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Abstract

In this bachelor thesis, I perform the tuning of an anisotropic relativistic
heavy quark action (RHQ action) in quenched lattice QCD with three tunable
parameters on a lattice with temporal extent L; = 64, spatial extent L, = 24
and inverse coupling 3 = 5.9. To this end, I calculate the mass m,;, , the splitting
my(15) — My, as well as the squared speed of light c%b via the lattice dispersion
relation for 7,. The three parameters of the action are iteratively improved to

match these three observables on the lattice with their experimental values.



Zusammenfassung

In dieser Bachelorarbeit fiithre ich die Parameterabstimmung einer anisotropen rela-
tivistischen Schwerquark-Wirkung (RHQ-Wirkung) in gequenchter Gitter-QCD durch.
Dabei werden die drei freien Parameter der Wirkung auf einem Gitter mit zeitlicher
Ausdehnung L; = 64, rdumlicher Ausdehnung L, = 24 und inverser Kopplungskon-
stante § = 5.9 iterativ so eingestellt, dass die aus der Simulation bestimmten Observ-

2 o . . 7. . . .
ablen my, , my@us) — m,, und ¢,y it ihren experimentellen Werten iibereinstimmen.
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1 Introduction

Quantum Chromodynamics (QCD) is the theory of quarks and gluons and their strong
interactions. At scales of atomic nuclei (107*%m = 1fm) and below it is typically the
dominant force for describing hadrons. Mesons are hadrons described by QCD. They
are bound states consisting of a quark and an antiquark ¢q’. Meson spectra and other
properties are studied both theoretically and experimentally [1], [2], [3].

Born-Oppenheimer effective field theory (BOEFT) is a possible approximation of
QCD [4]. To appropriately tune its free parameters, its predictions have to be com-
pared with reliable data either from experiments or from first principle lattice calcu-
lations. Of special interests are lattice predictions of highly excited as well as exotic
mesonic states. This thesis aims to prepare a setup suitable for calculating properties
of these states from first principle with lattice QCD.

Lattice QCD, in which all fields and operators are discretized on a finite lattice [5],
introduces systematic errors into calculations such as finite volume effects and dis-
cretization errors.

To reduce the impact of discretization errors improved discretization of operators is
desirable.

The relativistic heavy quark (RHQ) action used in this thesis contains such improve-
ments [6]. It removes discretization errors of on-shell Green’s function scaling of order
O([moa]™), O(|pla) and O(|pa|[mea|™) with n = 1,2,... [7]. The RHQ action con-
tains three parameters that, for a specific lattice should be tuned nonperturbatively
by comparing observables from the lattice with experimental observables. Once the
action is tuned it can be used to calculate observables on the lattice.

This thesis is structured as follows.

In section 2 I define the path integral expectation value and the quenched approxi-
mation. I explain how to calculate smeared quark propagators. I describe the RHQ
action and I explain how to calculate quarkonium correlators on the periodic lattice
and derive its spectral decomposition.

I describe effective mass curves, and an algorithm with which the RHQ action can be
tuned. I also explain how to extract the observables of the bottomonium system m,, ,
the spin averaged my(15) and c,,%b from the lattice data. I use these observables to tune
the RHQ action.

In section 3 I describe, how I generate the quenched gauge field ensemble used in this
thesis, and how I determined its lattice spacing. I explain the effects of fermionic
Gauss smearing on the excited state contamination and I describe how its parameters

were optimized in this thesis. I explain how I optimized the fit intervals for fits to the



quarkonium correlators.
Finally, T present the parameters and the values of the observables used for tuning,

for all tuning steps and compare these observables with their experimental values.

In section 4 I present my conclusions on the used techniques and the obtained results.

Finally, I give an outlook on follow-up work.



2 Theory

2.1 The quenched approximation

This section briefly reviews the path-integral formulation and the quenched approxi-
mation following [8]. Let U,(n) be the gauge fields, ¢//)(n) be the quark field flavor f
and let A be the set of all lattice sites. Let Sg denote the gauge action and let Sr be
the fermion action. The Euclidean path integral expectation value of an observable A

is defined as
()= 5 [ DT DV exp (~Spl6. 5.0) - SelU) Al 0,01 (1)
where the partition function Z is defined as
2= [ DUy 91 DIV exp (=Sl 5,01 - SalU) ©)

and the integrations measures are defined as:

U] =[] [[dU.(n) (3)
neA p=1

D[y, ¥] =[] I @Y (n)a dpP(n)a. (4)
neN f,a,c

(A) can be split into the fermionic expectation value (A), and the gauge field expec-
tation value (B) defined by:

(A, [U] = fm / DI, §) exp (— e[, %, U1) ARp, 3, U] (5)
Ze[U) = / Dy, @] exp (—Se [, 8, U) (6)
Bl =5 [ DUlexp (~SlU) BUIZ&(U] @

