
Lecture IV

Introduction: QCD at finite temperature and density

Deconfinement vs. chiral symmetry breaking

Equation of state

The phase diagram



Why thermal QCD?

chiral condensate , Cooper pairs
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Thermal QCD in nature
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Physics of early universe:

non-abelian plasma physics
(          )

          QCD is prototype

µB ≈ 0



Thermal QCD in experimentThis is how experiment probes the phase transition & QGP....

heavy ion collision experiments at RHIC, LHC, GSI....



?

Phase boundary from hadron freeze-out?



Statistical mechanics reminder

System of particles with conserved number operators 
in contact with heat bath at temperature T 

canonical ensemble:   exchange of energy with bath, volume V, numbers      fixed

grand canonical ensemble:  exchange of energy and particles with bath

density matrix and partition function thermodynamic properties

ρ = e−
1

T
(H−µiNi)

Z = Tr ρ = Z(V, T, µ1, µ2, ...; particle props.)

〈O〉 = Z−1 Tr(ρO)observables:

Ni, i = 1, 2, ....

Ni

F = −T lnZ

P =
∂(T lnZ)

∂V

Ni =
∂(T lnZ)

∂µi

S =
∂(T lnZ)

∂T

densities: f = F/V, p = P/V = −f, . . .



QCD at finite temperature and density

Sg[Aµ] =

1/T
∫

0

dx0

∫

V

d3
x

1

2
Tr FµνFµν

Sf [ψ̄, ψ, Aµ] =

1/T
∫

0

dx0

∫

V

d3
x

Nf
∑

f=1

ψ̄f

(

γµDµ + mf
q − µγ0

)

ψf

Grand canonical partition function

Action

Parameters g2, mu ∼ 3MeV, md ∼ 6MeV, ms ∼ 120MeV, V, T, µ = µB/3

Z(V, T, µ; g, Nf , mf ) = Tr(e−(H−µQ)/T) =

∫
DADψ̄ Dψ e−Sg[Aµ]e−Sf [ψ̄,ψ.Aµ]

quark number Nf
q = ψ̄fγ0ψf

Nf = 2 + 1



Two problems of perturbation theory

strong coupling                                                                                             

finite T infrared problem for non-abelian theories:                           Linde                                                

g(300MeV) ∼ 1

g2

eE/T
− 1

E,p!T
∼

g2T

m

infrared divergent for              ,  
e.g. QCD,  symmetric phase electroweak theory

m = 0

gauge boson self-coupling:

resummation generates magnetic mass scale m ∼ g2T convergence??

finite T QFT has no solid perturbative definition, even for weak coupling!

at finite T



Requirements for and constraints from the lattice:

a ! ξ ! aL !

, ξ ∼ m−1
H

correlation length    :  lightest gauge invariant (hadronic?) mass scaleξ

scale of interest:

feasible lattices: 32
3
× 4, 16

3
× 8

T = 1
aNt

a ∼ 0.1 − 0.3fm

Tc ∼ 200MeV ∼ (1fm)−1

aL ∼ 1.5 − 3fm

low T (confined) phase: 

high T (deconfined) phase: mπ ∼ T, ξ ∼ 1/T
1

Nt

! 1 !
L

Nt

mπ
>
∼

250MeV

T <
∼

5Tc

lighter just beginning...



QCD in two important limits:     I. the quenched limit

I. infinitely heavy quarks:             pure gauge theory with static sources

QCD auf dem Gitter

System mit endlich vielen Freiheitsgraden, Erwartungswerte :

〈O〉 = Z−1

∫

DU detM O e−Sg[U ]

≈
1

N

N
∑

n=1

(detMO)[U ] Mittelung über Eichkonfigurationen U

Für Hadron mitmH , ξ ∼ m−1
H

a % ξ % aL ! ξ

⇒e.g. 304 ∼ 106 Gitterpunkte

Jeder Punkt⇒4 U ’s, jedes U ⇒8 unabh. Komponenten

⇒108-dimensionales Integral!

