a common edge. Because of the closure relation
of the group, we can parameterize the paths as UV and VW, where V is the shared edge and U as well
as W are the residual parts of the respective contours. Due to the invariance of the Haar measure under
multiplication with other group elements, e.g. dU = d(UU’), it is then sufficient to integrate only over V to
perform the integration over the whole shared edge. Additionally, we assume that the loops enclose areas A;
and As, respectively. Their contributions to the partition function then read [15,(19]

Az

Z: ) <2> R Z i (ccl) X (VW)

By performing the integration over V, one obtains [15}/19]

/dV <Zdr (2) o UV) (Zd ( > H W ) Zd ( )A1+A2XT(UW) (3.11)

Because U and W are the parts of the two contours that are not directly next to each other, but were connected
by the edge V, the character x,.(UW) describes the combined path around the outer edges of the previous
contours. This relation is also known as Migdal’s recursion relation [15}[19].

10
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3.2 The Partition Function

We assume that the lattice has N, spacial, N, temporal sites and lattice spacing a. This corresponds to a
system with spacial extend V = N, a and temperature T = (NTa)f1

With Migdal’s recursion relation the partition function can be obtained quickly by gluing all plaquettes in the
lattice. The remaining path is then given by the outer edges of the lattice. Because of the periodic boundary
conditions, the partition function reads [15]

N,N,
Z = /dUdVZdr (2) Xr (UVUTVY) (3.12)

The gauge integration is then finished by first using the separation relation (3.8) and the orthogonality relation
(3.6) afterwards [15]

c NN, c NN,
_ T _ N.N-: T
2(6) ()

This is an analytic function and thus the theory has no phase transitions at finite temperature and inverse

coupling S |15L|16}/19].
Note that the coefficients are for finite S bound by 0 < dfzo < 1 for r # 0 [10,[11]. Therefore, if the spacial or

temporal extends are large, the only relevant term in the sum is the trivial character contribution |16]

Nallg>1 (NoN-
~ 0

Z (3.14)

The only gauge integrals left appear in the expression for the character coefficients (3.5)). For G = SU(N,.) they
can be solved in terms of an infinite series

. 8
om 2 dosin (5 619
where I is the modified Bessel function of the first kind [20]. The [; are related to the N. — 1 non-negative
integers (p1,...,pn.—1) labeling the irreducible representation r [18,20]
N.—1
ly = Z Pnt+ Ne—J (3.16)
n=j

For j = N, we have [y, = 0. The fundamental representation of SU(N.) is labeled by (1,0,...,0) and the
anti-fundamental representation by (0,...,0,1) |18}20].

3.3 The Wilson Loop and String Tension

The string tension determines whether the potential energy between two static quarks increases with their
distance. If the string tension is non-zero, at some distance between the quarks the potential energy becomes
large enough for pair production. Thus, the quarks only appear in color screened states and are confined. If the
string tension vanishes and the potential energy decreases sufficiently fast, pair production may not set in and
the former consequences do not apply. Then they exist in a deconfined state [15]|. In the following we calculate
the Wilson loop and use to obtain the string tension.

The gauge integrals that have to be performed to obtain the Wilson loop reside in . We assume the contour
C in the Wilson loop to enclose an area A’ and denote the path ordered product as V.

To apply Migdal’s recursion relation the lattice is divided into two regions, the one enclosed by C' and the
area outside of it. The contour of the ladder case can be parameterized by WV, where W is the path ordered
product of link variables, that do not appear in C. The contribution to the integration by the surrounding area
is given by [15]

c N,N,—A" c N.N,—A'
T N N,—A' T
2 (a) WV = T dr ( ) e

d,- Co

11
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whereas the contribution by the enclosed area and the contour C' is

’

;dr (Z)A x(V) and xs(V)

The contour C' now appears in the integrand of three times in various representations. Gauge integrals
of this type depend strongly on the structure of the group and can be complicated to solve, if N, > 3 |17,/18].
However, in the limit of large spacial extend we can use a similar argument as was used to obtain . In
this case, the coefficients of any representation other than the trivial one is suppressed exponentially. Thus, we
neglect these contributions and the Wilson loop reads [15}/16]

N, N,—A’

A’ A’
N.>1 ¢ Cr c
W) = OTE d, (d> /dVXT(V)xf(V) —dy (dfio) (3.17)

Using (3.9) the string tension is obtained |15L|16]

Cf
—_ 1 *
or — log . (3 18)

Because of the previously used inequality the string tension is non-zero for any finite f and the quarks are
always confined. This result is not surprising, because switching from confined to deconfined quarks requires a
phase transition, which was does not exist in this theory [15[16]. However, the string tension will be of use in
the evaluation of the 1-+1D effective theory in chapter [7}

12



Chapter 4

On the Effective Theory

In this chapter the derivation of an effective theory of lattice QCD in 141D is summarized and some adjustments
that are necessary in higher dimensions are discussed. The complete derivation can be found in [9] for 1+1D
and in [10,/11}21] for the 3+1D theory.

Until now only the Wilson gauge action has been introduced. To fully describe QCD on the lattice,
however, our system of interest has to be filled with (dynamical) quarks. In our case these are described by the
Wilson fermion action [7]

Sr =YQ[UIY (4.1)
where Q[U] is the Wilson-Dirac-Operator [7]
d
QU]I=1-k Z [eauéuo (1 + 'Yv)Uv(x)éy,rJr@ + e~ w0 (1 - ’Yv)Ug(y)(sy,rfﬁ} (4.2)
v=0

Here k = (2+2d+2am) ™! is the hopping parameter, d the amount of spacial dimensions, v, the Dirac matrices
for d + 1 dimensional space time, p the chemical potential and ¥ the unit vector in direction v. For d = 1 the
matrices are equivalent to the first two Pauli matrices |9

0 1 0 —1
702012(1 O) and 712022(7; O) (4.3)

The action is chosen instead of the naive discretization of the fermion action of QCD. The latter has been
shown to imply additional particles, usually referred to as doublers, in the continuum limit, that do not exist in
full QCD. This problem is solved by introducing a counter term, that shifts their mass by a term proportional to
1/a. In the continuum limit @ — 0 their total mass diverges and the doublers become unphysical. A drawback
of is the explicit breaking of chiral symmetry even for vanishing quark masses [7].

The Wilson fermion action reproduces the continuum action of QCD to first order in the lattice spacing a. This
choice, however, is not unique because different actions as well as corrections to have been proposed to
reduce certain side effects. These include for example the introduction of counter terms to increasing the
order at which discretization artefacts start to appear. Wilson actions including such terms are called improved
Wilson actions [7]

The action and partition function of our description of lattice QCD read, respectively, [7]

S =8¢+ SFr (4.4)
7= / (AUID[F|DgleS105:4 (4.5)

The fermionic contribution is a Gaussian integral over Grassmann fields and can be performed analytically [14]

Z = / [dU] det Q[U]e~%¢ U] (4.6)
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Chapter 4. On the Effective Theory

The description of the system of interest is shifted into an effective action by performing the integration over
all spacial link variables

d
Zut — / (dUJe=St with  Sur = —log [ / [dU;] det Q=S¢ (@7)
=1

We will find, that the resulting action is dimensionally reduced from d+ 1 — d, whereas the temporal evolution
of the system is fully shifted into the path integral over the time-like gauge field [9HL1}21].

To determine the effective action the character expansion and a hopping parameter expansion around x = 0
are our tools of choice [9-11}21]. First, the pure gauge limit x = 0 (section 7 then the strong coupling limit
B = 0 (section [4.2)) is discussed. Deviations from both limits imply corrections, which are covered afterwards

(section [4.3).

4.1 The Gauge Field as an Effective Spin Model

To obtain the effective gauge action we turn back to the character expansion, which was already introduced in
chapter

In the 1+1D theory we can immediately use Migdal’s recursion relation to perform the integration. This is
achieved by ordering the plaquettes by their spacial position and gluing them together [8L[15,|19]. This is
illustrated in figure [41]

L.

Figure 4.1: Gluing plaquettes in the temporal direction is the first step to obtain the effective gauge action in
1+1D. Figure based on [15].

The neighboring plaquettes on the left hand side of figure share a common spacial link. Integrating them
out leads according to Migdal’s recursion relation to a rectangle expanding into the temporal direction [8}/19].
Applying this to all N plaquettes for a given x and using the periodic boundary conditions leads to the effective
action

N, N

Su = ~logel™™ [0 [T [T Y 75 x (alan )t + 1,700 o7+ 1)U 2 7)

rz=17=1 r

N, N,
Cr
—-we 1 [ 2 (55)
=1 T r

Xr (Ul(x, WUo(z +1,1) ... Up(z + 1, N UL (z, Ny + D)Ui (2, N,) ... Ul (x, 1))

Ny
ST | DI
=1 r

Using the invariance of the Haar measure for the remaining temporal link integrals then implies [§]

N N-
cr
Sett = —logcév””NT - E log E (dco) XT(U;)Xr(U:Hl)
=1 T T

/ AUy] - 1Nj / av, =: / [Av] (4.9)

dj’;O)NT o (Uo(w +1,1)...Up(z + 1, NT)) Xr (UJ(% N;)...Ul(z, 1)) (4.8)
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Chapter 4. On the Effective Theory

Because only the sum over spacial positions is calculated the effective action is dimensionally reduced compared
to our initial theory [§].

The description of the system at hand is shifted into effective nearest neighbor interactions between complex
and continuous valued spins x,.(U.). They are often referred to as Polyakov loops in the representation r, as
they describe windings of link variables in the temporal direction. In the fundamental representation they are
usually denoted as L, := x7(U,) |10,/11}21].

The effective partition function is given by

Za = [100] [T S AU (@) (4.10)

(z,y)

where we defined the coupling constants

N,
A=l = ( o ) (4.11)

dr Co

As we will find in section [7.4:2] the trivial character coefficient is the vacuum contribution to the free energy
density and cancels in expectation values of observables. The latter holds true in higher dimensions as well
[T0,[I1L21].

In higher dimensional pure gauge theory spacial plaquettes appear and approximations become necessary to
derive the effective action. The additional steps include neglecting spacial plaquettes and aborting the sums
over representations at the fundamental and anti-fundamental terms. Then the partition function is of the
form |[3§]

Zogg = /[dU] 11 (1 +Ap (L. LI + LI L) ) +O(uf~*) (4.12)
(z.y)

Here the trivial character coefficient has already been disregarded.
Corrections to (4.12)) can be obtained by including higher representations and spacial plaquettes in various
combinations. This leads to

e Further characters in the interaction terms, e.g. in the adjoint representation

14+ Mg (Lo L+ LILy) = 1+ A (Lol + LILy) + Aaxa (Un)xa(U}) (4.13)

In this case the correction is of order O(uch* ). Other non-fundamental character contributions are of even

higher orders [22].

e Additional interactions over distances beyond nearest neighbors, e.g. between lattice sites with |z —y|/a =
V2 8,23]. This is implemented into the partition function by including

I1 (1 + o s (LIl + LyLT) ) with g,y = Ny (N, — 1)u2V+2 (4.14)
[=,y]

in the integrand of ([£.12). This example causes corrections of order O (u*N~2) [8]. Here [z,y] refers to
pairs of lattice sites at the distance mentioned above.

e Adjustments to the coupling strengths A., Az, etc. For Ay and Aa s the corrections are of the order
O(quVT+4) and O(U?NT‘M), respectively. Because the overall V. dependence of the additional terms does

not, change, high order corrections can become necessary to accurately determine the coupling strengths,
if Uf K 1 |8|

Note that (4.12) and (4.10]) are explicitly center symmetric. In 3+1D the effective theory is able to reproduce
its spontaneous breaking resulting in the confinement-deconfinement phase transition [8]. In chapter [8| we will
find, that this holds true in 241D as well.
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Chapter 4. On the Effective Theory

4.2 The Quark Determinant

The Wilson-Dirac-operator describes the interaction of quarks between each pair of lattice sites x and
y. For light quarks xk ~ (2 + 2d)_1 its determinant is highly non-local because it allows interactions over long
ranges. In the heavy quark regime k < 1, however, only interactions over shorter ranges are important [9H11].
In the following the quark determinant is expanded around the latter limit for a single flavor of quarks Ny = 1in
1+1D and spacial links are integrated out. Comments regarding higher Ny and higher dimensions are included
at their given time.

