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Abstract. We report about a recently started project with the aim to compute hybrid static
potentials using lattice gauge theory. First preliminary results for pure SU(2) Yang-Mills theory
are presented.

1. Introduction
One of the goals of the PANDA experiment at FAIR will be the search for gluonic excitations,
e.g. glueballs and hybrid mesons. While glueballs consist only of gluons, hybrid mesons are quark
antiquark states with excited gluonic fields, which contribute to the quantum numbers. Hybrid
mesons are, therefore, not restricted to quark model quantum numbers: J P C with spin S = 0, 1
and orbital angular momentum L = 0, 1, 2, ..., where P = (−1)L+1 and C = (−1)L+S . Thus,
exotic states with J P C = 0+− , 0−− , 1−+ , . . . can be realized by an excited gluonic field. Examples
for J P C = 1−+ states are π1 (1400) and π1 (1600), which are hybrid meson and tetraquark
candidates [1].
The ordinary static potential can be extracted from Wilson loop averages, which are
straightforward to compute in lattice gauge theory. Similarly, hybrid static potentials require
the computation of Wilson loop-like observables with more complicated spatial transporters,
which realize the non-trivial gluonic quantum numbers. For existing lattice studies cf.
[2, 3, 4, 5, 6, 8, 7, 9, 10, 11, 12, 13, 14, 15].
2. A brief introduction to lattice QCD hadron spectroscopy
To determine the mass of a hadron, one first has to define a suitable hadron creation operator O
composed of quark and gluon field operators ψ, ψ̄ and Aµ , which creates the quantum numbers
of the hadron of interest, when applied to the vacuum |Ωi. In a second step one computes the
temporal correlation function C(T ) of this hadron creation operator using lattice QCD,
Z
1
†
D[Aµ , ψ, ψ̄] O† (T )O(0)e−SE,QCD [Aµ ,ψ,ψ̄] ,
(1)
C(T ) ≡ hΩ|O (T )O(0)|Ωi =
Z
where SE,QCD [Aµ , ψ, ψ̄] is the QCD action. The hadron mass M can then be obtained from the
exponential decay of C(T ) at large temporal separations:
C(T ) =

X
n

2

hn|O|Ωi e−(En −EΩ )T

=



2
h0|O|Ωi e−M T 1 + O(e−(E1 −E0 )T ) ) ,

(2)

where |ni denote eigenstates of the QCD Hamiltonian with the quantum numbers of the hadron
and M ≡ E0 − EΩ .
While a straightforward way to determine M is to fit an exponential function Ae−M T to the
lattice results for C(T ) at large temporal separations T , it is also common to study the so-called
effective mass


1
C(T )
Meff (T ) ≡
ln
(3)
a
C(T + a)
(a denotes the lattice spacing) and to fit a constant to the plateau at sufficiently large T ,
M

=large T

Meff (T ).

(4)

For a more detailed introduction to lattice hadron spectroscopy cf. e.g. [16].
3. The static potential
The static potential V (R) is defined as the energy difference of the lowest state containing a
static quark Q and a static antiquark Q̄ at separation r and the vacuum. In the absence of quarks
of finite mass V (R) is linear for large separations, ∼ σR, where σ denotes the string tension (cf.
fig. 2b), and, therefore, displays the confining property of Yang-Mills theory and QCD. Quite
often it is used to set the scale for lattice simulations, e.g. by identifying the resulting lattice
string tension with its physical value σ ≈ 5.5/fm2 . . . 7.5/fm2 .
To compute the static potential, one typically uses the creation operator
O ≡ Q(x)S(x, y)Q(y)

,

|x − y| = R

(5)

where Q(x) and Q(y) are operators creating a static antiquark and a static quark at x and y,
respectively. S(x, y) is a product of spatial gauge links along a straight line connecting x and
y, i.e. a parallel transporter realizing a gauge invariant static potential creation operator O.
The integration over the static quark fields Q and Q̄ in the path integral (1) can be performed
analytically. In a computation without dynamical sea quarks the result is
Z
D
E
1
D[Aµ ] W (R, T )e−SE,YM [Aµ ]
(6)
C(T ) ∝
W (R, T )
≡
Z
with the Yang-Mills action SE,YM[Aµ ]. W (R, T ) is a product of gauge links along a closed
rectangular path of spatial extent R and temporal extent T , the well known Wilson loop. For a
precise definition in terms of gauge links it can be decomposed in four parts, two spatial parallel
transporters S and two temporal parallel transporters T ,
R/a−1

S(x, y; t) ≡

Y

j=0

T /a−1

Uk (x + jaek , t) ,

T (x; t1 , t2 ) ≡

Y

U0 (x, t1 + ja).

j=0

Then


† 
† 
W (R, T ) ≡ Tr S(x, y; 0)T (y; 0, t) S(x, y; t)
T (x; 0, t)
(cf. fig. 1a).
For each quark antiquark separation R an effective mass or effective potential


hW (R, T )i
1
ln
Veff (R, T ) ≡
a
hW (R, T + a)i

(7)