Typisch: a ∼ 0.1 − 0.3 fm, L ∼ 1.5 − 3 fm

invariant under U0(x, t) → znU0(x, t), zn = ei2πn/3
∈ Z(3)

global Z(3) symmetry:

static quark propagator:             Polyakov loop Lx =
Nt∏

x0=1

Un,0 , n ≡ (x0,x)

static sources transform non-trivially: Lx → znLx



free energy of static quark anti-quark pair:  

(= static potential + Boltzmann weighted thermal excitations)

order parameter for confinement: 〈L〉

{

= 0 ⇔ confined phase, T < Tc

> 0 ⇔ deconfined phase, T > Tc

exp

(

−
Fq̄q(r, T )

T

)

= 〈TrLxTrL†
y
〉 , r = |x − y|

deconfinement transition: spontaneous breaking of global Z(3) symmetry at high T 

free energy of a static quark in a plasma:

McLerran, Svetitsky〈Tr Lx〉 ∼ e
−Fq/T



The static quark free energy in the quenched limit
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σ(0)
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√

1 − b
T 2

T 2
c

Fqq̄(r, T )

T
= −

c(T )

(rT )d
e−µ(T )r



II.The chiral limit of QCD

massless quarks:

Sf invariant under global chiral transformations

SU(Nf )L × SU(Nf )R → SU(Nf )V

UA(1) × SU(Nf )L × SU(Nf )R

spontaneous symmetry breaking:

N
2

f − 1   massless Goldstone bosons, pions

order parameter:    chiral condensate 〈ψ̄ψ〉 =
1

L3Nt

∂

∂mq

lnZ

〈ψ̄ψ〉

{

> 0 ⇔ symmetry broken phase, T < Tc

= 0 ⇔ symmetric phase, T > Tc

chiral transition: spontaneous restoration of global                                   at high T SU(Nf )L × SU(Nf )R

But: chiral limit cannot be simulated!!



Physical QCD

.....breaks both chiral and Z(3) symmetry explicitly 

.....but displays confinement and very light pions

no order parameter           no phase transition necessary!

if there is a p.t.:        are there two distinct transitions?

if there is just one p.t.:    is it related to chiral or Z(3) dynamics?   

if there is no phase transition:   how do the properties of matter change?

T
deconf
c < T

chiral
c



Equation of state: ideal (non-interacting) gases

partition fcn. for one relativistic bosonic/fermionic d.o.f.:

equation of state for g d.o.f., two relevant limits:

Relativistic Boson, m ! T × (Fermion) Non-relativistic, m # T

pr = g π
2

90
T 4

(

7

8

)

pnr = gT
(

mT

2π

)
3

2 exp(−m/T )

εr = g π
2

30
T 4

(

7

8

)

εnr = m

T
pnr # pnr

pr = εr/3, pnr ! 0

lnZ = V

∫

d3p

(2π)3
ln

(

1 ± e−(E(p)−µ)/T
)±1

, E(p) =
√

p2 + m2

Stefan-Boltzmann



The QCD equation of state

Task: compute free energy density or pressure density 

all bulk thermodynamic properties follow:

f = −

T

V
lnZ(T, V )

p = −f,
ε − 3p

T 4
= T

d

dT

( p

T 4

)

,
s

T 3
=

ε + p

T 4
, c2

s
=

dp

dε

Technical problem:  partition function in Monte Carlo normalized to 1.
                                           
                                        not directly calculable, only Z, p, f 〈O〉 = Z−1 Tr(ρO)

f

T 4

∣

∣

∣

∣

T

To

= −

1

V

∫ T

To

dx
∂x−3 lnZ(x, V )

∂xIntegral method:



modify for lattice action:

f

T 4

∣

∣

∣

∣

β

βo

= −

N3
τ

L3

∫ β

βo

dβ′

(〈

∂ lnZ

∂β

〉

−

〈

∂ lnZ

∂β

〉

T=0

)

N.B.:  lower integration constant not rigorously defined, 
         but exponentially suppressed

f

T 4
(β0) ∼ e−mglueball/T

≈ 0

cut-off effects in the high temperature, ideal gas limit:

p

T 4

∣

∣

∣

∣

Nτ

=
p

T 4

∣

∣

∣

∣

∞

+
c

N2
τ

+ O(N−4

τ )

          momenta ∼ T ∼

1

a

(staggered)
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⇒T > Tc: mehr Freiheitsgrade, aber signifikante Wechselwirkung!more degrees of freedom, but significant interaction!

sQGP  or `almost ideal’ gas....?

staggered p4-improved, Nτ = 4 Bielefeld

so far qualitative, lattices too coarse, quark masses too heavy...

