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1. Introduction
The twisted mass formulation of Lattice QCD (see for example references [1, 2]) is being
studied extensively with Nf = 2 dynamical flavours by the European Twisted Mass (ETM) collaboration [3 – 7]. In the twisted mass formulation of QCD, the Wilson term is chirally rotated within
a doublet. For the 2-flavour case, this amounts to a mass degenerate (u, d) quark doublet. In recent
studies, a partially quenched setup [8] was used to add the strange quark to this formulation. One
way to include a dynamical strange quark is to add in addition to the strange quark a charm quark in
a heavier and mass-split doublet. This formulation was introduced in [9] and first explored in [10].
We will use that formulation and report on the current status of runs with Nf = 2 + 1 + 1 twisted
mass quarks conducted by the ETM collaboration. In section 2 we will detail the lattice action and
the simulation algorithm, while in section 3 we describe our procedure for tuning to maximal twist.
In section 3.3 we discuss a reweighting procedure allowing to speed up and improve the accuracy
of tuning to maximal twist. In section 4 we show a set of preliminary results. Finally in section 5
we describe first results from one level of stout smearing [11].

2. Lattice action and simulation algorithm
In the gauge sector we use the Iwasaki [12] gauge action (with β = 1.9 in the ensembles we
are discussing here). With this gauge action we observe a smooth dependence of phase sensitive
quantities on the hopping parameter κ around its critical value (κcrit ). The fermionic action for the
light doublet is given by:
Sl = a4 ∑ {χ̄l (x) [DW [U] + m0,l + iµl γ5 τ3 ] χl (x)}

(2.1)

x

[2], where m0,l is the untwisted bare quark mass tuned to its critical value mcrit , µl is the bare twisted
quark mass for the light doublet, τ3 is the third Pauli matrix acting in flavour space and DW [U] is
the Wilson-Dirac operator. The quark doublet fields that are proportional to the renormalized u and
d doublet fields in the physical basis are given by:
i

i

ψ̄lphys = χ̄l e 2 ωl γ5 τ3 .

ψlphys = e 2 ωl γ5 τ3 χl ,

(2.2)

The light doublet twisting angle ωl takes the value ωl → ± π2 as m0,l − mcrit → ±0. In the heavy
sector, as has been shown by Frezzotti and Rossi in [9], a real quark determinant with a mass-split
doublet can be obtained if the mass splitting is taken to be orthogonal in isospin space to the twist
direction. The mass term in the heavy sector then becomes:
Sh = a4 ∑ {χ̄h (x) [m0,h + iµσ γ5 τ1 + µδ τ3 ] χh (x)} .

(2.3)

x

This time the mass splitting is in the τ3 direction and the twist in the τ1 direction, which yields a
similar rotation relation to the physical quark basis:
i

i

ψhphys = e 2 ωh γ5 τ1 χh ,

ψ̄hphys = χ̄h e 2 ωh γ5 τ1 .

(2.4)

At maximal twist (|ωl | = |ωh | = π2 ) physical observables are automatically O(a) improved without
the need to determine any action or operator specific improvement coefficients. The gauge configurations are generated with two different algorithms, depending on whether thin or stout links are
2
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being used. For thin links a Polynomial Hybrid Monte Carlo (PHMC) updating algorithm [13, 14],
while for stout links the PHMC setup described in [15] is used.1 All ensembles described in this
paper correspond to lattices with spatial extension L/a = 24 and temporal extension T = 2L. Our
lightest twisted mass quark value (aµl = 0.004) corresponds to a pion mass of around 300 MeV
and a value of mπ L around 3.5.

