Quantum Field Theory

P‘ch 2](__5)4260 e Philipsen and the Standard Model Exercisilé(})lle'eigfg
- W P of Particle Physics

Exercise 1: Adjoint Representation of SU(N)(4+4+4 points)

Consider the Lie group SU(N). The fundamental representation of the group is given by
the N x N matrices U € SU(N)

U= 0T, a=1,..,N?—1, (1)

with generators 7% of the Lie group and antisymmetric structure constants fo¢, that
satisfy the Lie algebra

[Ta7 Tb] — ifabcTc, (2)
and are normalized as
1
tr(TT°) = 55“. (3)

A field ¢” is said to transform with the adjoint representation of the group SU(N) if the
associated matrix valued field, defined by ¢ := ¢*T“ transforms as

¢' = UoU", (4)

i) Show that the transformation of the components ¢*, and therefore the adjoint re-
presentation D% (U) is given as

¢ — ¢V = D(U)¢® = 2tx(UITUT?)$. (5)

ii) The covariant derivative acting on the matrix valued field ¢ = ¢*T“ is defined as

Duo(x) = 0,6(x) — ig[A,, ¢(2)]. (6)
Show that this indeed transforms as the adjoint representation
(Dyo)'(x) = U(2)(Duo(2)) U (2), (7)
with U(z) € SU(N) and that
(Du)® = 99" — gf A", (8)

iii) Prove that for two matrices U,U’ € SU(N) in fundamental representation, one has
Dab(U)Dbc(U/) _ ‘DCL(:(U'U/)7 (9)
by making use of the following relation

1

arpa 1 T
71lz'jjno - 9 <5l05m N(Slz(;no) . (10)



Quantum Field Theory

P‘ch 2](__5)4260 e Philipsen and the Standard Model Exercisilé(})lle'eigfg
- W P of Particle Physics

Exercise 2: Isospin(4+4 points)
In the lecture you discussed the following interaction term for a nucleon N = (p,n), pion

¢=T*"=T- (\%(ﬂ +77), \/LE(WJF — 77),7°) interaction

N~y°T*N¢*, (11)
with 7 the generators of SU(2).

i) Show that the interaction term is invariant under isospin transformations. Recall
that the nucleon transforms with the fundamental representation of SU(2) and the
components of the pion field with the adjoint representation.

Hint: Make use of the relation for group generators T® given in exercise 1 iii).

ii) Can you think of alternative pion nucleon interaction terms respecting isospin, ba-
ryon number, parity and Lorentz invariance?