Zp[U] is called the fermionic determinant. Notice that (A) = ((A)),. For a numer-

ical evaluation of equation (1) one can use importance sampling, and write

N

) 1
(A) = lim — Z (A)p (U] (8)



where the U,, are chosen according to the probability distribution density:

D[U] exp (=Sg|U)) Zp[U] (9)
| DIU] exp (—=S¢[U]) Zp|U]

dP(U) =

The quenched approximation is defined by setting Zr[U] = 1 in equation (9). In
this thesis I use the quenched approximation. At finite statistics the path integral

expectation value in the quenched approximation (.A) 4 can be approximated as:

quenche:

1 N
< quenched ™ N 2:: ( 1 0)

where the U, are chosen according to the probability distribution density:

DIU] exp (=5¢[U])
J DIU] exp (=Se[U])

dP'(U) = (11)

2.2 Action

In this thesis, I use the clover-improved anisotropic relativistic heavy-quark action
(12) given in [7].

Sa(mo, v, cs) = a* Y 1h(m) Druq(m|n)i(n) (12)
Here

Drrg(mln) := <m0 + 74Dy + vy D; — g(D4)2 - gz/(D,-DY;) + Z %CSWO‘WE,,V)
: s)
Here my is the bare quark mass for the quark of flavor Q, v is the anisotropy parameter
and cg, 1s the Sheikholeslami-Wohlert coefficient. The discretizations of the first and

the second partial derivatives, as well as the discretizations of the Yang-Mills field



strength tensor F},, are given as:

(14
Du(n) = o [Uulm) v+ )~ Uln — ) 0 — )] (15)
DR(n) = 5 [Uun) 90+ )+ Ufn = ) — ) — 26 () (16)

Fo(n) = # Z ss' [Usﬂ(n) Ugy(n+ sp) Ul (n + s'D) Ul (n) — h.c.] (17)

s,8'==+1

o and U_,, are defined as:

T = 3 o 0] (18)
U-y(n) = Ul = ). (19)

According to [7] the parameters can be tuned to remove discretization errors of order
O(|pla), O(|pla(mea)™) and O((mga)™) for n = 1,2, .... for on-shell greens functions,
where |p] and mq are given in physical units.

The tuned RQH action (12) can then be used to describe quarks with mea < 1.
Note that Druq satisfies equation (41), as I show in section 5.4. In the following I

exclusively consider this action.

2.3 Propagators

This section briefly reviews propagators and fermionic smearing following [8].

The propagator D@~ (n|m) fa from a source position m to a sink position n is the

inverse of the Dirac operator D Q)(n|m)ga It satisfies

> DD (n|m)ga DD (m|l)ay = 6,1 0py St (20)
b(l/ ac
The label @) stands for the quark flavor, the indices a and /3 denote spin indices and
a and b denote color indices.
For a fixed color index ag, a fixed spin index ag and a fixed lattice site mg a point

S{gmo,ao,ao) (

source m)a is defined as:
a

S(()mo’ao,ao) (m)‘,’; = 5m,m06a,a05a>ao' (21)

10



A point to all propagator is defined as the action of the propagator on a point source:

DO (nfmo)sag = Y D'V (nfm)ga 55" (m)o. (22)

bag ba
m,a,a

One can replace the point source in equation (22) by a smeared source S(mO’O‘O’QO)(m)g

resulting in the smeared point to all propagator

D™ (nmo)sag = Y DD (nfm) ga ST0%) (m)a. (23)

bag ba
m,a,a

Such smearing can help reduce excite state contamination described in section 2.5. A
commonly used approximation to Gaussian smearing is given by the kernel G(Nsmear) [7].

Its action on a source field S is defined by equations (24) and (25).

2 Nsmear
(Nsmear) . smear
R (l " Do A) (24)
3 ~ ~ ~
n) =3 (Ueln) S+ k) + Uf(n — B S(n— k) —25(m))  (25)
k=1

Namear 18 the number of smearing steps and ogear is the smearing radius. A possible

smeared point source is therefore

S(moyao,ao) G(Nsllleal S(mwao ao) (26)

To calculate the smeared point to all propagator defined in equation (23) which I

abbreviate with ¢ one can solve the system of equations:
D¢ =5. (27)

A modern method to solve this set of equations is with variations of gradient (CG)

algorithm described in [8]. Such methods will not be discussed here.

2.4 Quarkonium Correlators

Let Og be a single quarkonium operator of the form

0o = QTQ. (28)

11



Here (@ is a spinor of flavor Q and I' is some monomial in the Euclidean y-matrices,
acting in spin space. Depending on the choice of I' O has different quantum numbers.
Table 1 shows low-lying quarkonium states, as well as [' that creates states with the
corresponding quantum numbers and the experimental masses taken from the Particle
Data Group (PDG) [2].

Table 1: Low-lying bottomonium states, quantum numbers, interpolating operators,
and PDG masses.