3. Tuning action parameters
3.1 Procedure
Tuning to maximal twist requires to set m0,l and m0,h equal to some proper estimate of the
critical mass mcrit = mcrit (β ) [9]. Here we set m0,l = m0,h ≡ 1/(2κ) − 4 and, at fixed µσ and µδ ,
for each value of µl , we tune κ so as to obtain amPCAC,l = 0 (see also eq. (3.1)). Note that the
untwisted PCAC mass arising from the heavy sector is O(a) and ωh is automatically very close
to π2 [10]. Our way of implementing maximal twist can be viewed as the extension to the theory
with 2 + 1 + 1 dynamical quarks of the optimal critical mass method of Refs. [16]. In this way we
expect [17] the (absolute) magnitude of lattice artifacts to remain roughly constant as µl → 0. The
PCAC mass in the light sector is defined in the following way:

mPCAC,l =

D
E
∑x ∂0 Aa0,l (x,t)Pla (0)
2 ∑x Pla (x,t)Pla (0)

,

(3.1)

where the axial and pseudoscalar bilinears Aµ,l and Pl are
Aaµ,l ≡ χ̄l γµ γ5

τa
χl
2

and

Pla = χ̄l γ5

τa
χl .
2

(3.2)

The numerical precision at which the condition mPCAC,l = 0 is fulfilled in order to avoid residual
O(a2 ) effects when the pion mass is decreased is, for the present range of lattice spacings, |ε/µl | .
0.1, where ε is the small deviation of mPCAC,l from zero [4, 18]. Note that typically a good statistical
precision on the estimate of mPCAC,l is required to satisfy this condition. This computationally
disadvantageous situation can be remedied through the use of reweighting, as described in section
3.3.
The heavy doublet mass parameters µσ and µδ should be adjusted in order to reproduce the
phenomenological values of the renormalized s and c quark masses. The latter are related to µσ
and µδ via [9]:
1
ZP
(ms,c )R = (µσ ∓ µδ )
(3.3)
ZP
ZS
where the − sign corresponds to the strange and the + sign to the charm. In practice we fix the
values µσ and µδ by requiring the kaon mass to take its physical value and (mc )R & 10(ms )R
(through an estimate of ZP /ZS ).
1 Note that in the Monte Carlo simulation we monitor that the minimal eigenvalue of the Dirac operator of the heavy

doublet always remains positive.
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3.2 Status
The tuning status of our ensembles is summarized in table 1 and illustrated in figure 1. The
ensembles considered here have the following parameters: β = 1.9, aµσ = 0.15 and aµδ = 0.19,
with lattice volumes of 243 × 48.
0.004
0.163270

aµl
κcrit

0.006
0.163265

0.008
0.163260

0.01
0.163255

Table 1: Summary of tuning to maximal twist.
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Figure 1: Tuned runs at β = 1.9, with a box size of
243 × 48, with aµσ = 0.15 and aµδ = 0.19. From left
to right the points correspond to aµl = 0.004 (red),
aµl = 0.006 (green), aµl = 0.008 (blue) and aµl =
0.01 (yellow). For all ensembles, mPCAC,l /µl is within
the 10% level (see text).

Figure 2: a fπ as a function of (amπ )2 for the four
ensembles described above. All of these are at β =
1.9, L/a = 24 and T /a = 48. Error bars are plotted,
but they fall within the size of the dots.

Tuning to κcrit was performed independently for each µl value. From table 1 we observe that
the estimate of κcrit depends weakly on µl . Figure 1 shows that for all µl values the condition
|ε/µl | . 0.1 has been fulfilled.
3.3 Reweighting
Reweighting towards the chiral limit for (untwisted) Wilson fermions has been recently explored in reference [19] (and see also the conference contribution [20] with further references). For
twisted Wilson fermions one can use reweighting near maximal twist for tuning the last digits of
the hopping parameter κ. Once the update is close to κcrit (in the present case for ∆κ = |κ − κcrit | =
O(10−5 )) the situation is rather advantageous for an effective reweighting because the gauge field
configuration is fluctuating between positive and negative values of mPCAC,l . Thus, in order to complete the tuning one has to just reweight the ensemble to a close-by value of κ at which mPCAC,l = 0
is realized.
For calculating the ratio of determinants one could use the methods developed in reference
[19], but we applied a simple and fast method based on least-square optimized polynomial approx4
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imations introduced in [21]. In the case of Nf flavours, these polynomials satisfy
(1)

lim Pn (x) = x−Nf /2 ,

n→∞

1
(2)
,
lim Pn (x) = q
(1)
Pn1 (x)

n→∞

x ∈ [ε, λ ]