(8)

has to be computed (cf. fig. 2a) as explained in the previous section. Fitting a constant to
Veff (R, T ) in the plateau-like region at T /a = 6 . . . 8 yields the static potential V (R) (cf. fig. 2b).
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Figure 1: (a) Ordinary Wilson loop W (R = 2, T = 3) in the x-t plane. (b) Generalized Wilson
loop: B or E fields inserted at the centers of the spatial transporters. (c) Average of neighboring
plaquettes representing a chromomagnetic or chromoelectric field B or E.
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Figure 2: (a) Effective potential Veff (R, T ) as a function of T for different quark antiquark
separations R in units of the lattice spacing a ≈ 0.073 fm. (b) Static potential V (R) in units of
the lattice spacing.
4. Hybrid static potentials
States with a static quark and a static antiquark can be classified according to the following
three quantum numbers (for a more detailed discussion cf. e.g. [17, 18]):
• Angular momentum J with respect to the axis of separation of the quark antiquark pair.
States with J = 0, ±1, ±2, . . . are also labeled by Σ, Π, ∆, . . ..
• The combination of parity and charge conjugation P ◦ C. States with P ◦ C = +, − are also
labeled by g, u.
• The rotational invariant Σ states are either symmetric or antisymmetric with respect
to spatial reflections along an axis perpendicular to the axis of separation of the quark
antiquark pair denoted by Px = +, −.
For example the ordinary static potential discussed in the previous section has quantum numbers
JPPx◦C = Σ+
g.
Hybrid static potentials correspond to a quark antiquark configuration with an excited gluonic
string realizing quantum numbers different from Σ+
g . One way to implement such quantum
numbers in a hybrid static potential creation operator similar to (5) is to insert a suitable
gluonic operator at the center of the spatial parallel transporter S. Typically this insertion is a

chromomagnetic or chromoelectric field operator B or E possibly combined with the separation
vector R ≡ y − x and/or the covariant derivative D (cf. fig. 1b). On a lattice B and E are
expressed in terms of the average of four neighboring plaquettes of gauge links (cf. fig. 1c). The
creation operators used in this work are collected in tab. 1. A more detailed discussion of such
operators can e.g. be found in [11].
quantum numbers JPPx◦C
Σ+
g
Πg
Σ−
u
Πu
Σ−
g

operator insertions
1

, R·E
R×E ,
R·B
R×B

,
,

, R · (D × B)
R × (D × B)
R · (D × E)
R × (D × E)

(R · D)(R · B)

Table 1: Hybrid static potential creation operators.
5. Preliminary numerical results
5.1. Lattice setup
We have evaluated Wilson loops and generalized Wilson loops on more than 700 essentially
independent gauge link configurations with 244 lattice sites. These configurations have been
generated with the SU(2) standard Wilson plaquette action using a heatbath algorithm and
gauge coupling β = 2.50. The corresponding lattice spacing is a ≈ 0.073 fm, when identifying
the Sommer parameter r0 with 0.46 fm [19].
5.2. Hybrid static potentials
−
In fig. 3 our preliminary results for hybrid static potentials with quantum numbers Σ+
g , Πu , Σu
−
+
and Σ−
g are shown. For each of the sectors Σg , Πu and Σu two different creation operators
have been used resulting, as expected, in potentials, which are identical within statistical errors.
For example the ordinary static potential with JPPx◦C = Σ+
g has been extracted from Wilson
loops (green curve) and from generalized Wilson loops with insertions R · E (yellow curve).
Clearly the green curve is of better quality, i.e. exhibits less fluctuations and smaller statistical
errors. Consequently, ordinary Wilson loops are much better suited to determine the Σ+
g static
potential than Wilson loops with insertions R · E. Similarly, R × B (magenta curve) is superior
to R × (D × E) (orange curve), when computing the Πu static potential, and R · B (blue curve)
is superior to R · (D × E) (black curve), when computing the Σ−
u static potential.
6. Outlook
Even though we have used a sizable number of more than 700 gauge link configurations, the
statistical errors of our hybrid static potential results shown in fig. 3 are quite large, when
e.g. compared to results from [11]. This might be due to a possibly different structure of the
employed hybrid static potential creation operators. While for our current results we have used
local insertions of B and E field operators, which might generate a rather poor ground state
overlap, in [6, 8] spatially extended creation operators have been proposed, which could result
in correlation functions, which are dominated by the ground state already at small temporal
separations. We plan to explore this issue in the near future by implementing additional hybrid
static potential creation operators.
The ultimate goal is, of course, to arrive at precise results for SU(3) Yang-Mills theory
and QCD. This would allow to estimate masses of hybrid mesons by solving a non-relativistic
Schrödinger equation with the computed hybrid static potentials, as e.g. proposed in [3, 4, 6, 8,
12, 13, 14]. Moreover, in the context of effective field theories like pNRQCD there is considerable
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Figure 3: Hybrid static potentials in SU(2) Yang-Mills theory in units of the lattice spacing
a ≈ 0.073 fm (to be able to distinguish different curves, error bars have slightly been shifted
horizontally).
interest in the short distance behavior of hybrid static potentials, which is related to gluelump
masses [15, 20].
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