State  JFY T structure  Mass [MeV]

n(LS)  0°F ¥s 9398.7 + 2.0
T(1S) 17—~ Y 9460.30 + 0.26
xwo(1P) 0FF 1 0859.44 + 0.42

xp1(1P) 17 YiYs 0892.78 + 0.40

Here v, are the Euclidean gamma matrices that satisfy

{7u77u} = 25117/7 f)/l = Y (29)

for 4 =1,2,3,4 and the hermitian 75 is defined by
V5 1= V1727374 (30)

2.4.1 Position space correlators

On the lattice the single quarkonium creation operator Qg has to be given in position

space. For that I set

Oq(n) = Q(n)TQ(n). (31)

The correlator in position space on a single gauge field configuration G(n — m) can
be defined as

G(n —m) :=(Oq(n) Og(m)) (32)

F

I need the identity

Yl Ty = T (33)

where nr = 41, which holds if T is a monomial in the Euclidean y-matrices.

Oq(m) = O'g(m) = =Q(m)' 1 THQ(m))" = —Q(m) 1 I'uQ'(n) = —nrQ(m) TQ(m)
(34)

12



For the second equality sign, [ used 72 = 1, equation (31) and the Grassmann property
of the quark fields.
I used Q = QT for the third and equation (33) for the last equality sign. I continue

to calculate

G(n—m) = (Oq(n) Og(m)),, (35)
= —nr <Q(n)g; Lasa; Q(n)az Q(m)g, Ty, Q(m)ﬁz> (36)
b1

= —nrlaa, F,@1ﬁ2 <Q(n)g1 Q(n)gf Q(m)ﬁl Q(m)ﬁ2>F . (37)

For the second equality sign I use equations (31) and (34) and write the expression out

in index notation. «; and 3; denote spin indices while a; and b; denote color indices.

- _nFFOqOéz Fﬁlﬁz X

(e o)y ), (@)t >F - (@msams, > (@) Qm >)

o by b1 “ b
(38)
= —Nrlajan Uoigy X
(D(Q)_l(n|n)g§gllD(Q)_1(m|m)€ggl _ D(Q)_l(m|n)€2a1D(Q)_1(n|m)a251> (39)
1b1 1a1 a1by
= —np Tr{ D@D (n|n)T'} Tr{DD~(m|m)I'}
+ e Tr{ DD~ (m|n) T DD~ (n|m) I'} (40)

First T use Wick’s theorem. For the third equality sign, I use the Trace in both spin
and color space Tr. I have also introduced the propagator D@~!(m|n) from the
source position m to the sink position n.

Another common property of Dirac operators is 75 hermiticity, e.g. the following

equation holds.
D' = 5Dy (41)

If this holds, then also the propagator is v5 hermitian. In this thesis, the action used
is defined in section 2.2, and the proof for the 75 hermiticity of this action can be

found in section 5.4. If I assume ~; hermiticity, I find

(O(n)O(m)) . =
— e Tr{ D@~ (n|n)T'} Tr{D'® "} (m|m)T'}
+ inr{’y5(D(Q)_1(n|m))Tfy5 FD(Q)_l(n|m) r'}. (42)

13



Here the dagger on the second to last inverse Dirac operator acts on spin and color
indices.

The term containing inverse Dirac operators connecting sites to themselves, is called
a disconnected term.

In this thesis, disconnected terms are not calculated.

2.4.2 Momentum space correlators

The single quarkonium interpolating operator at definite spatial momentum p’ @Q (p,t)
is defined as the Fourier-transformed of the position space quarkonium interpolating

operator.

Oq(7it) = ﬁz

|As| is the number of points 7 can take. An important object is the correlator at

“7TOq (i 1) (43)

definite spatial momentum p' C(p,t) which is defined as:

C(5.1) = (Oa(pit + ¢)0a(Fi1) ) = (44)
1 2 o~ H(Pii—pim) It / m. 1)) =
(M) nz,; (Og(7, t +1)Oq (1, 1)) (45)
1

I first used Equation (43) and translational invariance to rewrite G(ri — m,t) =
(Oq (i1, t +1')Oq (11, t')) ,, where G(n —m) is defined in equation (32).

Pt |A3|Z-ZW> 1)) ¢ (47)
:Ze—f G(7, 1)) (48)

I first reindexed the sum over m with the shift 7 — m = 7, and then I collapsed
>, = |As]. By substituting G(r,t) back and reverting the index shift I calculate

C(p,t) = e " e P (O (i, t + 1) Og (1, t')) . (49)

7l

In this form it is evident, that a knowledge of the lhs. of equation (49) for any fixed

source point (m, t') is sufficient to compute the rhs. However, at finite statistics better

14



results can be achieved by averaging over multiple source points.

