Lecture |l

@ Putting the path integral on the lattice
O Lattice QCD

@ Some numerical results on non-perturbative physics



Recall Euclidean path integral for scalar fields

d(x,1)

H Hd(l)(x, t) = Do

S = / drd’x L
1 mg
Example: L(x) = 3 (3,0) (') = 5 ¢°(x) = 510" ()
t = —iT
_ 1 D —SE
® no oscillatory integrand Ge(X1,... %) = Z/ ¢ d(x1) - d(xn) €

® strongly fluctuating fields exp. suppressed o / D e~



Lattice formulation of Euclidean QFT’s

R* — x={x,|u=1,...,4} € aZ’ a . lattice spacing (or constant)

e ¢(x) : living on the lattice sites only

e partial derivatives — finite differences:

_ Eo(r£af) T ¢(x)

0,0 — AV(x)

a

= forward & backward lattice derivatives

Rotation symmetry: d*'y — a* Do — | |do(x) = Do)
SO(4) — D, / E H

(infinite-dimensional) integration measure well defined on discrete system!

=P finite numbers on finite lattice!



( 0 )

> 140 + 5200 + 1%

(T =l J

Lattice action: S = Ea“ l

X

Fourier transform : Ea4 e "P*¢(x) periodic

= restrict momenta to Brillouin zone —nt/a < p, < m/a

iverse Fourier transform:

VAP i Itraviol f [p,| <>
= P & traviolet cut —
d(x) /ﬂ/d L e’ o(p) ultraviolet cutoff |p,| < »

= field theories on a lattice are naturally regularized

finite volume V = L3L, coordinates x, =an,, n,=0,1,2,...L,—1
27

boundary cond. momenta p, = T xl,,1,=0,1,2,...L,—1

(periodic) s .

momentum integrations >
. / (27)* 4V E



Transfer matrix formalism

Euclidean time evolution operator over interval T:

e T =1imT" < Z=1limTr {T"} t=T/N

T—0 T—0

governs evolution of states:
W) =TIW)  We (@) = [ [ oo/ (x) [, (@)
Euclidean Green functions: Ny = [x(()k) —xy  |/7 x(()l) > x(()z) > .> x(()”>

| | TNO(I)(Xl,O)TNl(I)(XZ?O) 5 (l)(Xn’O)TNn
Ge(X1,...,%,) = TII_IEO,ICI_I% Tr {TV}

= lim Lim (¢(x))d(x2) - - - 0 (%))

T —oot—0



= the lattice Hamiltonian 1s defined by

1
H=——InT
a

® for physical theories, the transfer matrix is self-adjoint and positive
® provides connection between Euclidean path integral and Hamiltonian

® useful for spectral analysis of correlation functions

a=0,1,2,... T|o) = Ay |at) T=") haa)(c
a=0
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=)  Use in two-point euclidean Green function:

OE00) = 3 e B BT (x)eEFagy (y)

o=0 ﬁ:()

E RO Mg (x) Mo (y)

Mqp(x) = (a|$p(x,0)|B) : matrix elements

Extract low lying spectrum of the theory from exponential decay at large t

(in momentum space, these are the poles of the propagators)

Formalism carries over to gauge theories!



The continuum limit

To be taken in a controlled way through series of simulations:

lattice spacing a — O while physical (= renormalized) masses

should take finite limits  line of constant physics in bare parameter space

a dimensionful = fix some mass scale m

1
CL: am—0 <& =g —> ®
am
g : correlation length

thus: the CL 1s associated with a critical point of the theory




SU(N) gauge theory on a lattice

Gauge fields: cf. continuum parallel transport

Y(y) = Pexp [ig fj dzMAM(z)] Y(x) x\/\y

Links=parallel transp. by a:
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Gauge trafo: 19 (x) = g(z)¥(z), Ufl(z) = g(2)Uu(z)g"(z + i1)

Covariant derivative: Dp(x) — a=t (Uy(z)(x + i) — () + O(a)



Two kinds of gauge invaria

nt objects > observables

""""""""""" OU%"W?’) transforms adjoint:
................................................ L U@ = @)Ul @)
A UK AUy = T =T
______________________________ o Uaw

_________________________ CJNPRS WORON SR TR RO DROR SR C) N6 SR RO HOD SN

Discretisation respects gauge invariance, independent of a!

smallest loop: “plaquette” Up(x) =U"(x,v)U  (x+a¥V, p)U (x+ aji, v)U (x, p)

UM(CE) _ e—iagAM(a:)
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CL492
71— 14+ia°gF,, — TFWFW O(a®)

=) Wilson action:

reproduces SU(N) Yang-Mills in continuum limit; for finite a not unique!