Numerical results on the equation of state



Equation of state for physical quark masses

Budapest-Marseille-Wuppertal 10

Hadron resonance gas model



Phase transitions and phase diagrams

• phase transitions: singularities in free energy F ⇒zeroes in partition functionZ

only in thermodynamic limit! ( Lee, Yang)

• first order: jump in order parameter, latent heat, phase coexistence

• second order: diverging correlation length

• crossover smooth, analytic transition

Example 1: water

order parameter: density ρ



Example 2: ferromagnetism

M/V

T_c

H=0

H>0

disordered

ordered

T

Ising model, Z(2) symmetry

spins with nearest neighbour interaction

E = −
∑

ij εi,jsisj − H
∑

i si

Universality of 2.o. phase transitions, critical exponents:

Correlation length diverges: microscopic dynamics unimportant, only global symmetries

specific heat C ∼ |t|−α, magnetizationM ∼ |t|β, . . . t = T−Tc

Tc

exponents the same for all systems within one universality class!

Critical endpoint of water shows 3d Ising universality, Z(2)!



The QCD phase diagram established by experiment:

B

Nuclear liquid gas transition, Z(2) end point



The conjectured QCD phase diagram

No first principles calculations before 2001:      sign problem

T

!

confined

QGP

Color superconductor

Tc

!

Expectation based on models:  NJL, NJL+Polyakov loop, linear sigma models, 
                                             random matrix models, ...
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Approaching the thermodynamic limit

different definitions (e.g. scanning in different directions, different observables etc.)

β0(µ) not unique

µ

T
finite V

βc(µ) unique for p.t., not for crossover

µ

T
infinite V

Critical line unique in thermodynamic limit!

Order of transition: finite volume scaling (β0(V ) − β0(∞)) ∼ V −σ

σ = 1 1st order

σ < 1 2nd order

σ = 0 crossover



Monte Carlo history,
plaquette
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Finding the phase transition:   the critical temperature 
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‘Measuring’ the phase transition I: (pseudo-) critical temperature T0

hadron gas→ quark gluon plasma: deconfinement or chiral phase transition?

“order parameters”:

Polyakov loop 〈L〉 (form → ∞), chiral condensate 〈ψ̄ψ〉 (form → 0)
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Susceptibilities: χ = V Nt(〈O2〉 − 〈O〉2) ⇒χmax = χ(β0) ⇒T0

β0, T0 only pseudo-critical on finite V

Susceptibilities:

Measuring the `order parameter’ as function of lattice coupling (viz. T)

here:  Nf = 2
β =

2Nc

g2(a)
T =

1

aNt

Tdeconf ≈ Tchiral



Quark mass dependence of the critical temperature
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The order of the p.t., arbitrary quark masses  

chiral p.t.
restoration of global

µ = 0

deconfinement p.t.: 
breaking of global 

SU(2)L × SU(2)R × U(1)A

Z(3)

anomalous



The nature of the phase transition at the physical point Fodor et al. 06

...in the staggered approximation...in the continuum...is a crossover!

The nature of the transition for phys. masses Aoki et al. 06



How to identify the critical surface: Binder cumulant

B4(ψ̄ψ) ≡
〈(δψ̄ψ)4〉

〈(δψ̄ψ)2〉2
V →∞

−→
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3 crossover
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Observable: Binder cumulant

• Probability distribution of order parameter

- distinguishes crossover (Gaussian) vs 1rst order (2 peaks)

- 2nd order: scale-invariant distribution with known Ising exponents

- encoded in Binder cumulant

• Measure B4(!̄!) ≡ 〈("!̄!)4〉
〈("!̄!)2〉2

∣
∣
∣
〈("!̄!)3〉=0

=
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• Finite volume, µ= 0: B4(am) = 1.604+ c(L)(am−am
c

0)+ . . . , c(L) % L
1/&

Ph. de Forcrand INT, Aug. 2008 Controlled crit. pt.