First, it is useful to split the Wilson-Dirac-operator into its temporal 7" and spacial contributions S, respectively,
9]

T = ke (1 +90)Uo(2)3,, 415 + e~ (1 — %) U§ (), , (4.15)
S = k(L +71)U1(2)d, 4 3 + K1 — 1)U (2)5, ,_; (4.16)
Q=1-T-S5 (4.17)

This lets us factorize the quark determinant into two contributions. One describes only a temporal evolution
of quarks, which is called the static determinant. The other describes dynamical quarks and is called kinetic
quark determinant. The latter will contain the long range interactions mentioned above. To be more specific
the quantities read [9]

det Q =det(1 — T — S) = det (11—T) det <]l— ]1ST) (4.18)
After applying multiple relations for the Dirac matrices to the static contribution in (4.18) one obtains [9]
det (1 — T) = [ det (1 + hyU,)* det (1 + hUD)? = ] det Q5 (Us) =: det Quea (4.19)
where we defined the heavy quark couplings
hy = (2r)NrelNrar (4.20)
hy = (2r)Nre=Nran (4.21)

The U, are the same temporal windings as in section and det Q%¢, (U,) describes the evolution of static
quarks at lattice site 2. Note that the form (4.19)) holds in higher dimensions as well [10,/11].
For SU(3) the static determinant can be expressed in terms of Polyakov loops [10}/11]

det Quear = [ [ (1 + M Lo + WILL + 1Y) (1+ M L] + hiL, + Bf) (4.22)

xT

whereas higher choices of N, imply more complicated expressions [11].
To obtain the kinetic quark determinant the spacial contribution to the Wilson-Dirac-operator is further divided
into the propagation in positive x direction P and negative = direction M. Using the trace-log identity results
in [9]

(o)

det Qxin = det (]1 - ]l—ST> =det(l — P — M) = exp (— Tr Z %(P + M)”) (4.23)

n=1

It can be shown that only closed loops of the propagators P and M are allowed. Therefore both have to appear
in the same amount inside a trace. Otherwise the term immediately vanishes. Because each P and M carries a
k, only even orders in the hopping parameter appear in the expanded logarithm [9H11].

At a given n the longest loop extends from x to x + n/2. Because for low quark masses high order terms, e.g.
with n > 1, are necessary, this captures the non-local behavior of the quark determinant [9HL1].

The expression is expanded around heavy quark limit x = 0 and the Dirac matrices are evaluated. This
has to be done order by order, after which the spacial links can be integrated out. To second order in  this
leads to [9]

k2N h U h U] hiUsia MU
dU; | det Qin = 1 — T Tr——2  —Tr——2 | [Ty y —Tr —= +O(s*
/[ 1] Qx N, %: ( 1+ hU, 1+ Ul 14+ hiUzta ]l—l—hlU;_l (=)

(4.24)
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Chapter 4. On the Effective Theory

The right hand side introduces a new type of nearest neighbor interaction with coupling constant 2N, /N, =: hs.
The traced fractions represent one-point correlation functions, that will also appear in variations at higher orders
in k. Therefore, it is useful to define [9,/11]

(m0)" (MU’

Wapas(U) = Tr —— (4.25)
(L+mU)" (14 hyUt)’

W oa5(U) = Wasoo = Wooas (4.26)

W;;)ab(U) = Wasoo + Wooas (4.27)

These correlation functions are referred to as node functions. With those definitions the kinetic quark determi-
nant to leading order reads [9)

det Quin = 1 — hy Z Wi (Ua) Wi (Uy) + O(k7) (4.28)

(z,y)

In higher dimensions holds as well [10L[11].

For general chemical potential the kinetic determinant has been derived in 1+1D [9] and 3-+1D [10] to O(k*),
whereas the expression in the heavy and dense regime is known to O(x®) [11].

To obtain the effective action, it is common to rewrite the kinetic determinant as an exponential. If expanded,
it reproduces det Qyi, to the given order. To leading order this results in [9,/11]

det Quin — exp | —h2 Y Wiyyy (Un) Wiy, (U,) | + O(k*) (4.29)
(@,y)

At higher orders, however, counter terms have to be included in the exponential. This process is known as
resummation and improves the convergence of the theory, because an infinite number of terms is included in the
quark determinant. Afterwards, the argument of the exponential corresponds to the kinetic quark contribution
to the effective action |9-11]. To fourth order in x for 1+1D it can be found in [9].

Note that there are methods to rewrite the node functions in terms of Polyakov loops in the fundamental
representation. Therefore, the interpretation of the effective theory as a spin model holds in this limit as
well [10,/11].

For N; degenerate flavors it can be shown that only the following simple substitutions have to be made [9}{11]

det Quiat — det Q! hy — Nyhy, hs, — Nyhs,, ha, — Nyha, (4.30)

4.3 Gauge Corrections to the Fermion Couplings

To describe deviations from the strong coupling and heavy quark limits corrections to the effective action
become necessary. These can be shifted into the couplings, which then become a function of both k and 3,
e.g. hi(k) = hi(k, (). By inserting plaquettes to the spacial link integration in section the corrections are
obtained [10}/11].

In 1+1D they have been derived to order O(k"u'}') with n +m <7 |9

hi = (2k)N7 N7 exp (QNT,«FJ;_U; + &Ny (—8ug + 6uf + 4U?CN7-)> (4.31)
hy = ”j\]]jf (1 + 2“11”:1:5) (4.32)
hs, = ”Z%T <1 +4u§:Z;NT> (4.33)
hs, = % (1 +4 Z nuf Y”) (4.34)
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Chapter 5

14+1D: Coarse Graining Renormalization
in the Effective Theory

In this chapter we will apply renormalization group transformations to the effective theory of 141D heavy quark
QCD.

We start with pure gauge theory, where the running couplings result in the exact expression for the partition
function, which was already discussed in chapter [3] In the next step the static quark determinant is included.
Still, the scheme will be valid to arbitrary order in . Subsequently, corrections to the heavy quark limit up
to O(k*) are implemented. Finally, assuming a certain form of the effective action the recursion relations are
generalized to arbitrary order in both x and S.

All running couplings are expressed in terms of single integrals over the gauge group, which are solved analyti-
cally.

5.1 Pure Gauge Theory

Pure gauge theory in two dimensions is commonly deemed to be trivial, as its analytical solution is well known
from literature and the theory governs no physical degrees of freedom [15[16]. Here it is used as a test bed for
our recursion scheme. The partition function for 141D pure gauge theory was already given in .
Periodic boundary conditions in space are assumed. Because our effective theory can be interpreted as a 1D spin
model, it is natural to apply similar techniques as have been applied to the 1D Ising model. Thus, the recursion
scheme will be obtained by integrating every second site of the lattice. This corresponds to a renormalization
group transformation with scale factor 2. [10H12,/15|

To capture the renormalization group transformation we substitute [dU] — [dU]™, N, — N and A, — A
in . These quantities describe the interaction measure and the amount of lattice sites remaining after n
coarse graining iterations as well as the couplings between them, respectively [12]. The pure gauge partition
function then reads

N{m
Tpg = N / AU)™ TT 3 A () (U 1) (5.1)
=1 1r

with the boundary conditions

NT
A0 =), = ( o ) (5.2)

dpco
[dU)© = [dU] (5.3)
NO = N, (5.4)
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Chapter 5. 1+1D: Coarse Graining Renormalization in the Effective Theory

To obtain a recursion scheme the interaction terms are grouped into pairs of two and the product is expanded

N
Zpg :céVwNT /[dU](") H (Z Agnn)Xr(Uﬂf)X’f(Uerl ) <Z)\ Xr Uz_;_l)XT(UlJrQ))

=1 r
x mod 2=0

N(n)
N / i 1 A (U)o (U )3 (U)o (U 1) (5.5)

rr!

:Ernod2 0

Now the integration over the link variable U, 1 can be performed. Thus, the integration measure transforms as

Na(cn) N.’En)
- . , £ [do)e D 5.6
dU. du,
T mag)ﬁlQ:O

The gauge integral is performed with the orthogonality relation for irreducible characters (3.6[), which collapses
one of the sums

N
Zpg =y =N / o) T S AN (Ua)xe (UL 4) / AUp 1 (UL 1) X (Ussr) — (5.7)

z=1 rr!
z mod 2=0

N
==l L S () (5:8)
mrngf)ilZ 0

After renaming the lattice sites and identifying the renormalized quantities one obtains the recursion relations
12|

AP+ — \(n)2 (5.9)
NI(n)
N = = (5.10)

The relations are quickly solved by A™) = A2" and N = 277N, respectively.
If the amount of spacial sites is a power of two, e.g. N, = 2=, the recursion scheme can be iterated n, times
to perform all gauge integrals and solve the theory |12]. Due to the periodic boundary conditions this leads to

N.N,
Zpq =cNT 30 A) = e z (d co) (5.11)

Thus, our procedure reproduces the expression ([3.13)) obtained with Migdal’s recursion relation.

5.2 The Static Quark Limit at Finite Density

5.2.1 From Pure Gauge to Static Quarks

Because the static determinant depends only on temporal links, the partition function for heavy quarks is simply
determined by including det Qstat into the gauge integrals [9H11]

ZSQ - CO /[dU] det Qstat H Z)\TX’I‘ XT(UT) = CO / dU HZ /\TXT 3:+1) det :E?Zt(UﬂC)

zy T

(5.12)

To gain an intuition how the recursion relation is going to look like, it is instructive to notice that we can get
from pure gauge theory to static quarks by substituting the Haar measure dU, for all lattice sites

dU, — dU, det Q%< (U,) (5.13)
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Chapter 5. 141D: Coarse Graining Renormalization in the Effective Theory

In context of (5.7)), this corresponds to

/de+1Xr(UzT+1)XT’(Um+1) - /dUerl det ng;t(Uw+1)Xr(UzT+1)Xr’(Uw+1) (5.14)

The static determinant induces deviations from the orthogonality relation and thus creates dependencies
on the intrinsic structure of the gauge group. Because this can be complicated especially for N, > 3, mixed
terms between all different representations will be allowed [17],18].

The appearance of combinations of all possible interaction terms is a typical feature of renormalization group
transformations and the simplicity of the pure gauge limit is ascribed to the triviality of the theory [12,/15}/16].
Contrary to higher dimensions renormalization group transformations in 1D usually do not increase the range
of interactions. Thus, no further approximations are expected to be necessary in this chapter and allowing
all possible mixed terms of interactions can be expected to occur in the remaining cases of this chapter as
well. [1215].

5.2.2 The Renormalization Scheme
Based on the previous subsection we formulate our recursion approach to be

N(ﬂ)

Z =N / 01 det Q% T - A e W) (UL1) (5.15)

z=1 r,r’

where [dU]™), det Q1 . and N contain only the integration measure, local static determinant and lattice
sites after n coarse graining iterations, respectively. The two indices of the couplings )\EZ/) allow interactions
involving distinct irreducible representations.

With the following boundary conditions the initial expression for the partition function is reproduced by

G.15)

sta

N,
A —y g = (- 5,0 5.16
Tr drCO ( )
det Qg‘?;t = det Qstat (517)

To obtain the running couplings the same integration scheme as in section [5.1] is used. We start by grouping
the interaction terms into pairs of two and pull every second gauge integral into the product |12]

N
Zsq =g / A0 det QG TT | 0 A xs (U )xeoy (U | |30 A Xy (U (U4)
wmqg)d12 0 (SR 2,1y
N /2
:céVmNT/[dU](nJrl)d QU H ZXH )X (ULL1) Z )\571!3 /\7@ /dUdet Loc (U)xpr (U (U)
z=1 r1,m2 ri,rh
N‘gnﬁ»l)
! n n n
:C(Z)VZNT /[dU]( ) de tQ( Y H Z A’s”l’;‘zl Xr ( )sz(UmT+1) (5.18)

=1 71,72

From the first to the second line we renamed the sites on the coarse grained lattice as well as the variable in
the gauge integral.
The recursion relation for the running couplings can be simply read of from (5.18) [12,/15]

A = YA, [ v det Qs (U (U @) (5.19)

Ty

The gauge integral is solved in section The expression shows the complex behavior we expected in section
E21

In the limit Ay, h; — O the static determinant approaches det Q¢ (U) — 1 and the gauge integral can be
performed with the orthogonality relation for irreducible characters . [9-11]. Thus, the pure gauge recursion

relation (5.9) is recovered.
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Chapter 5. 1+1D: Coarse Graining Renormalization in the Effective Theory

5.2.3 The Static Quark Gauge Integral

To solve the recursion relations for static quarks it is necessary to perform the gauge integral
fualryr’) = [ U det Q5,0 (U (V) (520)

As both the irreducible characters and the static determinant are class functions, the integrand in (5.20)) depends
only on the eigenvalues 1, ..., yn, of the group element U € SU(N..) [24].
Here we follow the approach by Nishida that can be used to solve integrals over some class function f with [24,25]

N,
Jwiw)= [a03 frutw). Fritow) (5.21)
t=1

This procedure has been applied in previous discussions of the 341D effective theory [24}26].
The approach consists of re-writing the SU(N,) Haar measure in the Polyakov gauge by [25]

/ dU—> A H < / d¢t> |A[2276 <Z¢t mod 271') (5.22)

where A is the Vandermonde determinant [18}25]

Ne—1 Ne—1
z] R
A= and z; = e'% (5.23)
«—N¢ e—Ne
z B

The delta function in (5.22]) can be expressed by its Fourier series [25]

N, e’}
270 (Z ¢; mod 271') Z exp (zk Z gbt) = Z zl_k .. z;,f (5.24)
t=1

k=—o0 k=—o0

The irreducible characters can be expressed with Weyl’s character formula [18]

] 21 2N,

X (U) =3 : (5.25)
lNc lNc
zq . ZN

The I, ...,In, have already been discussed in section and are given by (3.16)).