@ action gauge-invariant for any lattice spacing

® real, positive



1
Quantum theory: (0) = Z/Q)[U] 0 ¢SVl 7= /Q)[U] e ~SelU]

DU = [dU(b)

b

with Haar measure /Gf(U)dU:/Gf(VU)dUZ/Gf(UV)dU /GdUzl

® Path integral exists: S,|U| real positive, compact integration range,
finite no. of integrations

=P result finite

® |Integration requires no gauge fixing, except for doing perturbation theory



Observables in lattice pure gauge theory

t

I
Plaquette correlation function: >

g

QL

Spectral analysis, large t: (Tr(U(p1))Tr(U(p2)))c ~ exp —mit

Glueball: colour singlet, bound state of gluons /

Wilson loop: r

Spectral analysis, large t: (Tr(U(C))) ~ exp —art

area law = confinement



The static potential from the Wilson loop

@® Euclidean correlator of gauge invariant meson operator

@® integrate out quarks in the limit M — oo

($(x, T)U (%, y; 7)Y (y, )9 (v, 0)UT (%, 5;0)9(x,0)) — e " Wg(jx —y]|,7)

|

® spectral decomposition, 7' — 0 We(r,m — 00) — ¢2,[U(x,y;0)] eV 7

/

energy of static quark-antiquark pair

r=[x—-y

U(x,y;0) = U,(0)

c Qj | . . r— 00
Area law: signal for confinement! =static potential V(1) °



Fermions on the lattice = headache

functional integral quantization: define fermionic path integrals
0|A|O) D] D[p] A — S, P]
01410) = [ DD e
with
measure : Hndwa )dp,, (x)

free field action : Sgly,P| = /d4x1p x) (v, 0" +m)y(x)

Grassmann variables:

/Q) exp{ /d4x1p (x) 0 (x )} = detQ

Fermion determinant



Naive lattice action: Selg, ] = % E E P(x) (v, +m)yP(x)
X M

with momentum space propagator

- —1 sink, +m
A(k) _ Eﬂ:yﬂz M .
Eﬂsm k,+m

physical pole at zero momentum

additional poles at k, = = because of periodicity!

describes |6 instead of | particle: fermion doubling’ problem

Nielsen-Ninomiya theorem:

There exists no local, chiral fermion actions without doublers



Fixes: pick your poison

Wilson fermions
add irrelevant ops. (going away in CL) to make doublers very massive
breaks chiral symmetry for non-zero a

staggered (Kogut-Susskind) fermions

distribute spinor components on different sites, reduces to 4 flavours
take 4th root of determinant to get to one flavour, keeps reduced chiral symm.
non-local operation, have to take CL before chiral limit, mixing of spin, flavour

domain wall fermions
introduce 5th dimension, fermions massive in that dim. and chiral in the other
expensive

overlap fermions
non-local formulation with modified chiral symmetry even for finite a
two orders of magnitude more expensive than Wilson



Wilson fermions

e Add a term to D,aive Which formally vanishes as a — 0:

1

Dy +myf = 5 n (V. + V;) +arV ,V, +mg
~ | 1 2r . o [apy
Dy (p) = 1y,—sin(ap, )+—sin ( 5 ) (free theory)
a a 2

= Mass of doubler states receives contribution o 7 /a: pushed to cutoff scale

—) Complete lifting of degeneracy

—( Explicit breaking of chiral symmetry:

even for m¢ = 0 the action is no longer invariant under

P(x) — e BY(x),  P(x) — P(x)e'

Mostly acceptable, but makes things more complicated



Lattice perturbation theory

Classical vacuum: A, =0—-U,(x)=1

=) expand U (x,u) = exp {igoaA]’j(x) T,} in powers of the bare coupling g

=> Sg[U]2204{L2+SOL3+8(%L4+“°}

—=> ndU(x,]/t) = e_Sm[A]HdAZ(x)

x?ﬂﬂa

N
SmlA] = ﬁazg%Az(x)Az(x) + O(A%)
X

propagators and vertices different from continuum, n-point self-interactions!

complicated and clumsy, but sometimes necessary for
-determination of RG functions

-matching of continuum and lattice renormalisation schemes
-determination of lattice cut-off effects



Strong coupling expansion for pure gauge theory

expand the Boltzmann factor in powers of f o« 1/gZ as

exp{ﬁllvRe [TrU(p)]} = 1+|3]lvRe (TrU(p)] + -

amounts to diagrammatic representation in terms of plaquettes

‘famous’ leading order predictions: Wilson 1974
RT—o _GRT .
<TrU(CR,T)> ~ Ce with G:—lnﬁ—l—---

t large

Cp(t) ~ e ™" with mg=—4Inf + ---

[ SU(N) LGT is confining for all values of the gauge coupling |



m Rewrite partition function as sum over sets of plaquettes

DUp exp(—S,)
1 s

1] c@(ﬁ)/ DUy S 1+ cr(B)xr(Up) p =5 ) d(G)
p r#0 G

4

m Integration rule 1

[ (V) =46

m — Graphs must have closed surfaces

m Integration rule 2

1
/ dUXH(UV)xs(UW) = brs (VW)



m Leading order graphs

m Corrections




Monte Carlo evaluation

7 = /D’(;DQ/JDUG_SQ[U]_S].[U’Q;’QP] _ /DU H(detM) o—Sg[U]
f

Systematics: finite V,a effects

for hadron with m g, & ~ m;f
a KL EKLal!