1
#SSCI'

C(p,t) = < > Oqlp,t +1)0q (i, t’)e"ﬁm> (50)

(17,t') € Ssex

Since energies according to the continuum dispersion relation

E(p) = V/m? + (51)

only depend on p = |p] statistics can be further improved by only considering the ab-
solute value of the momentum. I define C(p,t) the average correlator of a momentum
shell as: )
C(p,t) == N, > o). (52)
|p1=p
Here N, is the number of momenta with |p] = p that can be realized on the lattice.
For =0 I define:

C(t) == C(0,1). (53)

In section 5.2 I show, that if only contributions from the vacuum are considered C(p, t)

on the periodic lattice can be approximated as:
50~ 2 4B+ Fa) B
CHt) =~ > Aqy(p) e 2P @) cosh | (E,(p) — Ea) [t - S) 68

Here Aqs(p) is an overlap factor defined by:

Aqs(7) = (0, 50|00 ()15, 5) (5, s| OL (M0, s0). (55)

Sufficiently far away from the boundaries ¢ = Ny and ¢ = 0 the ground state labeled

by s = 0 dominates and I write

2
C(p.t) ~ EAQO@*) o~ 5 (Bo(P)+Eq) Cosh[(Eo(ﬁ) — Eq) (t — g)] : (56)
With the definition Ags(p) = N%Zm:p Aqs(p) and Eq(p) = NLkaﬁ]:p E(p) and

equation (52) I calculate

Clp. ) ~ 2 Aay(p) e~ 500 +50) cosh[(Eo<p> ) (t - §)] e

15



2.5 Effective mass

Let C(t) be a correlator at definite spatial momentum p = 0 as described in sec-
tion 2.4. The leading-order contribution to C(¢) for quarkonium is of the form
2A cosh(m(t — B/Q))e‘mg, if t is far away from the boundaries t = 0 and ¢t = Nr.

Here m is the mass of the state, f = Nt is the number of lattice points in the temporal

direction, and A is a positive real number.

The effects of the subleading terms are called excited-state contaminations. To keep
them at a minimum one can choose an interval for subsequent analysis, such that the
contributions of excited-states in that interval are negligible. One standard test for
this is to define an effective mass, a measure of the mass m, that only uses neighboring

time points.

In this thesis, I use the cosh effective mass meg(t)

met(t) = arcosh (C(t +D)+C0E = 1))

2000 (58)

In the limit in which the subleading terms become zero meg(t) becomes constant.
Once an interval has been found where the excited-state contamination is sufficiently
small, all subsequent analysis will be conducted on this interval only.

Note that the leading-order contribution to C(t) is symmetric around the point ¢ =
Nr/2. At finite statistics, better results can be achieved by averaging the forward and
the backward parts of the correlator before using equation (58). This was done in this

thesis.

2.6 Tuning

The RHQ-action Sg(my, v, ¢sy) from subsection 2.2 can be used to describe heavy
quarks. For this the parameters of the action have to be chosen, such that lattice re-

sults match the experimental data, up to finite volume effects and discretization errors.

I set P = (my, v, cs,) and call the optimal parameters Py, which can be determined

non perturbatively on the lattice.
For that, let O, O i = 1,2,3 be the same observables on the lattice, and in the

experiment respectively. O are functions of the parameters P. This corresponds to
finding the roots of F(P) with F;(P) := O — OB (P).

16



If an initial guess P(® for the location of the root is known, such that F' is locally
well described by a non-constant affine linear function, then Newton-Raphson is an
iterative root finding algorithm.

Let J(P) be the Jacobian matrix of F' at P such that J;;(P) = gﬁ% and let P(™ be

the n-th guess for P then P"*Y = p() — j=1(P™)) F(P™). If the Jacobian is not
known analytically, it can be numerically estimated, by discretizing the derivatives
OF; _, Fi (P hjé;)—F; (P —hyé;
oP, 2h;

This was done by the authors of [7]. They propose to stop the tuning process, if

according to ), h;j is a positive small number.

P — by < PMY < P g (59)

holds.

This corresponds to the requirement, that the last tuning step is an interpolation
rather than an extrapolation. P"*1 are then considered to be the tuned parameters
Ptuned of the action.

In this thesis, I follow the approach of [7], but I also consider that O} has a statistical
error.

To do this, I use the methods described in the subsection 5.1 to calculate the jackknife
estimate of P("*Y with its jackknife error, which I call op = (0, 04, Oc,, )Y

op should be compared to the change in parameters Pi(nH) — P,L.(n).

If Pi(m(fl)—P_)"Pi(m is much larger than one for all ¢ = 1,2, 3, no meaningful improvement
should be expected.

In particular, if the h; are chosen to be very small the jackknife estimates of J(P™)
may become dominated by noise, and as a result may be ill conditioned. In such a case
the jackknife mean could be dominated by noise, and the Newton-Raphson algorithm
may not converge.

Each h; has to be chosen small enough, such that O equals O}*(P) up to desired

precision for i = 1,2, 3.

In this thesis, I use the mass of n, O7" = m,, the splitting O3 = m~y15) —m,, where
mry(1s) is the spin averaged mass of T(15) and O5" = c%b as observables. These are

well known experimentally and are sensitive to change P.

I perform a x? minimizing fit of C(p,t) calculated with equations (52) and (50) for
n, to equation (57) to extract the dispersion relation (Ey,,(p) — Eq) for ny. m,, =
(Eon,(0) — Eq) follows.