Inserting (5.22))-(5.25)) in (5.20) yields [25]
ke 2Ny 1 2Ny
fsq = N Z Z Z 6117 WiNg 6]1, JNe H/ d(btzt b (1 + h12t> <1 + h]_z) (526)

t
k=—001%1,--,AN; J1,---2JN¢

The sums over indices 1, ...,in, and j1,...,jny, can be summed up to the determinant of a matrix Mg, with
dimension N, [25]

whereas each matrix element is given by [25]
T —%dz,w LR(1 4 hy2)? N7 (24 hy)2Ns (5.28)

Additionally, we shifted & — k& — 2Ny — 1, brought the integrand into rational form and transformed the
integration to a contour integral over the complex unit circle.
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Chapter 5. 141D: Coarse Graining Renormalization in the Effective Theory

The integral (5.28)) can be solved by application of Cauchy’s residue theorem. The only pole of the integrand
lies at z = 0 and exists if and only if I, — I; — k < 0. Then it is equivalent to the residue at z = 0 [27]

1 ak—Hq‘,—l;—l
k=1 —1)! gt

(1 + h12)2Nf (Z + }_Ll)ZNf
z=0

Mqur—1,—k = ( (5.29)

The derivative can be distributed to each factor with the general product rule and gives

k41—, —1
(2Ny)!

1 Y E+l =1 -1 (2Ny)!
Mg —1,—k = J
lj=li=k (k+1 =1 —1)! ; < t >(2Nf—t)!(2Nf—k—li+l;+1+t)!

hfih?Nf k—l;+l+1+t (5.30)
If the previous condition is not met, the integral vanishes. Thus, the lower limit of the sum over k in
becomes finite, as the order of the pole becomes non-positive for each matrix element. To be more precise, due
to the [;’s and l;’s being subsequently decreasing non-negative integers [y > --- > Iy, = 0,13 > - >y =0
each summand is guaranteed to vanish for & < —[; [1§].
Additionally, there exists an upper limit of k, beyond which all summands vanish. Because the derivatives in
are taken of a polynomial of order 4Ny, the matrix M, at a given k has only zero entries, if for all choices
of i and j the inequality k +[; — l; — 1> 4Ny holds true. Thus, the sum terminates at k = 4Ny + 1] +1
and has in total only a finite amount of terms.
All in all, the static quark gauge integral gives

AN+ +1 .
f fzf det qu’l;,li,k if k> l; —1;
q = e J
4 1<i,j<N. | 0

5.31
e Tot1 otherwise (5:31)

Figureshows a plot of matrices, where each pair of indices (i, j) corresponds to the static quark gauge integral
of the respective representations foq(7i, 7“3) for N. =3, Ny =1 and hi = 0 at varying values of h;. The values
of the indices correspond to the first 36 representations of SU(3), satisfying 0 < p;,ps < 5. Representations are
enumerated according to the bijection i <> 6p;(r;) + pa(r;) + 1.

1 6 12 18 24 30 36 1 6 12 18 24 30 36 1 6 12 18 24 30 36
1% ;
6 ", 6 6
o, 12 12
18 18 18
24 24 24
30 T30 S, 30
36. " 36 " 36
| — Taamm _Taamm
0 02 04 06 08 1.0 0 02 04 06 08 1.0 0 46 10
(a) hy =0 (b) by = 1/10 () by =1

Figure 5.1: The heavy quark gauge integral matrix for N. = 3, Ny = 1 and h; = 0 for the first 36
representations at varying values of hy

Figure|5.1a)) the heavy quark integral reproduces the orthogonality relation for irreducible characters. At small
couplings (h; = 1/10, Figure deviations from the pure gauge case become apparent, as matrix elements
away from the diagonal assume non-zero values. Still, the diagonal is the most protruding feature of the matrix.
At high couplings (h; = 1, Figure many off-diagonal elements are comparable to on-diagonal ones and the
matrix has a band structure. Additionally, the matrix elements can become noticeably larger than 1. Here the
dynamics of the system can be expected to differ from pure gauge theory [15.[16].

Figure hows the deviation of ([5.31) from the pure gauge limit. For vanishing heavy quark couplings (h; = 0,
p. 12
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5.3 Leading Order Corrections
5.3.1 The Running Couplings

Considering the leading order corrections in & to the effective action is the next natural step.

As discussed in the section including both the gauge field and kinetic quarks to the theory implies modifica-
tions to the coupling constants, e.g. hq(k) — hi(k,3) and ha(k) — ha(k, 8). Even though the corrections have
only been derived for lower dimensional representations, e.g. fundamental and anti-fundamental, we include all
irreducible representations in the effective gauge action. Deriving similar corrections originating from higher
representations is, however, beyond the scope of this thesis |[9H11}21].

We start by using the leading order effective action of kinetic quarks |9]

Sz = ha Z Wii11(Uz)Wii11 (Uy), (5.32)
(z,y)

split the exponential into product form and expand it to be able to perform the gauge integrals [9-11]

7 = el / (U] det Qugare™ H S Ue(U))

(Uw)Xr(U;-i-l)Wl_lﬁ (Uw)Wl_lﬁ (Uerl) + O(’#) (5-33)

= CO /[dU det Qstat

=1 r,a

Building on the static quark discussion [5.2.1] one can again expect mixed terms between different contributions
of the interaction terms. Here, however, this may not only impact the gauge and kinetic quark contributions
separately, but may induce a loss of the factorization of both as well |12|

The approach consists of writing the running couplings as a tensor h"rr’ a’(n) [12]. The indices correspond to the
representations of the gauge interaction and the powers of the node function, respectively,

N(n)
2o = [l <">detcz§12tHth " U UL WS UaWind} Uarn)  (534)

z=1 py’
a,o/

With (5.3]), (5.17) and (5.4) the partition function (5.33)) is reproduced to leading order in & by the boundary

condition

pea'© _ (Zha)® ) (5.35)

rr! al

It implies both the initial factorization of the effective action and the gauge action as well as the resummation
to an exponential.
The coarse graining iteration can be performed analogously to the heavy quark discussion [12]

N(")/Q

Z:CéVINT /[dU]("-H) det Qé?atl H Z Xry (Uz—1 sz(UL+1)W1111 (Uz—)Wiity (Ust1)
Lok
S nei et / AU det QI55, (U) sy (UN)xoy () Wiy 2 (1)
v b
O‘/170‘/2
N‘En+1)

! n 1 Lo -, -,
=co = /[dU](nH)d tQitatl H Z hir, (D y (Uw)sz(U;H)Wuul(Um)W11112(Ux+1> (5.36)

=1 T1,T2
aq,02

Reading of the running couplings from 1] we obtain [12]

LD DR ) / AU det QU5 (U)X (U)xry (U)W 32 (1) (537)
T1>T2
aj,ah

The gauge integral induces the occurring coupling between powers of node functions and the gauge action.
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Chapter 5. 141D: Coarse Graining Renormalization in the Effective Theory

5.3.2 The Leading Order Gauge Integral
To solve the gauge integral from

falr, ', a) = / AU det QU2 (U)x (U o (D)W (U) (5.38)

steps analogously to section [5.2.3| are performed. Additionally, the node function has to be expressed in terms
of the Z1y-++9y RN, |24|

_ <[ hiz hyzy !
W. = — — 5.39
1111 (1 T o 1+ hlzt_l ( )

Ingls

e () (o ) ) o
1111 e e b M. MN, ) 25 1+hiz 1+7L12’t_1 '

whereas powers of the node function are obtained with the multinomial theorem.
To bring (5.40) into factorizing form the Kronecker delta is substituted with

N. K
= 1 . e
) ( g mt,a> =% E eZm(Zi\;lmt*a)“/K (5.41)
t=1

u=1

Choosing K, however, is not arbitrary, because the right hand side of does not vanish, if and only if
Zé\;‘cl my — oy, is divisible by K instead of just Z,{V:“l ms—a = 0. As this sum is bounded by 0 < | Zi\]:“l my—al <
(N. — 1)a, the smallest sufficient choice of K is given by K = (N. — 1)a + 1.

With (5.22)-(5.25) and (5.40) the leading order gauge integral reads after shifting k — k — 2N [25]

fo= o Z Zexp( 271'2?) det M2y_l _(a) (5.42)

k*—oou 1 1<4,j< N,
1 muy 1 r_y_ —m = \2N;—m
Mz,z;.—l,;—k(oz) = Z 1 EXP (QWZ?> 9 ]{dzzli Lok (14 hyz)Ns (z+hy)"
m=0

(h12(z + h1) — by (1 + hy2))" (5.43)

The complex integration is performed again with Cauchy’s residue theorem [27]. Because the effective kinetic
quark action is valid to leading order in the hopping parameter, we assume that the expansion of the exponential
in section was done to the same accuracy. Thus, the highest possible value of a is 2 < 2Ny and, likewise to
the static quark limit, a pole exists only at z = 0. The general case will be of interest in section [5.4]

The calculation of the residue is simplified by expanding the last factor in . Then, because of the equivalent
pole structure to the static quark limit the result from section can be reused [27]

(e}

Moy, - (a) = > % (271'1%) Zm: (T) B (—hy)™"

f ZZJ —k+m— U(l-l—h Z)2Nf+7j (Z-f—iL )2Nf+m7v

m=0
1
27i
I us m k41— —m4v—1 )
Z_il (QWZK)Z<U>h11}(h1)m ’ Z (k+li—1) —m+v—1)!

v=0 t=0
(k L=l —m+v—

t

1) (2Ny +v), 2Ny +m — )kH e tht;L?Nfﬂ k—li+1+14t

(5.44)

For brevity we exploit the convention, that the sum over ¢ vanishes if its upper limit is smaller than the lower
limit, even if its terms are mathematically ill-defined.

In case all terms of the m-summation are zero, the matrix element is zero as well. Because the order of the pole
is reduced for increasing m, the lower limit of the k-summation receives no adjustments compared to section
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In the integrand of (5.43)) varying m does not lead to a change of the order of the polynomial. Thus, the
upper limit of the k-summation remains unchanged as well.
The leading order gauge integral reads together with (5.44)

a' 4Nf+l +1 K

f=% > Yew(-amiGE) det Moyii(e) (5.45)

k=—11+1 u=1

The low amount of adjustments necessary from the heavy quark integral is due to the fact that the static
determinant enters in the denominator of the node function, but cancels with the determinant from the effective
action. At powers oo > 2Ny, e.g. when expanding the effective action to higher order than O(k?) this is not
guaranteed anymore if the amount of flavors Ny is not chosen appropriately [10,11]. This may lead to further
contributions in the gauge integral. However, this is subject in section in context of a more general gauge
integral.

5.4 Next to Leading Order Corrections

Fourth order corrections in & to the effective action provide the next increase in accuracy of the theory. To this
order the effective kinetic quark action can be found in [9]. For brevity we write it as

Sy = Z S Uy, Upst, Unga) (5.46)

To prepare the corresponding partition function we start with the same steps in section by bringing the
exponential into product form and expanding it [9-11]

Z = CévaT /[dU] det Qstate Sa H Z/\ XT Xr UT) +O( )
(z,

Ne h2 _
= CévaT /[dU] det Qstat H Z )‘TXT(U:C)XT(U;+1) <1 - SIOC(va Upyr, Uac+2) =+ ;W117121(U32)W117121(Ua:+1)>

rz=1 r

+ O(K%) (5.47)

Here, however, the discussion is restricted to an expansion to O(k*), because of both the high amount of terms
appearing at higher orders and the accuracy of the action being equivalent to that order. Higher orders of the
resummed action can be implemented analogously.

5.4.1 Modifications to the Integration Scheme

Including the kinetic determinant to this order implies more node functions and next to nearest neighbor in-
teractions. In the context of the 1D Ising model long range couplings have been found to create complications
with the integration scheme previously used. Simply summing up every second spin does not lead to a recursion
scheme anymore. Instead the form of the action is lost after the first iteration [15].

As generating recursion schemes was possible for nearest neighbor interactions, we transform long range cou-
plings to effectively short range by considering the interactions between two neighboring pairs of lattice sites |15]

Z =cy /[dU] det Qstat H Z Aro 1 Xre 2 (U)X (U)) Z/\MXM X (UL11)

Te—1

zmod2 0

h3 _
<1 - Sé?fcn4< 21, Us, Ux+1) + W1111(Um1)W1111(U:v)>

ocC h - —
<1 - Séff,n‘l(UIa Uzt1,Ust2) + ;W1111(Uw)W1111(Uw+1)> + O(’i(})
Ny
=: =" / [AU)det Quear [ AUa—1, U, Upsr, Uss2) + O(5°) (5.48)

r=1
z mod 2=0
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The quantity A now describes the interaction between the pairs (U,_1,U,) and (Uz41,Uz12) and only nearest
neighbor interactions occur between them. Therefore, the interaction length is reduced effectively. The integra-
tion scheme is then given by integrating over every second pair instead of every second lattice site [15].