How to identify the order of the phase transition

x− xc

parameter along  phase boundary, T = Tc(x)

The ‘sign problem’ is a phase problem

importance sampling requires
positive weights

Dirac operator:  

Lattice QCD at finite temperature and density

Difficult (impossible?): sign problem of lattice QCD

Z =

∫

DU [detM(µ)]fe−Sg[U ]

positivity governed by γ5-hermiticity: D/ (µ)† = γ5D/ (−µ∗)γ5

⇒det(M) complex for SU(3), µ #= 0

⇒real positive for SU(2), µ = iµi

N.B.: all expectation values are real, but MC importance sampling impossible

The following methods evade the sign problem, they don’t cure it!

N.B.: all expectation values real, imaginary parts cancel, 
but importance sampling config. by config. impossible!
        

D/ (µ)† = γ5D/ (−µ∗)γ5

Z =

∫
DU [detM(µ)]fe−Sg[U ]

Lattice QCD at finite temperature and density

Difficult (impossible?): sign problem of lattice QCD

Z =

∫

DU [detM(µ)]fe−Sg[U ]

positivity governed by γ5-hermiticity: D/ (µ)† = γ5D/ (−µ∗)γ5

⇒det(M) complex for SU(3), µ #= 0

⇒real positive for SU(2), µ = iµi

N.B.: all expectation values are real, but MC importance sampling impossible

The following methods evade the sign problem, they don’t cure it!

µu = −µd

Same problem in many condensed matter systems!



 1dim. illustration



Finite density:  methods to evade the sign problem

Reweighting:

Taylor expansion:

Imaginary             :  no sign problem, fit by polynomial, then analytically continue

All require                !                      

U

S
µ=0 finite µ

~exp(V) statistics needed,
overlap problem

coeffs. one by one, 
convergence?

requires convergence
for anal. continuation 

µ/T < 1

〈O〉(µi) =
N∑

k=0

ck

( µi

πT

)2k
, µi → −iµ

〈O〉(µ) = 〈O〉(0) +
∑

k=1

ck

( µ

πT

)2k

Z =
∫

DU det M(0)
det M(µ)
det M(0)

e−Sg

use for MC      calculate

µ = iµi

in
te

gr
an

d



Comparing approaches: the critical line

university-logo

Intro Tc CEP Results Discussion Concl.

The good news: curvature of the pseudo-critical line

All with Nf = 4 staggered fermions, amq = 0.05,Nt = 4 (a∼ 0.3 fm)

PdF & Kratochvila
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D’Elia, Lombardo 16
3

Azcoiti et al., 8
3

Fodor, Katz, 6
3

Our reweighting, 6
3

deForcrand, Kratochvila, 6
3

imaginary µ

2 param. imag. µ

dble reweighting, LY zeros

Same, susceptibilities

canonical

Agreement for µ/T ! 1

Ph. de Forcrand INT, Aug. 2008 Controlled crit. pt.

de Forcrand, Kratochvila LAT 05

                     ;  same actions (unimproved staggered), same massNt = 4, Nf = 4

The good news: comparing Tc(µ) de Forcrand, Kratochvila 05 



Comparison with freeze-out curve 

freeze-out

hotQCD 11 Endrödi et al. 11

Tc(µ)
Tc(0)

= 1− κ(Nf , mq)
( µ

T

)2
+ . . .



Much harder: is there a QCD critical point?

12

Some methods trying (1) give indications of critical point, but systematics not yet controlled 



On coarse lattice exotic scenario: 
no chiral critical point at small density

Weakening of p.t. with chemical potential also for:

-Heavy quarks                                                               Fromm, Langelage, Lottini, O.P. 11

-Light quarks with finite isospin density                           Kogut, Sinclair 07

-Electroweak phase transition with finite lepton density   Gynther 03



Curvature of the chiral critical surface

de Forcrand, O.P.   08,09 



On coarse lattice exotic scenario: 
no chiral critical point at small density

Weakening of p.t. with chemical potential also for:

-Heavy quarks                                                               Fromm, Langelage, Lottini, O.P. 11

-Light quarks with finite isospin density                           Kogut, Sinclair 07

-Electroweak phase transition with finite lepton density   Gynther 03
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