17



To extract the cf]b, I perform a further correlated fit to the dispersion relation

Eo,,(p) — Eq = \/ M2, + picd, (60)

equivalent to equation (51), where masses and energies are given in MeV /c?.

The mass my(1s) of the spin averaged Y(1S) is extracted in the same manner as for

Mp-

18



3 Results

3.1 Generating and analyzing quenched gauge field configu-

rations

Unless stated otherwise, all quantities are given in lattice units. For generating
quenched gauge field configurations, I chose a lattice with spatial extent Ly = 24
and with temporal extent Ly = 64. As inverse coupling strength I chose § = 5.9. In
total, I generated 2000 gauge field configurations.

According to [9] equation (61) is a parametrization for In(a(8)/rg) for 5.7 < 5 < 6.57
with relative statistical uncertainty 22(3) as parametrized by equation (62). Here

1o = 0.5fm is the hadronic scale or Sommer scale introduced in [10].

In(a/ro) = —1.6805 — 1.7139(3 — 6) + 0.8155(3 — 6)* — 0.6667(3 — 6)>  (61)

Aa 0.6% — 0.3%

—(8) = 03% + — = (B~ 5.7) (62)

Using this I obtained a lattice spacing of a(5.9) = (0.11153 &£ 0.00041)fm.
It should be noted, that this precision is misleadingly high, as it does not contain the

systematic error of estimating the lattice spacing with the static force.

Grid Python Toolkit (GPT) [11] is a Python library with C++ backend, used through-
out this thesis. GPT is based on Grid [12].

[ used the SU(2)-heatbath algorithm provided by the GPT library to generate quenched
gauge field configurations. To study thermalization, I used GPT to compute the av-

erage plaquette P, for every saved configuration. P is defined by:

6|A|N > D ReTr(U( (63)

neN p<v

Uu(n) == U,(n)U,(n+ @)U,(n+ 2)1U,(n)". (64)

Here N, is the number of color. To reduce the impact of statistical fluctuations,
I computed a running average over the plaquette which I defined as follows. Let

plaq(7) be the average plaquette P of the i-th configuration, let N,, be the number of

19



configurations to average over. The running average over N,, configurations plaq,, ()
I defined as:

Nav—1

Z plaq(i — 7). (65)

J=0

1
Nay

plaq,, (i) :=

I note that this quantity is not defined if ¢ < N,,, and that thermalizes up to N,, — 1
configurations later than the plaquette.

In the top plot of figure 1 I show plaq,, for N,, = 50 and configuration numbers
50 — 2000.

From the left, up until approximately configuration number 200 the plaquette has a
clear downwards trend. Further to the right, it seems to thermalize. To set a point,
where the plaquette thermalizes with higher precision, I inspected a smaller interval,
and plot the average plaquette. The bottom plot of figure 1 shows plaq for config-
uration numbers 50 — 600. At around the 200-th configuration the downward trend
stops. In order to guarantee, that I did not use a configuration before thermalization

for subsequent analyses I conservatively choose Niperm = 250.

3.2 Optimizing fermionic smearing

The excited state contamination discussed in subsection 2.5 can be reduced by means
of fermionic smearing described in section 2.3. I used the GPT library for the numeri-
cal implementation of equation (27) and (23). In this thesis I used Gaussian smearing
described in section 2.3 and I chose ogpnear = 1 and optimize Ngpear. For this I used
the parameters of the 0-th tuning step which can be found in table 5 to calculate the
correlator at zero spatial momentum C'(¢) as described in section 2.4. The effective
mass meg was calculated using equation (58). For these calculations, I used 100 dif-
ferent gauge field configurations, with 5 source points each.

I repeated the calculation for Ngyear = 1,2, 3,4, and plotted the effective mass curves

in the two plots in figure 2.

In the top plot I show meg as a function of t for Ngpear = 1,2, 3,4, for t > 5. For low
values of ¢, Nypnear = 1 clearly leads to the highest effective mass values and thus the
highest excited state contamination.

The bottom plot shows the same data as the top plot, excluding Ngpear = 1.

There one can see that Ngpear = 2 seems to generate the lowest effective mass curves
for early time slices, of all tested values of Nguear- The difference is not significant. I

chose Nypear = 2 for all further calculations.
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Figure 1: Top: plaq,, with N,, = 50, Bottom: plaq

3.3 Interval setting

For the tuning described in subsections 2.6 and 3.4 fits to C'(p,t) have to be done.
The interval in which these fits are taken should on the one hand have low excited
state contamination, on the other hand one would expect fits there to have a reduced
X2,4 near one.

Figure 3 shows the effective mass for the parameters of the zeroth tuning step. The

plateau begins at approximately £.,;; = 15 and ends at approximately ¢,,.x = 26.