As we noticed in the previous sections, the recursion schemes generate all possible mixtures between different
parts of the action in a non-trivial way. Here this leads to a loss of the factorization between the two constituents
of the pairs and thus to a large amount of terms in the interaction |12].

5.4.2 Obtaining the Running Couplings

Analogously to the previous sections we will express the renormalization scheme in terms of a coupling tensor
hZiZ@’;f;;j”) that realizes the mixture of all possible terms, e.g. it describes mixed terms between different
representations, the node functions and combinations thereof [12].

To characterize all possible couplings we need to investigate the effective pair interaction A. Because it is a
product of expanded parts of the effective kinetic quark action, products of node functions depending on the
same gauge variable appear [15]. We denote those contributions by W, (U), where v is a set of node functions

and their respective powers

woU)= I Waws) (5.49)

(abab,a)€v

Examples to this are v = {(0000,0)}, which describes a constant and v = {(1100, 3), (0011,2)} corresponding
to W, = W00Wy,- Hereinafter, the W,’s are referred to as compound node functions.

With the newly introduced entity we can express the pair interaction A in terms of some to be specified coupling
tensor Ny, vpvsvs [19)

A(Ux—h Ux, Um-‘rla U:c+2) ; Z hmvzvamwm (Um—l)Wm (U:C)‘/sz (Ua:+1)VV1)3(Um+2) (5-50)

V1,V2,V3,V4

To fully reproduce the partition function to next to leading order ([5.48)) all compound node functions appearing
in A have to be identified for each gauge variable U,_1,...,U,42, respectively. In appendix |E| the possible
values for each index vy, ...,v4 are listed and the respective amounts of compound node functions are given in

table B.11

Index V1|2 | U3 | U4
Number of corppound 12| 72128 | 4
node functions

Table 5.1: The amount of compound node functions needed for each index vq,...,vs to reproduce the next to
leading order partition function ([5.48)

Because renormalization typically realizes all possible combinations of interactions, a total of 12-72-28-4 = 96768
terms has to be allowed by the running couplings, even though most of the hy, 4,050, vanish. By including N,
representations of the gauge action this number is increased to 96768V, 3 [12].

To capture the coupling between the gauge action and kinetic quark action the approach reads [12]

N;n)
Zy =c)"N / A ™ det Q4 ] S rpnens )y (Use1)Xes (UD X (Ua) X (UL )
=1

T V1,V2,V3,V4
z mod 2=0 "1,72,73,T4

Wy, (Ux—l)sz (Ux)Wvg (Ux+1)WU4(Ux+2) (5.51)
The boundary condition reads
hgigf}iﬁ(o) = hv1v2v3v4)‘7'1 67'17‘2 >‘7'3 67‘37'4 (552)

The values of hy,p,030, Can be obtained by using (5.50]) with the list of compound node functions in appendix
Bl
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Chapter 5. 1+1D: Coarse Graining Renormalization in the Effective Theory

Now the coarse graining iteration can be performed to obtain the running couplings analogously to the previous
sections

(n)
Zy =y / U1 ™ des QS ] ( S R (Ue )Xo (U)X (U)X (U 11)

r=1

! ’
V1,V2,Vq,V,
z mod 4=0 YE T3

7
T1,72,73,7y

W, (Uz—1)Wo, (Uf)m)é(UT-H)m)fL(UT*‘Q)) < Z h;izz;z;t(n)Xr’l (Uac—i-l)Xr’2 (Ul+2)XT‘é(U’E+2)XT4 (U£+3)

!’ 7

V1,V9,V3,V4
ANV
T1,T2:73,T4

in (Ux-l—l)Wv; (Ux+2)WU3 (Uac+3)Wv4 (Ux+4)>

N /2
ey [0 der QL I 3 U U (VL) Wo, (U W (U2)

V1,V2,V3,V4
T mod 2 0 71,72,73,T4

Wy (Un 1) Wo, (Upya) > Apersmatprizirarste) ( / dU det Q;i:;twvg(U)Wvgmxr;l(v*)xriw))
v 5,05,y
TS Ty

( [av et @iz, <U>W%<U>xr;<m>xré<v>)
N(T’+1)
! n T1T2T3T.
Loy [law) ) det @l [T 3 A e U)X (U)X (V)

V1,V2,V3,V4
T mod 2 0 71,72,73,T4

W'Ul (szl)sz (Ur)Wvg(Uz+1)Wv4(Ux+2) (553)

The running couplings now read

1 (n) (n) 1
W = 3D b ( / AU det Q5. (U >Wv;<U>Wug<U>x%<UT>xﬁ<U>)
DURTARIARTA
LTS T

( [av e @z, 2<U>WU3<U>><TQ<U*>x,.g<U>) (5.54)

Together both gauge integrals couple the interactions between pairs of lattice sites.

5.4.3 The Gauge Node Integral

By using the appearing compound node functions listed in appendix [B]one can find 188 distinct gauge integrals
appearing in , if the gauge action is disregarded. By using the commutativity of the characters this number
increases to 188N,(N, + 1)/2, if Ny irreducible representations are included.

At this order of the effective action one can find integrals that involve high powers of node functions, e.g. over
det Q'9¢, W7, 0, from appendix [B| In contrast to section we are therefore not able to exclude additional
residues for arbitrary Ny [10,[11].

To cope with the large amount of integrals and to provide a general solution to them in hindsight of section [5.5]
we consider the function [24]

a ay by ap by N
7 SO0 [ IO I IO I IO I O = / AU det Qusx (W) x (U) [T W2 5. (U)  (5.55)
1=1

an an by an bn
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Performing the steps from the previous cases analogously one obtains [18}24,[25|

=l =l i I

Zl N ZNc Zl e ZN(;
—1
fa= o) AN kZ /dzl .dzn, z S 2N _.lN _.lN l; ;
B Zp00 2N, ¢ ZlNc ZJ\J;ICC
2N o\ 2 2N 1\
21 ZN,.
Qn
N N Zan_afn
I 1> rimni . - = (5.56)
n=1 | m=1 (1 + hlzm) (1 + hl zi)

To obtain a similar expression of the integral as in the previous cases the last product has to be brought into
a form factorizing with regards to the integration variables. Again this can be done using the multinomial
theorem [24}25]

Qn

N Zan_ﬁn N,
an 3 Gn m
> = S ()8 ()
m=1 (1 + hlzm) (1 + h 7) m1, =0 MN.n=0 t=1
Ne L —bnMmin B 1 _Enmtn
H htllnmtnhlllnmm (1 =+ hlzt) (1 + hl)
2t
t=1
(5.57)
Likewise to the leading order discussion section section [5.3.2]to decouple the summations over the min, ..., my,n

the Kronecker delta is substituted with

NC
) (Z mm,an> = Z 2L min—an)un/Kn (5.58)
=1

un_l

Choosing K, now depends on each power «,, respectively. Following the same arguments from section [5.3.2)
yields K,, = (N, — 1), + 1.
By plugging (5.57) and (5.58) into (5.56) and re-expressing the determinants, the integrals are decoupled [25]

N N,
po=talont 5 Z Z Yoo D e | 2w Y anun/Kn | i in v, ||
N p=—oour=1 UN=141,..,iNg J1,03J N n=1 t=1
al SN anmin N anme
E E ————exp 2mi g Mt/ Ky | hn=t 7m0 pgn=t tn e
mer!. oy
m1=0 min=0 n=1
—(N_ . bpmen—2Ny —(N_ bamen—2N
lit +k7_1_2Nf+Z£Y:1(an_an)mtn (Zn:1 me f) - ]. (Z":l me f)
dzt 14+ hiz 1+h1—
27i 2t

(5.59)

Again the sums over 47 ...ix, and j; ...jn, can be collected as the determinant of a matrix My [25]

o0 KN N
ar!.. OéN .
fa= K. kn g E E exp <—2m 5_1 anun/Kn> lgic,lféNc My, 1,4k (5.60)

k=—occui=1 un=1

with My .,y in rational form given as
L=l

N
N (an—bp)mp+275N_ anm,
M,, Utk = Z Z p— T OXP <2mZmnun/K > hIZ”* ( ymnt hlz’**

m1=0 my=0 n=1

_ 1 _(25:1 bnmn_2Nf) _(Zgzl E”m"_QNf)
fdzz —lit+k—1— 2Nf+z (anfﬁnern)mn <Z+ ; ) (Z"‘hl)
1

27i

(5.61)
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Application of Cauchy’s residue theorem then leads to the final result for the matrix My. Since the integrand
is already in rational form, both the poles and their respective order can be readily read of and are listed in

table [5.2] [27].

Pole at z = Order
0 —(U, = li+k—1=2N; + 3N (an — Gp + ba)my)
N
—hy Y onq bumy, — 2Ny

Table 5.2: Poles and their respective orders in the gauge node integral

Note that the poles only contribute if their position lies inside the complex unit circle and their order is positive.
The last two poles show a competition between the static determinant and the node functions. This results in
a piecewise expression for My. To shorten the notation this behavior is captured by introducing a piecewise
operator B(g(x)), taking a Boolean condition g(z) and acting on some function f(z) as [27]

f(z) if g(z) is true

5.62
0 if g(x) is false (5.62)

B(g(x)) f(x) := {

As an example the expression B(n > O)( 11), is well defined for all integers n.

The procedure is illustrated on calculating the residue at z = —h— In the following, the integrand in (5.61)) is
denoted as f(z), whereas the order of the pole is denoted as g. Its residue at this pole can be calculated as 27]

B L 1 0971 1\?
1
The derivatives of the product can be distributed to each factor quickly with the general product rule
g—1
U.—1; —1—- N QAp—0n 771 Mp
Res 1 f=B(g>0Ah1>1) ,Z;< ) [aztzj Litk—1=2N;+ 30 (0 —@n-+bn)
t
991t 7\ = (SN, bamn—2N
L

iy

For each factor the derivative can be expressed by falling factorials (x), = z-(x—1)-...-(x —y+1). Afterwards,
z= —h% is applied 27|

1 g—1 B N B
T t=0 t

n=1

1 Ui—=li+k—1=2N;+ 5 N_ (an—an+bn)ma—t NB . 1 —(Zh_, bpmp—2+g—1-1)
- — 2 -
( hl) 2 Burtn + (1 h1>

g—1—t
(5.65)

Due to its length the final expression for M4713,_li+k is given in appendix

Note that the order of the pole at z = 0 depends on k. Because this index runs from —oo to oo, having another
sum depend on it may render computations inefficient. Analogously to the previous cases, this can be restricted
by exploiting a symmetry of My. Substituting the contour of the integral from counterclockwise to clockwise
integration and back [27]

]{dzf(z) — ! dpe'® f(e'?) — —i B dpe™ f(e71?) — ?{dzz () (5.66)
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as well as transforming the integrand back into rational form gives

SN G b ym N o am
My, V—litk = Z Z o exp <2mZmnun/K )hlz"l(a" bn) "+2h12":1 e

m1=0 mpn=0 n=1
— (X, bumn—2N§ — (N, bumn—2Ny
L dzzfl;-+li7k7172]\7‘f+zg:1(&nfan+bn)mn 4 — 1 ( ! ) 24+ hy ( ! )
2me hy
(5.67)
Comparing (5.61) to (5.67) My is found to be symmetric under the simultaneous exchange of
a a b b
G—li+ke—(—-L+k),| |« el e (5.68)
an an by BN

This then leads to an altered pole structure as shown in table 127].

Pole at z = Order
0 U —li+k+1+2N; =S (@, — an +by)my
—
_i Zn:l bnmn - 2Nf
—h1 Zgil bnmn — 2Nf

Table 5.3: Poles and their respective orders after applying the symmetry transformation

For any node function in the effective action the indices satisfy a, < b, and a, < b,. Therefore, the order of
the z = 0 pole is in both cases (table and [5.3) reduced by compound node functions. Further, in a single
matrix element M4’l;,li+k this pole may not contribute, if [9-11|

Iy —li+k>2N;+1 in equation (5.61)), (5.69)
U —li+k<—2Ny -1 in equation (5.67)) (5.70)

Therefore, the interval of k containing poles at z = 0 in can be reduced to —2Ny < l} —l;+k <2Ny by
exploiting the symmetry (5.68) if (5.69) is not met.

In contrast to the integrals from section [5.2.3| and the existence of two more poles in interferes with
the termination of the infinite sum.

Because of the symmetry relation , considering only the limit £k — oo is sufficient to determine how fast
the sum converges. For this case only the residues at z # 0 contribute and all terms in the matrix elements are
proportional to h¥ if by < 1 or to h;k, if hy > 1. Therefore the elements of My are suppressed exponentially
in k.

