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Exercise 1: Dirac and Klein-Gordon equation(4 points)

Let ¥ be a Dirac spinor solving the Dirac equation
[0, — m] () = 0.

Show that it is also a solution of the Klein-Gordon equation
[0,0" + m?] () = 0.

Exercise 2: Bilinear covariants I(3+3=6 points)

i) First show that
{v",7"} = 29"
and use your results to show that

P =90

(4)

ii) In the lecture you found the following Lorentz transformation of a Dirac spinor ¢

i

) = v (@) = SAN(a),  S(A) = e

with 0, = %['Ym Yol

wt oy

(5)

Furthermore you have shown that 1) is a Lorentz scalar, therefore the inverse

transformation is given by

i

(x) = P'(@)STHA),  STHA) = er T,

Show that S™!(A) can also be written as
STHA) = (1"S(A)N")
(instead of STH(A) = ST(A) as one would expect naively).

Hint: Use the result of i)

Exercise 3: Bilinear covariants II(3+3=6 points)

Recall the infinitesimal representation of the Lorentz transformation
A =61 + ow”,
and the Lorentz transformation of a spinor

i

S(A) = 1= 70w +o(dw?), o = Sl

2

i) Using these transformations, show that the equation
STHANWS(A) = A,

familiar from the lecture, is satisfied up to first order in dw.

(6)

(10)
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ii) In the lecture you showed that 1) transforms as a Lorentz scalar and ¢y trans-
forms as a Lorentz vector. Furthermore you introduced an additional gamma matrix

7? = in%y1~424? with the transformation property
STHA)Y’S(A) = det(A)7°. (11)
Prove the behaviour under Lorentz transformation of the following bilinear covari-
ants
Uy — det(A)py°y pseudoscalar (12)
Uy — det(A)A* py¥~P  axial vector (13)
ot — A“aA”B@EUO‘B P antisymmetric tensor (14)

Hint: Equation (10) will be very useful.

Exercise 4: Continuity equation in relativistic quantum mechanics I1(J points)

Let the Dirac spinor ¥ be a solution of the Dirac equation

179, — m] () = 0. (15)
Show that the current
() = Yy (16)
satisfies a continuity equation
Opj*(x) = 0. (17)

Discuss wether j = p is positive definite in the case of the Dirac equation.