I varied the bounds of this plateau and for each of these I calculate the mean value
over all momentum shells of |1 — x2 4| for the fits to equation (57). Since Y%, ~ 1
indicates data compatible with the model function, this is indicative of how strong
effects of excited state contamination affect fits to correlators. In table 2 I report

these results. The lowest value is achieved with ¢,,;, = 15 and ¢, = 26. In all further
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Figure 2: Effective masses meg for 7,. Top: Ngmear = 1,2,3,4, ¢ > 5. Bottom:
Nomear = 2,3,4,15 <t < 26.

analyses this is the fit interval I chose.

Table 2: Mean over all momentum shells of |1 — x2,| for fit of C(p,t) to equation

(57).
brac/0 o) 95 95 o7
tmin/a
14 0.62 058 040 0.56
15 0.078 0.077 0.043 0.33
16 020 014 0.082 045
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3.4 Tuning

In [13] the RH(Q action was tuned with the heavy-strange mesons B, Bg*) , Dy and
DY,

In [13] they perform the tuning for an ensemble labeled with C005 and give a lattice
spacing of a ~ 0.111fm. Their lattice geometry is 24% x 64 with 311 gauge field
configurations.

The ensemble used in this thesis has the same lattice geometry and a similar lattice
spacing.

In [7] calculations were performed with dynamical sea quarks, at a pion mass of
my, = 340MeV. I took the final tuned values they given there for the parameters as
my initial guess. They can be found in the first line of table 5.

For a given value of the parameters P = (my, 1, ¢sy) I took different gauge field config-
urations as independent observations. On each I calculated the contractions for 7, and
for the spin averaged Y(15). The jackknife samples of the correlators were computed

with equation (66).

Note that for all values of P the same configuration and the same source points were
used, resulting in reduced statistical fluctuation. I followed the tuning procedure de-
scribed in subsection 2.6 to calculate the new parameters. As step size h I used P/1000
for the last tuning step and P/100 for the others. For the last tuning step h = P/1000

was chosen, because the previous tuning step was an interpolation, and hence a fur-
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ther tuning step at h = P/100 was not expected to meaningfully increase precision.
The experimental values m,, = 9389.7MeV and the splitting mvy gy —m,, = 62.3MeV
were taken from [2]. The experimental equivalent of c%b is the squared speed of light
with a value of 1.

In table 5 I present the values and the jackknife errors of the parameters for each

tuning step. The Hth tuning step was the final tuning step.

Therefore, the optimal parameters P, are cg, = 10.135 4 0.051, v = 3.6882 £ 0.0074
and mgy = 8.767 = 0.017.

With the given step sizes, the 4th tuning step was an interpolation, hence, the tuning
could have been stopped there. For the last step the step size was reduced by approx-
imately a factor of 10. In table 3 I introduced the quantity AP as how much the

Table 3: op/AP for cach tuning step.

Step | e Tv Tmo

Acay Av Amg
1 0.014  0.053 0.019
2 —-0.077 1.6  0.094
3 -12 =29 17
4 =227 =75 191

parameters changed in the current tuning step. For each tuning step I repor the ratio

L2}

AP, aF
by noise and small values indicate, that noise is negligible.

. Large values of compared to 1 indicate that the tuning step is dominated

One can see, that for the first two tuning steps noise is negligible. For the third tuning
step the effects of the noise were on the same scale as the change of parameters.

For the 4th tuning step the noise was dominant, and therefore no meaningful improve-
ment should be expected. Table 4 supports this. For the first 3 tuning steps all the
observables change by at least their jackknife error. For the 4th tuning step none of

them do. I conclude, that the last tuning step could have been skipped.

In table 4 I show the values of m,,, myus) — my, and ¢, calculated on the lattice,
for every tuning step. These observables seem to converge towards their experimen-
tal values. After the third tuning step they were within bounds of error compatible
with the experimental values. This further supports, that the tuning could have been

stopped after the third tuning step.

With the last tuning step the mass of n, further improved and the splitting changed
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2
m

the decreased step size used for the last tuning step.

insignificantly. However, ¢; increased minimally. This may have been the result of
Finally, I note that optimizing the number of samples used for each tuning step is
a nontrivial task. The tuning algorithm described in section 2.6 does generally not
converge within a single iteration for two reasons. The function F'(P) (see section
2.6) is non-linear and the local estimates of its partial derivatives have finite statisti-
cal uncertainties which decreases with increased statistics. It may be an interesting
question for a follow-up work, to determine how to optimize the number of samples
used for a given tuning step, such that the total usage of computational resources for

the tuning process is minimized.

Table 4: Measured observables for each tuning step and experimental masses accord-
ing to [2].

Step m, [MeV] mryas) — My, [MeV] c,
1 9161.14 £0.88 23.83 £0.22 0.8397 4+ 0.0032
2 9255.89 £ 0.89 72.07 £0.61 1.0556 £ 0.0043
3 9391.61 £0.88 62.84 +0.54 1.0042 £ 0.0041
4 9398.68 £ 0.88 62.30 £0.53 1.0001 £ 0.0041
) 9398.70 £ 0.88 62.30 £0.53 1.0009 +£ 0.0040
experimental | 9398.70 + 2.0 62.3 £3.2 1

Table 5: Tuned action parameters for each tuning step.