5.5 Renormalization Beyond Next to Leading Order Corrections

The pattern observed when going from leading to next to leading order can be generalized to arbitrary order
O(k2N=) by assuming that the effective kinetic quark action can be written in general as

Ny
2N, = Z ZSLO:(UI,,_, o) Z Z Z Sqo,.. ’qn,@HWl oti) (5.71)

n,=1 =z ng=1 T qo,---,qn,

This pattern appears because only closed loops with a length of at most 2N, ,ﬂ are allowed in the kinetic quark
determinant [9-11].

Together with the occurring node functions Wy, (Uy,4;) the 80 ny have to be determined from the derivation
of the effective action. In three dimensions it is known up to O(x®) [11]. But in our one dimensional system
corrections higher than O(x*) are yet to be derived. Thus, we are not able to determine the boundary conditions

1At most N, steps in one direction and N, steps back to close the loop

30



Chapter 5. 1+1D: Coarse Graining Renormalization in the Effective Theory

in terms of the quark couplings ho, hs,, hs,, etc. |9]

In discussions of the 341D effective theory the number of terms in the effective action has been shown to
increase exponentially with its order in k. Therefore, beyond next to leading order the amount of terms in the
compound interaction can be expected to increase even further compared to section

With the partition function reads [9-11]

N, N,
Z =N /[dU] det Qstat H exp < Z Settn. Uy ooy Ugin, ) Z)\rXr UJH) + (9( 2(NH+1))

=1 ne=1
(5.72)
Expanding the exponential in k to order 2N, brings the integrand in the general form
N, Ny
Z = C(J)VINT /[dU} det QStat H Z h;)o ..... UN, H W”z(UI+1) Z )\TX’I“(UCE)XT Um+1) + (@ ( (N +1)) (573)
r=1v0,...,UN, =0 T
To reduce the interaction length to effective nearest neighbor interactions the lattice sites are grouped into

tuples governing the interaction terms originating from N, sites. As each of those terms includes interactions
of range N,; as well, the tuple contains 2N, link variables A(Uy,...,Uztan,.—1) with [15]

2N,—1 N,—1
A(va ceey U-"c+2Nn—1) = Z hvo,..»,vsz_1 ( H Wv@(UTH)) H Z /\TXT(UI-&-i)XT(U;-&-i-H) (5-74)
1=0 1=0 T

V0y--+y V2N, —1

Using the effective lattice sites A the O(k2V=) partition function is given by [15]

N,
Zon, = cy" N / [dU] det Qsgat H AUz, Upsan,—1) (5.75)
a:d A=
The link variables of A can be split into a pair consisting of two sets of N, links (U,,...,Uytn,.—1) and
(UzsnN,y--+,Uzran,—1). Between those only nearest neighbor interactions occur effectively [15].

Finding a renormalization scheme now corresponds to finding a recursion relation of the compound interaction
A — A™_ With the intuition from the previous section we want to allow different couplings for all possible
combinations of node functions and characters. Thus, we set [12]

2 1.2 1 2 1
n PO T TN — 13T N — 1T Ny » (1) t
A = E hog,...van,, 1 ( | | W, (Ugti ) I | Xr Us+i XT (Uw+i+1)

V0, V2N, —1
2 1 2 1 2 1
T0:T1T1s TN — 15T N 1T N

(5.76)
With this boundary condition the partition function to order 2N, (5.75) is reproduced
2 1 2 1 2 1 L
LT TN, 15T N — 157 N (0
b e e O s T A2 (5.77)

The compound interactions now follow the recursion relation |15]

A(n—‘rl)((Ufona---7Ua:71)7(UerNKa--an:JrQanl)) = /dU - AUp g N, —1 det Q5 (Us) - . . det Qoo (Upy N, —1)

A(TL) (( =Ny U:Efl)7 (Uxa sy UIJrN,{fl))A(n) (( Tyt UIJrNHfl); (U:E+NK7 sty UI+2N,€71))
(5.78)
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from which the running couplings are found to be

21,2 1 2 1 2.1 ,2 1 2 1
hro,rl,rl,...,rNﬁ_l,rNN_l,rNﬁ,(n+1) . hro7r17’r‘1>"'7TN~—17T’N~—17T0 ,(n)
V0, V2N —1 - g 7 /

7 K ) - V053 UN g =15V, -0 N, —1

Qg A2N, —1

’ ’ ’ ! ’ ’
2 /1 /2 1 2 1
To sT1 5T1 TN —1 TN —1T N,

N,—1
l 11 / AU det Q staxt (UN)xp2 (U)Wo, (U)W, (U)
1=0

’ ’ ’ ’ ’

2 /1 /2 1 2 1

hro 1T 1"‘7TN,€—1aTNN—17TNN7(n) (5 79)
/ ! .
g, 19UNp V2N —1

For N, = 2 the next to leading order running couplings (5.54]) and for N, = 1 the leading order recursion
relations are recovered, respectively. Furthermore, for N, = 1 the heavy quark running couplings are obtained
by setting he = 0, because all relevant compound node functions are constant [9H11].
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Chapter 6

2+1D: Coarse Graining Renormalization
and the Running Couplings

In this chapter we apply coarse graining renormalization transformations to the 2+1D effective theory in the
pure gauge limit and the limit of static quarks at finite density. For both cases our knowledge from chapter
will be used. In contrast to the theory in 1+1D, however, further approximations will become necessary to
obtain the running couplings.

Because we are interested in the thermodynamic limit, finite size effects will be neglected [12}15].

6.1 Pure Gauge Theory

6.1.1 The Transformation Scheme

In 241D renormalization group transformations are known to typically cause new interactions on the coarser
lattice over longer ranges than the starting system. To capture this behavior to order O(u?*~*2) we allow
interactions at distances |x —y| = v/2a and in the adjoint representation. The partition function then reads as
discussed in section [4.1] [12}[15]

Z = /[dU] 11 (1 + A7 (Lo Li + LyLE) + )\axa(UI)xa(UJ)) I1 (1 + Xy (LoLl + LyLY) ) + 02N+
(@,y) [z,y]
(6.1)

The interpretation of the effective theory suggests to apply a similar transformation as it is typically done to the
2D Ising model in the literature. We therefore integrate out every second lattice site in a checkerboard pattern.
This is illustrated in figure We choose to integrate out every red colored lattice site. Because of the
interactions over diagonals, once more we divide the sublattice that we want to integrate over. This is depicted
in figure An iteration of the renormalization group transformation is then given by first integrating out
the red filled lattice sites and the red hollow sites afterwards [12}[15].

° ° ° ° ) ) ° °

° ° ° ° o ° o °

° ° ° ° ) ° ° °

° ° ° ° o ) o )
(a) Integrating out lattice sites in the 241D (b) Further dividing the lattice to control for
effective theory. Figure based on [15]. diagonal interactions. Figure based on [15].

33



Chapter 6. 2-+1D: Coarse Graining Renormalization and the Running Couplings

6.1.2 Determining the Running Couplings

Analogously to pure gauge theory in 1+1D, section we substitute the couplings Ay — )\(") Ao — )\(") nd

Ag,p — )\( ) Further, we denote with (z, )™ and [z, y] (") nearest neighbors and next to nearest neighbors on
the coarse gralned lattice after n iterations. The partition function then reads [12}[15]

:/[dU](”) I1 (1 + A (Lo Ll + L,LY) + Ag@Xa(Ux)Xa(U;)) I1 (1 + A (LI +LyL;))
<w)y>(n) [1’y](n)
+ O(uN 1 (6.2)

with the boundary conditions

A =2 N9=0 W=xny I =110 10 = H /dU(O)—/dU] (6.3)

my(o) er> my(()) :Ey

To obtain the running couplings we consider a specific lattice site, say x, that we want to integrate out in the
first integration step of the transformation (full red circles in figure . Here we denote the product of all
eight interaction terms between x and its neighbors with A(U,). All terms of order O(uj 2N+ in A(U,) are
neglected. Then at most two non-trivial characters of U, appear in a given term and the integration can be
performed with the orthogonality relation |12L{15]

/dUOCA(U ) =1 + )\(H)Q (LL elLﬂ?*€2 + LL 61L€2+x + LL—HCLI*SQ + Lil+zL62+fb + szelL;rv €2

+ Le1+wLw—62 + Lw—elle-i-:p =+ Le1+wL22+w + L61+wL;r; el + Lw—e1L11+w
+ LegtaLlley + Lo-ea Ll 40 ) + OWiY) (6.4)

Because of the approximation the contributions of both )\(") and )\(n) do not appear anymore in E As there

are diagonal interactions between non-integrated lattice sites (black dots in figure ;A n} still contributes
to the partition function. Additionally, because the dlagonal couplings drop out from 1@' the integration over
the second sublattice (red hollow circles in figure can be performed and yields expressions of the same
form. Contributions involving the adjoint coupling thus drop out completely.

To the given order can be rewritten into a product form [15]

/dUwA(U (1 A n)z( Lote, L, + Lw—elLLel)) (1 T /\(fm?(Lx—elLl e+ Lo—e, LI 61))
n)2 n)2
(1 + )‘ ) ( I+62L:Tc el + Lw—61Ll+e2)) (1 + )‘gf ) ( w+ezL + La: 62L1+e2))

n)2 n)2
(14 A2 Lo Ly + Larea L)) (14 A2 (Lo Ly + La- s L)) + O™
(6.5)
After putting this product back into the partition function, the factors describe interactions between the non-

integrated lattice sites at distances |z — y| = 2a and |z — y| = v/2a. The coupling strength of the former is

given by )\;")2. For the latter the symmetry of the system implies that the interaction terms appear twice.

An additional contribution originates from the initial diagonal interactions between non-integrated lattice sites.
The total interaction between two diagonal lattice sites x and y is denoted as E(U,,U,) and reads |15]

2
B(U,,U,) = (1 +AMA(L, L]+ LyL;.)) (1 AL, L + LyL;)) (6.6)
To bring into the same form as the initial interactions in ) terms of order (9( 2N-+4) are neglected
BE(U,,U,) =1+ (2A§]”2 + )\(;f}) (LoL} + L,L}) + O(u2N-+4) (6.7)

By rotating the lattice by /4 the diagonal contribution (6.7) becomes the new nearest neighbor interaction,
whereas the interactions at distance |z —y| = 2a become the new diagonal ones [15]. Thus, the running couplings
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read
+1 2
Aé?f” _ /\;n)2 (6.9)

6.2 Static Quarks at Finite Density

In the last system of interest in this thesis the static quark determinant is included into our description of

the 241D effective theory. Like in the previous section we allow diagonal interactions. The renormalization

scheme will be accurate to the order (’)(u;N TkNr) with v + w = 2. By following the calculation including the

adjoint representation its contributions can be found to exceed this condition and are therefore neglected. This
is analogous to the previous section.
The partition function reads [8]

Z :/[dU] det Quear ] (1 + A (LI + LyL;)) I1 (1 + oy (LoLE + LyL;)) + Oy (6.10)
(@,y) [z,y]

In the static quark discussion in 141D in section [5.2] it was found that including the static determinant into
the partition function implies mixed terms between the different representations after renormalization. Here
this is applied to both the nearest neighbor and next to nearest neighbor interactions, respectively. This leads
to the approach [15]

Z = / U™ aet QG TT (14 A (Lo + Ly) + ATI(EL + L)) + A La Ly + AT ELLY
A (oLl + Ly))) T (14 A (L + L) + AT, + LE) + ALY Lo Ly + MY LLLY
[2,y] ()

A (Lo + Ly LE)) + O(uV+) (6.11)
The boundary conditions that have not been stated in the previous section read

0 0 0 0 0 0 0 0 0 0
=M =AE = A0 = A0 =00 = A0 =0 =0 A=A S =y (6.12)

)

Like in the previous section we integrate out the lattice sites in a checkerboard pattern, first over red filled sites
in figure and red hollow sites afterwards. Before we do this, it turns out to be useful to define the gauge
integral [28]

/dUdet QL. LILY = o(j, k) = /dULjLTk + O(KN7) = 6(j — k mod N, 0) + O(k"7) (6.13)

It will capture the influence of the static determinant when integrating out a lattice site. Additionally, two
statements have to be made regarding the following calculation

1. Because we expect coarse graining to increase the order of the couplings at least once, we assume all
interaction strengths to be at least of order O(U;N* k“N7) with v + w = 2. However, \s is of (’)(uj[vf), SO

)\(lng is the only exception to this and counts as v +w = 1.

2. We assume N, > 3. Thus, all o(j, k) with |j — k| = 1 or |j — k| = 2 count as an additional factor of k7.

Again we choose a lattice site x of the red colored sites and denote with A(U,) the product of its eight
interaction factors. Performing the gauge integration over U, results in a large term, which is truncated at

35



Chapter 6. 2-+1D: Coarse Graining Renormalization and the Running Couplings

order O(U;N*H“JNT) with v +w = 3 [12,/15].