(3.4)

where the interval [ε, λ ] covers the spectrum of Q† (κ)Q(κ), with Q the fermion matrix and n1 (ni )
the actual value of n used in the case of the polynomial P(1) (P(i) ). With these polynomials the
(2)
(1)
(2)
reweighting factor for κ1 → κ2 is 1/ det[Pn2 (κ1 )Pn1 (κ2 )Pn2 (κ1 )]. A stochastic estimator of the
reweighting factor can be obtained from a random Gaussian vector as
exp{−η † (Ω − 1)η},

(2)

(1)

(2)

with Ω ≡ Pn2 (κ1 )Pn1 (κ2 )Pn2 (κ1 ) .

(3.5)

We showed in test runs that with a few stochastic estimators an effective reweighting can be
achieved for ∆κ ' 10−5 . We actually applied determinant break-up by a factor of 2, that is, we
considered two copies of half doublets, both for light and heavy doublets. With this method the
number of long tuning runs for maximal twist can be reduced.

4. Results
In this section we present preliminary results for the light quark mass dependence of the pion
decay constant and the pion, kaon and nucleon masses (figures 2,3 and 4). The pion masses in
these ensembles are in the range from 300 to 500 MeV, corresponding to β = 1.9 and aµl = 0.004
to 0.01 (see section 3.2).
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Figure 3: The kaon (blue) and pion (red) squared
lattice masses are plotted versus the bare quark mass
aµl .

Figure 4: The nucleon mass (amN ) as a function of
(amπ )2 for the four ensembles described above. A
subset of the available statistics has been used here.

We measured r0 /a and performed its chiral extrapolation. The results are compared to those
of our Nf = 2 runs with β = 3.9 at the same lattice volume in table 2. The vicinity of the two
values is very encouraging, since it might allow to perform a direct comparison between these two
ensembles and identify possible effects due to the dynamical strange and charm quarks.
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β

r0 /a in chiral limit

3.9
1.9

5.22(2)
5.18(5)

Table 2: Comparison of r0 /a in the chiral limit between the Nf = 2 and Nf = 2 + 1 + 1 runs

5. Stout smearing
We separately tested the effectiveness and impact on observables of one level of stout smearing
[11] with ρ = 0.15 (in every direction). In order to perform this comparison, we tuned a run with
stout smearing at aµl = 0.004 to maximal twist. The parameters of this run are compared with
the one with thin links in table 3. For the simulation with stout smearing the values of the heavy
ρ
0
0.15

traj
∼ 5000
∼ 2500

κcrit
0.16327
0.14552

aµl
0.004
0.004

aµσ
0.15
0.17

aµδ
0.19
0.185

Table 3: Comparison of the ensembles with aµl = 0.004, with (ρ = 0.15) and without (ρ = 0) stout smearing.

doublet mass parameters µσ and µδ were chosen according to the same criterion as described in
section 3.1. The difference in the values for µσ and µδ reported in Table 3 is likely due to the fact
that the ratio of the renormalization factors ZP /ZS increases when replacing thin links with stout
links. Although the statistics are somewhat different between the two runs we can still make a few
conclusive comparisons. We observe that our estimate of κcrit decreases with stout links. In table 4
we show a weak dependence of r0 /a on aµl for simulations with stout links. Finally we observe that
at fixed bare quark mass aµl the pion mass (in physical units) from stout link simulations decreases
with respect to that from thin link simulations. This finding can be ascribed to an increase of
the value of the renormalization constant ZP (implying a decrease of the renormalized light quark
mass).
aµl
r0 /a

0.004
4.97(8)

0.006
4.90(8)

0.008
4.99(8)

Table 4: Comparison of r0 /a values for various ensembles with stout smearing at different light twisted
quark mass value aµl .

6. Conclusions
We have presented preliminary results for a set of simple observables obtained from ensembles
with Nf = 2 + 1 + 1 dynamical flavours of maximally twisted Wilson fermions. We have tuned to
maximal twist at four values of µl on 243 × 48 lattices at β = 1.9. A detailed analysis of the data
as well as a systematic control of finite size and discretization effects is in progress.
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