Step Cow v mo
1 4.9625 3.1918 7.3258
2 | 10.838 £0.081  3.686 +£0.026  8.584 +0.024
3 | 10.181 £0.050 3.6917 £ 0.0096 8.757 +0.016
4 | 10.135 £0.053 3.6883 + 0.0098 8.767 +0.016
5 | 10.135 £0.051 3.6882 +0.0074 8.767 +0.017
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4 Conclusion

In this thesis, I implemented a numerical algorithm in which the RHQ action is used
to extract energies of low-lying quarkonium states. Using this I non-perturbatively
tuned the free parameters of this action with experimental data for the quarkonium
spectrum. I demonstrated that this setup can be used to tune heavy-quark actions up
to high precision.

I established a framework that can serve as a basis for future calculations of highly
excited mesonic states and exotic mesons from first principles in lattice QCD.
Within the research group of Marc Wagner, in parallel to this thesis a M.Sc. student
is attempting to construct a formalism, with which the description of radially and or-
bitally excited hadrons could be improved. Should that project yield favorable results,
the formalism could be used to improve the accuracy of calculations of such orbitally

excited states.
In parallel to this a Ph.D. student is using BOEFT for which accurate lattice data

of exotic or highly excited mesonic states would yield constraints. Follow-up work on

this bachelor thesis could provide such data.
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5 Appendix

5.1 Statistical methods

In this thesis I use the jackknife method, to estimate statistical uncertainties, and
to calculate the mean, of observables on the lattice as well as for derived quantities.
Assuming one has N independent observations of a vector X*) k' =1,2,...N, and on

a single observation a value f(X®*)) can be calculated, then

X§>:=—N_1ZX<> (66)
n#k

defines the kth jackknife sample and f}k) = f(X®) is set to be the value f takes on
the k—th jackknife sample. The jackknife mean f; is given as:

Z (k) (67)

and the jackknife Variance s3:
2=F-1 (68)
where B . ,
=g (67) (69)
Finally the jackknife estimate for the standard deviation is

o7y =38y N —1. (70)

. Talso call o; the jackknife error. The jackknife covariance matrix cov; is defined as

covy = XS (- 5) (- ) )

where X; is the mean. For more detailed discussion of the jackknife method see [14]
and for a pedagogical introduction see [15].
In this thesis, independent observations X *) are approximately uncorrelated gauge

field configurations. Values are reported as jackknife mean + 1o;.
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5.2 Spectral decomposition of quarkonium correlators on the

periodic lattice

Here I show how the spectral decomposition of a quarkonium correlator in momentum

space can be calculated on the periodic lattice.

On the periodic lattice, with temporal extent 8 := IN; the expectation value of an
observable A is: .
(A@)) = ET?“{e_ﬁHA(t)} (72)
with
7 = Tr{e P} (73)

Let {|n)},n = ,0,1, ... be a complete set of energy eigenstates of the QCD Hamilto-
nian H, with H |n) = E,, |n), where [Q2) is the vacuum state.

Since for QCD [H,P] = [H,p] = 0 where § is the impulse operator, the |n) can
be chosen to also be momentum eigenstates. 1 therefore write [n) = |y, s,) where
s, represents quantum numbers, whose operators commute with Parity. I choose
a normalization with (n/|n) = (ku, S |kn, $n) = 0z, i, Osn.s, - Substituting A(t) =
Oq(p,t)O0g(p,0), 1 = > |n) (n| and A(t) = th.A((;)e_Ht into equation (72) and
defining Og(p) := Og (7, 0) yields:

Tr [e—ﬂHth@Q (ﬁ)e—Hf@g(ﬁ)}

=0 LA (7 O (70 —
C(5,1) = (Do, ) OL(7.0) ) = - (74)
1 - ~
= > <m e e OG(5) Y In)(nle ™ O (p) m> (75)
1 _ _ ~ ~
=7 > e FEmetmtem Bt (| Og () [n) (n| O ()| m) (76)
= S et 4, (77)
Note that @22 (p) increases the momentum of |n) by p, such that
(W |OL (D)) = (Fwr, 50 |OG (D) s 51) 05, e - (78)

With this, the double sum in equation (77) can be expanded as
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" 1 - i E)t —E. (R

Sm>Sn E’mvkn

X (s S| OQ(9) ks 50) By 5| Ol (P) Ko, 51m) 7 i (79)

— % Z Ze_ﬁEsm(gm)eESm(Em)te_ESH(Em+17)t

SmySn Em
% (K 5| O () s + 7, 80) (ko + 7, 50| O (D), 500). - (80)

—

Here I define E, (k,,) := E,, | further define the correlator in which only vacuum

contributions, i.e. those with m = Q or n = (), are retained:

1 PR o
Ca (ﬁ, t) = 2 Z e PEa(0) Ea(0)t ,—Es, (P)t

Sn

% (0, 50| O (AP, 5n) (B $a| OB (D)0, s02) (81)