/dU A(U. )\(")2(0 Leytall_o, +0(1, 1) Leyso Ll o +0(1L, 1)L, Ly—ey +0(1, 1)L, Leyis
+o(1, 1>L;+1Lm es +0(LL! 4 Leyiw +0(1, 1) Lo—e, LY, +0(1,1) Lo, L,
+0(L LY, Loy + 001, Doy L,y + 0(1, D) Le Loy + 01 DLy ey L, 1)
+ A0 (000, 1)L, +0(0, 1)L 4o+ 0(1, 0}, +0(1,0)L, 1, +0(0, 1) Lo,
+ o(o, VLeysa +0(1,0)LE_,. +0(1,0)L em)
J0)La—e, + 0(0,0)Le, 1o + 0(0,0)Ly—e, + 0(0, O)Lem)
0,0)L e, —eata + 0(0,0)Le, ey + 0(0,0)L e, teysa + 0(0, O)Lel+62+z)

(o 0,0> fe, +0(0,0)L w+o<o 0L, <0 0>LZW)

0)L
+ o(o, 0) + O(uy wa) with v 4w =3 (6.14)

In contrast to the pure gauge limit some of the diagonal couplings still appear and terms including Polyakov
loops of red hollow sites from figure remain. Because in the interaction factors in the terms are
either equal to 1 or proportional to some coupling, there are two possible scenarios that have to be distinguished
when integrating out the red hollow sites from figure Both are explained based on the term proportional

t0 A Le, 4oy 0 in (6:14)

1. We integrate over the product of /\gnl) Le, +e,+2 With one of the constant terms. This leads to a contribution

proportional to

)‘é 1 /dU61+62+IL61+82+I - Ag 1) (17 0) (615)

Based on the previous assumption this term is of higher order than O(u;NT KWNT)

therefore neglected.

with v +w = 2 and is

2. We integrate over the product of )\;nl) Le¢, 4c,+~ and some other term proportional to AL¢, 4 e,+44 OF )\Lll+e2+m

with some coupling A. This results in

Ag’?l))\/dUel+52+33L€1+52+33L61+52+33 or )\g,ll)A/dU@l+€2+$L61+€2+$L21+62+1’ (6-16)

which is again of higher order than (’)(u?N TRWNT)

higher powers in the Polyakov loop are of even higher orders in ujcv * and k™

Because the integration over the red hollow sites in figure results in an additional factor of order O(ujiN TR

with v + w = 2 and is therefore neglected. Terms of

wNT)

with n+m > 1, the overall order of terms involving the diagonal couplings in (6.14)) exceed O(uqf’N* k®N7) with
v+ w = 2 and are neglected. This decouples the red filled and hollow lattice sites and both give contributions
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of the same form. For any integrated lattice site x this means

/ U, AW) <A (01, 1) Ly v L ey + 001, D Eey oL + 00 DLE ¢, Lo+ 0(L DE] L

r—eq

+0(L 1)L 4, Laey +0(11)LE 4 Leyiw +0(1, 1) Lae, LE ) +0(1,1) Lo, L,
4oL, 1)L Levta 4+ 0(1, 1) Ly, LYoo+ 0(1, 1) Ley s LE_, + o(1, 1)LZ,82L12+I)
A7 (000, 1)Ly +0(0, 1)Ly 12+ 0(L,0)E] ., +0(1,0)L] 4, +0(0, 1)Ly,
+0(0,1) Loy s+ 0(1,0) L], +0(1,0)L,., )

+ A (00,0) L, +0(0,0) L+ 0(0,0) Ly +0(0, 0) Ly 1)

+ 23 (00,00 L1, +0(0,0)EE, 1, +0(0,0)LE ., + 0(0, 0)EL, )
+0(0,0) + terms leading to contributions of order O(U;NT KNT)  with v 4w > 2
(6.17)

Equation (6.17)) now describes the interactions between the four lattice sites © — ey, x + €1,  + e2 and x — es.

Like in the pure gauge limit (6.17]) ought to be brought into a factorizing form. For brevity we define the set of
appearing interactions [15]

C:={(x+e,z—e1),(x+e,x—e),(xr+e,x+e),(xr—e,x+e),(xr—e,x—e),(r+e,x—e)}
(6.18)

To the given order of accuracy one finds the factorization

1 0(0 1) (n) 1 0(1 0) (n) t
dU,A(U,) =0(0, || 1+=(A U\ Lo+ Ly)+ = (A A LI+ L
/ LA(U,) =0(0 0)( b)ég( +3< 1,1+0(070) 15 | (La+ b)+3 1,2+0<0’0) 15 ) (LL+Ly)

o(1,1)
0(0,0)

AP (LaL) + LbL;)>
+ terms leading to contributions of order O(u’}N* KONT) with v+ w > 2 (6.19)

The factors now describe the interaction between the four lattice sites over the distances v/2a and 2a. The
overall factor of 0(0,0) is irrelevant to the running couplings. Additionally, because terms proportional to L, L,
and LI:LL do not appear, the couplings ,\§”§ ; )\574) , )\gng and )\gfi are disregarded completely [15].

As in section after plugging (6.19) back into the partition function (6.2) the interactions over v/2a are

found to appear twice. An additional contribution to them comes from the diagonal interactions between non-
integrated lattice sites [15].

Let E(z,y) denote the total interaction between two diagonal, non-integrated lattice sites. FE(x,y) can be
approximated as

1 0(0,1) (n) 1 o(1,0) (n) + t
E =[1 L,+L = LT+ L
(z,y) ( + 3 </\1,1 + 0(0,0))\1’5 (Ly + Ly) + 3 A2+ 0(070)&75 (L, + L))

o(1,1)

* 0(0,0

2
e ) ) (108000 1) L ¢ ) e+ i)
5"1) 0(0,1)

A A o(1,0)
142 2 PSR G Sy 5 9lh2 L 9 A N At 4t
+ ( 3 + 30(070) 1,5 + 2,1 ( + y) + 3 + 30(070) 1,5 + 2,2 ( x + y)

1,1) n v w ;
+ (2ZE070§A§,22 - Aé,g) (Lo + LyLY) + O(up™ w"Y7) with v 4w =3 (6.20)

Analogously to section the interactions at distance v/2a become the new nearest neighbor couplings, whereas
the ones at distance 2a become the new next to nearest neighbor interactions by rotating the lattice by /4 [15].
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Thus, the running couplings are given by

(n)

M = 2%1 + 2300(3;710)) A 4+ (6.21)
A = 2A§2) +2 300((107’00)) A AT (6.22)
AT = 22 450 (6.23)
AT = Agl) + 300((06710))%{,‘5) (6.24)
A = Ag’g + 300((10’700))%75) (6.25)
A = SEg? (6:20

Note that the previous assumption of all couplings except for AYQ being at least of order (’)(u;N 7kWNT) with
v+ w = 2 is fulfilled self-consistently for all n > 0. Additionally, the gauge integrals o(0,0), o(1,0), 0(0,1) and
0(1,1) can be obtained with the solution to the 141D static quark gauge integral .

In the last step, we check whether our recursion relations recover the pure gauge limit correctly. As one finds
quickly from (6.13), we have o(1,0) = 0 = 0(0,1) and o(1,1) = 1 = 0(0,0), if & = 0. Then we have the
implications

Equation (6.21)): AY? =0= /\énl) = )\Yflﬂ) =0 (6.27)
Equation (6:22): A{) =0=2\Y") =AY =0 (6.28)
Equation (624): A{") =0 =AY =0 (6.29)
Equation (6.25)): )\gn2) =0 = Agf;l) =0 (6.30)

By combining (6.27)) with (6.29) as well as (6.28)) with (6.30) one obtains /\5”1) =0= Ag’? = )\Yflﬂ) =0= Ag”ﬁ b
and )\(1"2) =0= )\é"g = )\(17;1) =0= )\gf;l). Because of the boundary conditions (6.12) these couplings will
always vanish in the pure gauge limit. Thus, the only relevant couplings follow the relations

A = 227 ALY (6.31)
n+1 n)2
D (6.32)

which are equivalent to the pure gauge running couplings and .
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Chapter 7

1+1D: Evaluation of the Renormalization
Scheme

It is shown that all expressions for the running couplings in 1+1D can be written as matrix recursion relations.
An analytical solution to them is found leading to the transfer matrix if the number of spatial sites is given
by N, = N,2"=. This allows us to calculate intensive observables in terms of an eigenvalue problem in the
thermodynamic limit. This procedure is applied to the pressure as well as the baryon density. The continuum
limit is performed numerically. Finally, results for both observables are discussed at varying parameters of the
theory and compared at different orders of the hopping parameter expansion [15].

7.1 Transforming Running Couplings into Matrix Recursion Rela-
tions

The expressions for running couplings found for the 141D effective theory have a common structure. Any of
them is expressed by a quadratic recursion relation and when considering only a finite amount of representations
of the gauge action all sums are ﬁniteﬂ Further, it is possible to split the indices of the running couplings into
two groups: the ones that are added up and the ones that are not. Each of them can then be indexed by a
natural number. For our previously discussed cases this leads to the bijections

1. Heavy quarks:

r<ri, €N (7.1)
2. Leading order corrections:
(a,7) <> i(a,r) €N (7.2)
3. Next to leading order corrections
(a1,a2,71,72,73) < i(ay,ag,r1,r2,m5) € N and (a3, a4,74) < Jiag,a0,ry) €N (7.3)

The explicit choice of the mapping is arbitrary and one can expect physical observables to not depend on it.

Using these mappings all sums in the recursion relations (5.19)), (5.37) and (5.54) can be transformed to sums
over these natural numbers and can be identified as quadratic recursion relations of matrix elements. Further,

these relations exhibit the form
R — h(n)gh(n) (7.4)

The elements of the matrices are determined by the boundary conditions of the recursion relations and the
gauge integrals appearing in the transformations

1For calculations in practice it is necessary to abort the sums at a finite order of 3
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1. Heavy quarks:
) = b and gy = [ QU det Q35,0 (U1, () (75)
2. Leading order corrections:

—ho )% oita
W = N o, and gy = [ QU et Qi (0, (U, OWHEH™ (76)

3. Next to leading order corrections:
0
h( ) 7hv1 iV2,iV3,4, J)‘Tl 167"1 iT2,L>‘7‘3,1:67”3,iT4,j (77)

g = ([ A0 At QL O, Oy (O (e, )
(/v et @)W, O, (0, 00,0 (78)

Equation ([7.4) is quickly solved by the approach
R — (h<°>g)2”_1 h” (7.9)

Note that the matrix h(® g is not necessarily symmetric, so complex eigenvalues might occur depending on the
parameters of the theory. Additionally, when considering the O(x*)-effective action both R and g are not
quadratic, but their product is [10H12].

7.2 The Partition Function for Periodic Boundary Conditions

The partition function is of major interest when evaluating a theory as it can be used to obtain many aggregate
observables of the system. Here we calculate the partition function for heavy quarks with periodic boundary
conditions in both dimensions. However, the steps can be performed including corrections in x analogously and
the more general result is discussed.

A single iteration of coarse graining halves the amount of sites in the lattice, so NCE")

Assuming that the size of the lattice is a power of two NQEO) = 2"+ the renormalization group transformation can
be applied n, times. This reduces the lattice to a single site interacting with itself due to the periodic boundary

conditions [16]

needs to be divisible by two.

N("T)
Z =y / U1 det QUzd [T D2 A (Un)xr (UL41) (7.10)
x=1 7r1,r2
g =Ny Al / dU det Q. seat (U)X, (U)X, (UT) (7.11)
71,72

After reusing the previously introduced bijections the constituents of (7.11) can be identified as the matrix
elements in (7.5]}]

Z = el Zh (n2) g = NN Ty p(1) g = (N Nr Ty [(h(o)g)N”} = oM Ty {(gh(o))m] (7.12)

ij

Because different choices of the bijective mapping correspond to choosing different bases of the matrices R("=)
and g, the partition function does not depend on its explicit choice. Thus, neither do physical observables,
as it was expected.

Performing the steps including corrections in k leads to the same expression . Only the matrices h©

2This is analogous to combinations of renormalization group transformations and the transfer matrix in the 1D Ising model [15]
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and g have to be chosen according to section [7.1] and the exponent inside the trace has to be shifted from
N, — N, /N.

Because of the cyclicity of the trace the last equality sign holds, even though the matrices neither commute nor
are quadratic in general. Further, when considering the O(xk*) effective action using the last equality sign in
decreases the dimension of the matrix and thus reduces computational costs.

Another observation in is its structure being similar to those usually obtained from transfer matrix
approaches [15|. This is in agreement with the usual interpretation of irreducible characters as wave functions
and the respective representation as a quantum number |18§].

Further, this suggests the interpretation of compound node functions in a similar manner. For each tuple from
the bijections — the dimension of the transfer matrix is increased by one. Thus, for any of those there
exists a many body wave function in the Hilbert space of a lattice site. They therefore serve as quantum
numbers, while the strong coupling and heavy quark expansions act as a truncation of the Hilbert space |15].