T
T

—-e.g. 30* ~ 109 Iattice points

every point =4 U'’s, every U € SU(3) =8 independent components —-10®-dimensional integral!




very peaked integrand!

—>Monte Carlo integration, importance sampling

Markov process:  ensemble

Wit — U2} — {Us} ... {Un;}

“— 7. updating algorithm with associated probability,

ergodic []

N
1
(O) = Z—1/DU det MO e 96lUl & NZ (det MO)|

— NN “measurements” of O =>-statistical error ~ 1/v/ N

Light fermions expensive:

det M[U] = M[U] - Aa[U]- As[U]. ... cost(det M) ~ ——, n > 2
m
q

Non-local: every eigenvalue depends on every link



Computing hadron masses

C(t) = (01 Y O4(# 6)0,(0)]0) = Y~ (0104|n) (n|O;[0) e~

n

glueball:  O(z) = TvF7, = TrUpy(x) T 5 00 (0|O¢|7) (7| O;]0) e M7
PS-meson: O(z) = &(x)%w(x) pion, ...
V-meson: O(z) = ﬁ(x)ww(x) rho, ...

. zero momentum projection, E,, — M I
> i zero momentum projection, E, no L Hofol"

eff mass My(t) = — n[C(t +1)/C(t)] i %ﬁ @ j
- [ & 75 h TT[]_
\E/l: 0.3 — ii% .ﬁﬁ S __._QEﬁ
matrix elements related to f, ik i
X
0.28 % |
0y # O,f
E | |
0 10 20

30



Eliminating bare lattice parameters

Bare parameters:  gg. 1My, Mg, M, .

Can freely choose bare quark mass m, in simulations;

Which value of m, corresponds to m,,., myg....?

q

Obtain hadron masses as functions of mg, e.g. ampg(mg,,mq,)

Quark mass dependence of hadron masses:

2
'77'2._1:)8 X '77’lq, myy, Tty XX '77Zq

Eliminate the bare parameters in favour of hadronic input quantities:

GeV
go~1/Ina: a '[GeV]= QLG ], Q= fr.,mN,Ap_1q:-..
(aQ)

2 2 2 2
A 1 A Mmpg T Mmpg myg

m = 5(my, +my) : > ;Mg : >

5 u 4 S

TER - f= Iz



Pure gauge theory: glueball spectrum

Glueball interpolating operators

A7 75

L.‘d/‘;‘

A e

A 4

48

SN

-

/

A

e contamination of higher spin states;
e.g. 07" can mix with 4™+

e Matrix correlators:

Cij(xo) = ) _ (Oi(2)0;(0))

—r

€T

basis of interpolating operators for given irrep. of the hypercubic group

— Recover a given spin-parity in the continuum limit



FoMg

10

Pure gauge theory: glueball spectrum

continuum extrapolation ndi - fo(1370), fo(1500), fo(1710), fo(2220)
12 _
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Recovery of SO(4)! Morningstar, Peardon PRD 99



[V(r)_v(rc)]'ro

The static potential
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QCD: the light hadron spectrum

quenched

e K input
o ¢ input
experiment

CP-PACS 99

M[MeV]

unquenched
2000-
f =0
1500- —=
] —=— = 1 %Z*
] B S
_ —I—!.-\
1000- N N
Z maly
500_’ e K —— experiment
7 —— width
¢ QCD
=TI
0

Budapest-Marseille-VWuppertal, LAT08

Nf=2+1, nearly physical, one lattice spacing




Running coupling from Schrodinger functional

~C
L

Schrodinger functional:
finite-volume renormalisation scheme Gime T
Gar runs with the box size:  G2r(L) "\ A
C
—————
space
(IxIxL box with periodic b.c.)
03 _l lllll] | 1 l]lll]l | | | llll'll | 1 lllll_
g-(Lo) - . N=0 :
au) \ ]
- "'5" —-—— 2-loop o
R = .
0.2 3—loop -
0.1 — -
- . :
— i, vy - - i
7(8Lo) : ——
:l N R 1 llllllll 1 1 lllllll 1 llllll-—;
1 10 100 #[Gevj

Capitani, Luscher, Sommer, Wittig 99



Precision physics results!
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