1 .
+ Z ¢~ BFem (=) o Ben (-t o~ Ea (O)t

X (7. 5m|O0(D)10, 50) (0, 50| O ()] — 7, 81m)- (82)

After relabeling

Sm — S, Sp — S,

and using
Eo(0) = Eq,  E.(p) = Es(=p),

this becomes

. 1 - - A N ~
Ca(p,t) = 226 PFaePate= B[, 50| O (7|5, 5) (7, s|OL (9)10, s0)

1 - CBat) o A i A 3
3 e B P Pt Eat (5|0 (7)1, 500, 50l O (7] — 5. (33)

Using the equality
~ S 2 R - ~ 2
(7. 5nl0 ()]0 50)| = |8 500" ()| = 7. 50) (84)

proven in section 5.3.
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Defining the overlap factor

Aqs(p) = (0, 50| Og (PP, 5)(F. s| O ()]0, s0), (85)
I obtain
Co(p,t) = % Z (e‘ﬁE“eE“te_E‘(mt + e_ﬁE“(meE'“(ﬁ)te_E“t> Aqs(D) (86)

s

_ %XS:AQS@ o~ 3 (Bs()+Eq) cosh{(Es(m — Eq) (t — g)] . (87)

I set p := [p] and N, as the number of vectors p with |p] = p that can be real-
ized on the lattice. The dispersion relation (51) can be reparametrized by FE4(p) :=

NL,, > ii=p Es(P) as E(p) only depend on the amplitude of p. I define Ags(p) := N%, > ii=p Aos (D)
and

Ca(p, t) == Ni Z Co(p,t) = %ZAQS(})) e~ 2 (Es(p)+Eo) cosh[(Es(p) — Eq) (t — g)] _
P pl=p s

(88)
I define s = 0 to be the ground state with nonzero Ags(p). The corresponding term

dominates Cq(p,t) sufficiently far away from ¢ = 0 and ¢ = Np. With this follows

2

Calpt) = 5 Analp) e 50550 conh | ()~ £0) (¢ 5 )] 69

5.3 Proof of matrix element equality

First I need some properties of Og(p).

From equation (34) I can read off
O (1) = = Oq(ii),
From equation (43) Og(ﬁ, t) follows as:

N 1

OL(p,t) =
© N

> etrroki, ).
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POL(G P = P '—= POl (71, 1) P
¢ \/|A‘3|; ©
1 1
- S IO (it ) = e Y e O (11, 1)
\/|A3| i |A3| m
= +04(-pit) (90)

For t = 0 I set O (p) := OL (. 0) and Og(p) := Oq(F,0).
Using this, I find
P1OL(p)P = =0k (—p). (91)

Now I prove equation (84).
I can use that for arbitrary states (1], |¢) and a linear operator A (¢|A|v) = (1| Af|@)”

where * denotes complex conjugation. With this I find

(7 5lOL @0, 50)) " = (0. 50| O (P, )
= <67 SQ|P(P_1@Q(5)P)P_1|57 3m>
= *0s, <67 Sﬂlég(ﬁjl - D, 3m>7 (92)

— 7, 5,) with |n,,.| = 1 and (0, sq|P = (0, sq| were used.

where PP, s,,) = 7,

Therefore

~ N 2 o - o 2
(7. 5|0 @10, s0)| = |(0. 50lOL ()| - 7. )

holds, which concludes the proof.

5.4 75 hermiticity proof

In this section I will prove, that the Dirac operator Drpq satisfies equation (41). From

equation (12) it can be read off as

Druq = A1 + Ay + Az + Ay (93)
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where Aq, Ay, Az and Ay

Al = My,

Ay = v4Dy + v, D;,

a a
Ag = —§Di — 5 14 (DZDz),
1a
Ay = gy 1 Cow Opu F .

. First, I rewrite the covariant derivative D, in its matrix representation.

1 A~
D2t = oo (U200 S — (U2) (0 = ) b0

1 X f
(Dftn) " = 5 (V20 i = (U) (0 = 1) 1]

= 5 (U ) St = U0 = 1) b
1 ab ~ ab\ T
= _% [Up (Tﬂ - :u) 5m—ﬂ,n - (UN ) (WL) 5m+ﬁ,,ni|

1

= = [ U 0) S = (U) (0 = ) B

__nadb
pwynm:

I can finally write

Dl =-D,

i
v
and

(Di)T = (DMDM)T = (DL)Q = Di-

With Ff, = —F,, and 0},, = 0, and equations (94)-(97) it follows that

Al = Ay,
Al = —4,,
Al = Aj,
Al = A,
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With [v5, D, = [V, 0] = 0 and {73, v,} = 0 it further follows:

V54175 = A, (110
Y5 A27s = —As, (111
Y5 A3y = As, (112
Y5 Asys = A (113

Comparing equations (106) - (113) yields D;HQ = Y5 Druq?s which completes the

proof of the 5 hermiticity of Druq
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