7.3 Accuracy of the Strong Coupling Expansion

The fact, that the heavy quark recurrence scheme is accurate to arbitrary order in 3, is used to obtain insight in
the accuracy of the strong coupling expansion. Figure shows the relative error of the heavy quark partition
function up to high values of 3.

o.30p — @2
(3,3)

~|  0.250 (4,4
= (5.5)
gﬁgozo-
|
=IN 0.15
s
N 0.0}

0.05}

0.00

0.0 0.5 1.0 1.5 2.0 2.5 3.0

p/6

Figure 7.1: The relative error of the heavy quark partition function for different amount of representations.
Here hy =1, hy =0, Ny = 1 and N, = 3 have been chosen.

The numbers in the brackets represent the highest values of p; and ps respectively, i.e. (4,4) means all irreducible
representations with py, ps < 4 are included in the gauge action. The error is calculated relative to the partition
function with the most representations, p;,ps < 5 corresponding to the first (5 4+ 1)(5 + 1) = 36 irreducible
representations.

The line (1, 1) includes the trivial, fundamental, anti-fundamental and adjoint representation, which corresponds
to the ones used in the currently known effective theories in 3+1D. Its curve shows a relative error of ~ 12%
at 8 ~ 6, which is in agreement with earlier discussions of the accuracy of the 3+1D effective theory [29].
Especially at larger values of the inverse coupling representations of higher dimensions than those previously
mentioned are necessary to obtain accurate results in the continuum limit § — oo.

Note that taking the absolute value in the relative error is not necessary. Therefore, aborting the strong coupling
expansion typically leads to underestimating the exact partition function.
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7.4 Observables

7.4.1 Observables to Be Discussed

In this section using the partition function (7.12)) the pressure p, (anti) quark demsity n, (ng) and baryon
number density ng = (ny — ng)/3 at temperature T' and spatial volume V' are discussed. They are related to
the partition function via the relations [15}/16]

0 T
= I Z = —logZ 1
T 5y los v los (7.13)
hl a hl 1 8
log Z = ——= — .14
Ng = V oh, 08 TV V Z Ohy (7.14)

The anti quark density is obtained by replacing h; with h; in (7.14). The last equality sign in (7.13)) holds
only in the thermodynamic limit. To render the (anti) quark density the derivative has to be taken. Using the
cyclicity of the trace one quickly obtains from (7.12)) [15]

hy e’ Nf2nw 2me —1 B
no= | (R0) R g

] (7.15)
TV

Again the anti quark density is obtained by replacing h; with h;.
It is common to normalize the baryon chemical potential ug = 3 with respect to the baryon mass mpg. It has
been calculated up to order O(s"u}') where n +m <7 9]

amp = —3log 2k — 6K% —L— 1 + 24k*up — 5dr? uf 60x* uf (7.16)
When performing calculations in the heavy quark limit corrections of order O(x?) and higher are to be neglected.

7.4.2 The Thermodynamic Limit

Naturally, one is interested in physical systems with large spatial extend. This corresponds to taking the limit
V — oo in the continuum or N, — oo in lattices while keeping the lattice spacing a(8) finite |7]. Here we
exemplify how to perform this limit for intensive observables using the quark density . However, the
procedure can be applied to other quantities analogously.
In our framework the limit of many lattice sites can be taken by iterating the recursion scheme infinitely many
times, e.g. n; — 0o [12]. In fact, the only dependence of n, in appears in the exponents of the transfer
matrix. By performing the trace in its eigenbasis we can gain further insight in the behavior of the observable.
Let dq,...,d; be the eigenvalues of h(o)g and Ey,, ..., Ey, their respective sets of (orthonormal) eigenvectors.
Using these quantities the quark density reads [15]

) v (7.17)

TV

hy 21 0
n =
q aN Z’L 1‘E 2ﬂzz UEZE:d ( 8h1g

As it was already stated in section [7.I] the eigenvalues are complex valued in general. This results in oscillations
in both sums of 7 which have to disappear in the thermodynamic limit. Because we only have a finite
amount of eigenvalues, this is only possible, if the eigenvalues with largest modulus are real valued. We choose
di to denote one of them. For brevity we assume —d; to not be an eigenvalue of the transfer matrix. This is
indicated by , because expressions using the transfer matrix usually hold for arbitrary N,. However, no
proof to this is given in this thesis, but this has been checked numerically for every evaluation [15}/16].

In the limit n, — oo both the numerator and denominator are dominated by terms o d; and all other contri-
butions are neglected [15}/16]

I i (po 2
ng = ————— of [ RO v 7.18
a aNKd1|Ed1UEZE:d1 ( o7y (7.18)
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Performing an analogous calculation for the pressure (7.13)) one obtains [15L|16]

T
log |d 7.19
- logld (7.19)
In the pure gauge limit the density matrix is already in diagonal form and its eigenvalues are the couplings A,
with A\g = 1 the largest. Thus, in ((7.19) only the first term persists and our result is reduced to the expression
well known from literature [30].
A physical pressure is only obtained after subtraction of vacuum divergences 16|, e.g.

1
p=—5logco +
a

—p—li 7.20
pop- fimp (7.20)
On the lattice the zero temperature limit corresponds to taking the limit N; — oo while keeping the lattice
spacing finite. At zero chemical potential it implies k1, h; and A, for 7 # 0 to vanish. Thus, none of the terms in
the action proportional to node functions or characters contribute except for the trivial character contribution.
Subtracting it from (7.19)) yields the physical pressure |7}/15,/16]

= log |d 7.21
P= N losld| (7.21)
In pure gauge theory the pressure always vanishes and no dynamics take place. This agrees with the typical

notion of the "two [dimensional| gauge field [having] no physical degrees of freedom" [16].

7.4.3 Setting the Scale and Continuum Extrapolation

In contrast to our effective theory QCD does not lie on a lattice but rather in a continuous space time. Thus,
in order for our theoretical description to describe actual physics the limit of decreasing lattice spacing a or
conversely increasing § has to be taken. This, however, is to be performed with the caveat of keeping physical
parameters, i.e. temperature 7' and volume V, fixed. As we already performed the thermodynamic limit in
section the latter example does not apply to this discussion [7].

Another obstacle is determining the correct scaling behavior of our theory to reproduce physical observables,
e.g. determine the lattice spacing as function of the coupling a(8). In general, a(8) depends on the hopping
parameter x as well. However, in discussions of the 341D theory this dependence was argued to be negligible
for heavy quarks. In this thesis the same assumption is made and we determine the scaling behavior based on
pure gauge theory [10,/11].

To actually determine a(3) an observable has to be computed on the lattice and has to be related to its
continuum value. Then, a(8) can be chosen in a way, that the lattice observable reproduces its continuum
counterpart for all values of the inverse coupling. In this thesis we use the approach of Huang, et al., where the
string tension o was chosen to obtain a simple expression for the lattice spacing. The lattice string tension o,
was already given in [31].

In the continuum limit the area law of the Wilson loop is known to persist and the string tension assumes a
value independent on the temperature and volume of the system, e.g. [15}/16,30]

W(C) = e VN7 e with A= Jim o®N,N; and o = lim L (7.22)
— 00

B—o0 a?

Now the lattice spacing can be chosen in a way allowing o1 /a? to reproduce the continuum string tension for

all values of 5 [31]
1
a(B) = “_E log uy (7.23)

All observables and parameters of the theory will then be given as dimensionless ratios to the continuum string
tension, i.e. T — T'/+/c. In Figure the dimensionless lattice spacing y/oa is shown as a function of 8 and it
shows its expected limiting behavior for increasing values of the inverse coupling [31].

The last step necessary before taking the continuum limit is altering N, and x in a way, that leaves the
temperature and particle mass constant. Here we approach this in the same way as in the 3+1D theory by
inverting the relation T' = (aN,)~! and fixing the baryon mass mp/y/o. For N, one immediately finds [10]

Vo 1

N=YT -
T \/—loguy

(7.24)
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Figure 7.2: The lattice spacing \/oa as a function of the inverse coupling 3
obtained following the approach of Huang et al. [31]

By fixing the baryon mass in the heavy quark limit we obtain with ((7.23|)

K(8) = - exp (-“”B —logUf> (7.25)

From larger values of 8 are found to correspond to increasing values of k, so the hopping parameter
expansion further limits the range of 3, where our theory is accurate. This is in agreement with previous
discussions of 3+1D effective theories. Inverting the baryon mass including corrections to O(x?) and beyond
require numerical inversion [10].

Because our theory is only applicable in a finite range of 3, observables have to be extrapolated to the continuum
limit. Here, we follow the procedure of the discussion of the 3-+1D effective theory. A (dimensionless) observable,
i.e. np/y/o, is calculated for different values of v/oa(8) and fitted to a second degree polynomial |7}/10]

”71; - Lﬁm + Aoa+ Ay(voa)® + O ((Voa)®) (7.26)

The constant term in (7.26]) then corresponds to the continuum value of our observable. The coefficients A;
and Ay are also dimensionless |10].

7.4.4 Results for Observables

In this section the results for the baryon density and the pressure in dependence on up/mp are discussed. Both
the lattice spacing and the temperature after continuum extrapolation are varied.

Observables in the Heavy Quark Limit

In the heavy quark case the hopping parameter « is chosen to satisfy x(3) < 1072 for all values of beta, in
which we expect our theory to be accurate, e.g. 8/6 € [0,3]. Thus, we set m—\/g = 25. The smallest reachable
lattice spacing is given by y/oa(8/6 = 3) & 1/2. For the continuum extrapolation 11 equidistant points in the
interval v/oa € [1/2,1] are used.

The baryon density for heavy quarks with varying lattice spacing is shown in figure and its continuum
extrapolation at varying temperatures is shown in figure [.36] The corresponding plots of the pressure are

shown in figure and figure [7.3d] respectively.
All plots in figure show the same qualitative behavior as found in discussions of the 34+1D effective theory.
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Figure 7.3: Observables vs. the baryon chemical potential in the static quark limit for Ny =1, N, = 3 and

mB/\/E: 25

Even though the lattice action is explicitly dependent on the chemical potential, observables do not change
when the chemical potential is small compared to the baryon mass mpg. If ug &~ mp, the onset region is reached
and the system starts filling up with baryons. Here a dependence on the chemical potential becomes apparent.
This feature is known as the silver blaze property .

At increasing values of up the system reaches an unphysical saturation resulting from the discretization of space
time and the Pauli-principle. Every lattice site can hold at most 2N.N; quarks or equivalently 2Ny baryons. In
the continuum this effect does not occur, which resembles itself in the diverging behavior for decreasing lattice
spacing in figure Thus, our results become inaccurate for ug > mp and reducing the lattice spacing is
mandatory to obtain accurate results [5].

Figure[7.3b| shows the behavior of the liquid-gas transition to nuclear matter for varying temperatures. While at
low temperatures the transition is of first order, increasing the temperature removes this discontinuous character
and replaces it with a crossover [5].

Observables Beyond Heavy Quarks

As already mentioned in higher order gauge corrections to the quark couplings hi, hi, ha, hs, and hs,
are implied by higher representations beyond the heavy quark limit. Thus, the gauge action is included only
up to the adjoint representation. In comparison to the the heavy quark case this leads to a more restricted
range of lattice spacing available for continuum extrapolation. Here, 11 equidistant points in the interval
Voa €9/10,14/10] are used. The results are compared for baryon masses down to ng =5 - satisfying x < 0.1
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in the lattice spacing interval.
Going beyond the heavy quark limit no new qualitative behavior of the observables is found. Thus, only a
comparison between the different orders in the heavy quark expansion for varying baryon masses is shown in

figure [7.4]
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(a) Comparison of the pressure in the heavy quark limit
(dashed lines) and to O(x?) (solid lines) for different
baryon masses

(b) Comparison of the pressure to O(xk?) (dashes lines) and
O(x*) (solid lines) for different baryon masses

Figure 7.4: Comparison of the pressure vs. the baryon chemical potential for different orders in the heavy
quark expansion at Ny =1, T'/y/o = 0.15 and N, = 3 and varying baryon masses

Figure shows the pressure for mp/\/o = 25, 10 and 5 in both the heavy quark limit (dashed lines) and
to leading order (solid lines), whereas figure compares the pressure to leading (dashed lines) and next to
leading order (solid lines) for mp/+/c = 10 and 5.

As shown in figure at high baryon masses (mp/+/0 = 25) leading order corrections are negligible because
both curves agree well with each other. Approaching lower masses (mp/y/oc = 10) first disagreements become
apparent, which further increase when going to even smaller baryon masses (mp/\/o = 5). Typically, the
pressure in the heavy quark limit overshoots its leading order counterpart.

In figure at mp/y/oc = 10, in contrast to the previous case, both pressures agree well. At lower baryon
masses (mp/y/oc = 5) differences are small, but noticeable. Both observations show the convergence of the
heavy quark expansion. The pressure to O(x*) is typically undershot by its leading order analogue.
Comparing figure [7.4a] to the pressure can be observed to be significantly smaller in this part of the
discussion. For mp/\/o = 25 and T/y/a = 0.15 the O(k?)-pressure assumes values up to p//o ~ 1.3, whereas
the respective pressure in the heavy quark limit in figure assumes values up to p/\/o ~ 2.4. As observed
in section [7:3] this can be ascribed to neglecting higher representations, causing the partition function to be
estimated from below.
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Chapter 8

2--1D: The Confinement-Deconfinement
Transition

In this chapter the renormalization group transformations from 2+1D pure gauge theory and the static quark
limit (chapter @ are used to determine the critical inverse coupling . of the confinement-deconfinement tran-
sition. The results of this discussion are compared to simulation values from previous analysis in the literature.

