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Exercise 1: Fermion propagator (4 + 2 points)
Consider free Dirac fermions,

S0[ψ̄, ψ] =
∫
ψ̄ (iγµ∂µ −m)ψd4x, (1)

with generating functional

Z[η̄, η] = 1
Z

∫
eiS0[ψ̄,ψ]+i

∫
η̄(x)ψ(x)+ψ̄(x)η(x)d4xDψDψ̄. (2)

i) Explicitly solve the integral and show, that the generating functional can be given
as

Z[η̄, η] = e−
∫
η̄(x)SF (x,y)η(y)d4xd4y, (3)

with

SF (x, y) =
∫ i
/k −m+ iεe

−ik(x−y) d
4k

(2π)4 . (4)

ii) Show, that SF is indeed the Feynman propagator, by calculating

〈0|T
(
ψ(x)ψ̄(y)

)
|0〉 =

(
−i δ

δη̄(x)

)(
i δ

δη(y)

)
Z[η̄, η]

∣∣∣∣
η̄=η=0

. (5)

Exercise 2: Yukawa theory (2 + 4 points)
Consider the following Lagrangian for a theory with interacting real scalar fields φ and
Dirac fermion fields ψ, referred to as a Yukawa theory

L[φ, ψ, ψ̄] = 1
2∂

µφ∂µφ+ ψ̄
(
i/∂ −mψ

)
ψ − 1

2m
2
φφ

2 + gψ̄ψφ. (6)

i) Give the generating functional of the theory Z[J, η, η̄] and express it as a function of
the generating functional of the non-interacting theory Z0[J, η, η̄], as you have done
it in the lecture for scalar φ4 theory.

ii) Calculate the connected Green’s function to order O(g2)

〈Ω|T
(
ψ(x)ψ̄(y)

)
|Ω〉 , (7)

using the generating functional.
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Exercise 3: Fadeev-Popov method (2+4+2 points)
Let us solve the 2-dim. Gaussian integral

I =
∞∫
−∞

∞∫
−∞

e−x
2−y2

dxdy, (8)

in a Fadeev-Popov inspired way.

i) Argue, that the integral is invariant under rotation(
xg

yg

)
= g

(
x
y

)
=
(

cosφ − sinφ
sinφ cosφ

)(
x
y

)
(9)

where g is a SO(2) matrix.

ii) Use the relation

1 = ∆FP (x, y)
∫
δ (F (xg, yg)) dg, (10)

to calculate ∆−1
FP (x, y), using the following „gauge“

F (xg, yg) = yg = x sinφ+ y cosφ. (11)

Hint: Use the following relation to simplify the δ-function

δ(f(x)) =
∑
i

δ(x− xi)
|f ′(xi)|

, (12)

where xi are the roots of f(xi) = 0.

iii) Use your results to show that

I =
∞∫
−∞

∞∫
−∞

e−x
2−y2

dxdy =
∫
dg

∞∫
−∞

∞∫
−∞

∆FP (x, y)δ (F (x, y) = y) e−x2−y2
dxdy = π,

(13)

where
∫
dg is the volume of the gauge orbit.