8.1 Determining the Fixed Point

In this section properties of the fixed point of the renormalization group transformations from chapter [0 are
discussed. This is done by determining the values of the critical couplings for static quarks and taking the pure
gauge limit afterwards.

As discussed in chapter [2 the couplings show invariance under renormalization group transformations, if the
system has been driven to a fixed point. For our static quark running couplings this relates directly to solving [12]

A ,
A =AY =2 +2O? gAW) Al (8.1)
n n+1 1, 2 n
L) e
A e _ gl Al A“ 8.3
1,5 1,5 O(0,0) 1,5 + ( )
)\(”) 0.1
) _ 1) _ At 0(0,1) 4
)\2,1 - )\2,1 - 3 + 30(070) >\1,5 (8' )
A3 | o(1,0)
NOEYCE B 8.5
2,2 2,2 3 ( ) ( )
n n+1 O( )
A = = LD o)
The equations (8.3]) and can be used directly to obtain
(n) ()Y _ ) Y _  0(0,0) 0(0,0)
(A1’5’A275> B (0’0) o (Al 5’A275) B <30(171)’ 90(1,1) ®.7)

The first solution corresponds to the trivial fixed point at 8 = 0 and is therefore disregarded. The second
solution represents a fixed point at finite 8 and is therefore the physically relevant case [12].
Simply using the latter case of (8.7) to determine the remaining running couplings gives

0(0, DAY = 0= o(1,0)A{" (8.8)

which is seemingly inconsistent with the non-trivial fixed point away from the pure gauge limit x — 0. However,
this can be solved by investigating the orders of the running couplings.
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Because all terms involving )\gnl) and )\(an) in (6.21)), (6.22), (6.24) and (6.25) are neither proportional to any

other coupling nor to an k™7, their order always stays at O(U;NT xk“N7) with v +w = 2. On the other hand, at
n = 1 the two-point coupling is of O(u?-N 7). Due to the fact that the orders of the couplings cannot decrease
for increasing n, all terms in (8.1), (8.2), (8.4) and (8.5) involving A§"5) are at least of order (’)(u;N " kWNr) with
v+w = 3 for n > 0. As the system can only be driven to criticality for n > 0, neglecting all those contributions
is consistent with the derivation of the running couplings. Thus, the only relevant relation to the deconfinement
transition is given by the non-trivial solution in (8.7]) [12].

In the pure gauge limit the critical couplings are given by

(22) = (578) = (5:5) o

8.2 The Critical Inverse Coupling in Pure Gauge Theory

To drive the analytical evaluation further another approximation is introduced. We replace the initial next to
nearest neighbor coupling A by )\?c. This step is analogous to the approximation of next to nearest neighbor
interactions in the 2D Ising model and leads to the boundary conditions [15]

AP =2p and  AY = N2 (8.10)

This reduces the accuracy of our discussion and corrections appear already at order O(U?NT) instead of
O(U?NT+6).
To determine the critical value of Ay the renormalization scheme is iterated once

AP =322 and MY} = N2 (8.11)

By using it is found that the running couplings are driven to criticality, if

Af = 3 (8.12)
This relation can be inverted to determine the critical inverse coupling 3. of the deconfinement transition in
dependence on N, and N..
To compare our results to literature values we consider N, = 2,...,5 and N, = 2,...,5. In the tables to
the solutions to are listed with their respective literature values S, 1y, which are taken from [34], and
the absolute relative deviations |AB.|/Be1iv = |8e — Be,tit|/ Be,lit-

N /Bc Bc,lit |Aﬁc|/ﬁc,lit in % N ﬂc 6c,lit |Aﬂc‘/ﬁc,lit in %
2 3.0876 | 3.4475 10.4394 2 8.9267 | 8.1489 9.5449
3 | 4.5309 | 4.9430 8.3369 3 | 12.6488 | 11.3711 11.2365
4 5.9226 | 6.4830 8.6448 4 | 16.3067 | 14.7170 10.8021
5 | 7.2994 | 8.1430 10.3600 5 | 19.9532 | 18.1310 10.0501
Table 8.1: Critical inverse coupling 3. for SU(2) Table 8.2: Critical inverse coupling 3. for SU(3)
N Be Be,it |ABc]/Beit in % N Be Be,it |ABel/Beit in %
2 17.1586 | 14.8403 15.6219 2 27.7731 | 23.5315 18.0254
3 | 24.0450 | 20.3770 18.0007 3 | 38.7103 | 32.0650 20.7246
4 | 30.8689 | 26.2280 17.6945 4 | 49.6003 | 41.0570 20.8085
5 | 37.6884 | 32.1540 17.2123 5 | 60.4972 | 50.6700 19.3946
Table 8.3: Critical inverse coupling 3. for SU(4) Table 8.4: Critical inverse coupling 3. for SU(5)

Our results for N, = 2 and N, = 3 reproduce the literature values with an accuracy of around 10%, whereas
the accuracy for N, = 4 and N, = 5 are around 20%.
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Note that most values of . are outside of the region where the effective theory can be expected to be accurate.
Still, our renormalization scheme reproduces the critical values qualitatively. Due to the large critical values
high order corrections to the couplings Ay and Az ; can be expected to be necessary to increase the accuracy of
the theory. Deriving these corrections is, however, beyond the scope of this thesis [10}/11].

8.3 Deconfinement of Static Quarks at Finite Density

In the following the same approximation as in section [8.2|is applied. Therefore the relevant boundary conditions
to this discussion read

A =g, AR =2 (8.13)

Analogous to the previous section the renormalization group transformation is applied once

1,1) by o(1,1)
A0 gLy gy oLy, 8.14
00,07 T T o0,0)7 510

Similar to the previous section the running couplings are at their critical value, if

Ap = (8.15)
This equation can be used to determine the critical inverse coupling . in dependence on N., N; as well as the
heavy quark couplings hy and h;.

Because the derivation of the renormalization scheme assumed N, > 3 and due to the high inaccuracies found

in the previous section for N, = 4,5, only SU(3) is considered in this section. For this gauge group the critical
inverse coupling 3. is shown in figure for N =2,...,5 and x = 0.01.

201
157
Q 10.
5t — N, =2 N, =14
N.=3 —N,=
0

0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00

pB/mp

Figure 8.1: The critical inverse coupling . in the static quark limit for N, = 3 and x = 0.01 vs. the baryon
chemical potential ug/mpg for N, =2,...,5

In figure [8I] it can be observed that the presence of the static determinant reduces the value of 8.. This may
be explained by the static determinant explicitly breaking center symmetry. As the influence of the symmetry
breaking fields is mediated by hy and h; increasing the chemical potential leads to decreasing . |16].
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Another feature is the silver blaze property that was already discussed in the context of 1+1D in section
7.4.4 The values of (. are for low chemical potentials independent on this parameter, even though pg/mpg
explicitly appears in the action. Ouly if up/mp ~ 1, the critical inverse coupling shows a dependence on
the chemical potential. The lower the temperature (or equivalently the higher N.) is, the more this effect is
pronounced [32}/33].

It is important to note that the renormalization scheme becomes less accurate at ug/mp = 1 as the order of
accuracy of the transformation can be rewritten as O(U;NT KYNT) = O(U;N* RYTRY?) with v+w = 2 = v+w; +wy
[11].
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Chapter 9

Conclusion

In this work renormalization group techniques were applied to an effective theory of LQCD in 1+1 and 2+1
dimensions. The theory was derived in previous works by expanding around the strong coupling and heavy
quark limit. There, it was also found that the model can be interpreted as a spin model [8111]. This suggested
the use of coarse graining renormalization. It describes the process of successively reducing the spacial degrees
of freedom of a discretized theory. The technique determines recursion relations for the couplings of the model
in dependence of its typical length scale [12,/15].

In 1+1 dimensions the coarse graining technique was tested first in the pure gauge limit. The running couplings
reproduced the analytic solution of the system, which is well known from literature |15,20]. Afterwards, the
static quark determinant was included in the description of the model. Subsequently, the running couplings
were determined while additionally considering parts of the kinetic quark determinant. All recursion relations
were observed to maintain a common form. Written as matrix recursion relations they were solved analytically.
This lead to the transfer matrix of the theory, which allowed us to take the thermodynamic limit [15[16]. The
pressure and baryon density were discussed both on the lattice and after continuum extrapolation.

In 2+1 dimensions the renormalization transformation was applied to pure gauge theory and the static quark
limit. To implement that, results from the discussion in 1+1 dimensions were taken into consideration. The
fixed point was determined and the critical inverse coupling of the confinement-deconfinement transition was
obtained both in the pure gauge limit and at finite chemical potential. The results were discussed and compared
to the literature. The literature values were reproduced qualitatively.

All in all, coarse graining renormalization proved itself as a viable tool in the treatment of the effective theory.
Therefore, further research in the application of renormalization group transformations on the model, especially
in 341 dimensions, would be of great interest. In 2-+1D the accuracy of the deconfinement transition might be
improved by considering corrections to the nearest and next to nearest neighbor couplings. Additionally, a gen-
eralization of the 241D renormalization group transformation to capture parts of the kinetic quark determinant
might lead to important insights.
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Appendix A

The Gauge Node Matrix Elements

The calculation of the node gauge integral for SU(N,) in section gives

<31 aN 1 N SN (an—bn)mat+27 5N anm
M47l_l1-*li+k = Z Z 'eXp QWZZann/Kn hl n=1\%n n n hl n=1 AnMn

mil...m
m1=0 my=0 1 N n=1

n=1

N
B(li—l;—k+1+2Nf—Z(an—an+Bn)mn>0>

li*l;'*kJFQN,f*Z,]y:l(an*dnJrl;n)mn

: >
(li —l;- —k+ 2Ny —Z;V:l(an —an +Bn)mn)! Pt
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The first block inside the square brackets corresponds to the residue at z = 0, whereas the second and third
block correspond to the residues at z = —h; and z = —h%, respectively.

A

1 — N (b —bn)mp+AN 1+t
( hl) (A1)

N bpm,—2Ns—1—t

52



Appendix B

List of Compound Node Functions

i H(abdﬁ,a)E'ui W(Z;af) U1 U2 U3 Vg 1 H(abﬁg,a)e'uz W;);ag V1 V2 U3 V4
1 1 viIiviIvI]v 37 W11 Woio1 v’

2 Woro1 v [ vV 38 W11 Wi200 v’

3 W01 v’ 39 Wio11Woorz v

4 Wi200 v v | Vv 40 W02011W1111 v’

5 Wi200Wo1o01 v’ 41 W11 Woo22 v’

6 Woo v 42 Weh11Waz200 v

8 Woo12Wo101 v’ 44 Wooi1 v’

9 Woo12W1200 v’ 45 Wi100 VoIV VvV
10 Wo12 v 46 Wi100Wo1o01 vV
12 Wi1111Woio1 v’ 43 Wi1100Woo12 v v
13 Wi111Wi200 v’ 49 WitooWi111 vV
14 Wi111Woo12 v’ 50 Wi1100Woo22 v v
15 Wi v 51 | Wiio0Waz00 v v
17 Woo22Wo101 v’ 53 | Wi100Woo11Woio1 v’

18 Woo22W1200 v’ 54 | Wi100Woo11 Wi200 v’

19 Woo22Woo12 v’ 55 | Wi100Woo11 Woo12 v’

20 Woo2oWi111 v’ 56 | Wi100Woo11Wi111 v’

21 Weoaz v 57 | Wi100Woo11 Wooze v’

22 Waa00 v v Vv 58 | Wi100Woo11 Wazo0 v’

23 Wa200Wo101 v’ 59 Wi100Wio11 vV
24 Wa200W1200 v’ 60 Wi100Weo11 v’

25 Wa200Woo12 v’ 61 W12100 v Vv |V
26 WaoooWi111 v’ 62 Wii00Woio1 v’

27 Wa200Woo22 v’ 63 W2i00Wi200 v’

23 W v 64| W2ooWooro v

29 WOOll v’ v’ v’ v’ 65 W12100W1111 v’

30 Woo11 Woio1 vV 66 W 00Wooz2a v’

31 Woo11Wi200 and 67 W21 00 Wa200 v’

32 Woo11 Wooi2 vV 68 W2 00Woo11 vV
33 Woor1 Wii11 vV 69 Wii00Weo11 v

34 Woo11 Wooz2 v | Vv 70 Wloo v | Vv
35 Woo11 Wa200 and 71 W3i00Wooi1 v’

36 Wit v [ v [V 72 Wiioo v

In total there are 12 compound node functions for vy, 72 for vg, 28 for vz and 4 for v, found in section
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