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Lecture IV, Exercise 1.

The four momentum p'is

p=mcii = (p°,p’). (1)
The contravariant and covariant forms of four momentum is written as

pt = mW (1Y), )

pM = mW(_lan)7 (3)

where W is Lorentz factor and v is the three velocity. The square of the four momen-
tum is
2 2 2
p° =ptpy=-—m"c. “4)

Now we consider the frame boosted z-direction. The Lorentz matrix is given by

w —Wv 0 0

s Wu W 0 0

T = 0 0 1 0 |- )
0 0 0 1

The Lorentz transformation for the four-momentum is obtained

p” =T p". (6)
And it becomes
= W' -t ©)
P’ = W) 8)
po= ©)
o= P (10)
d3p = dp*dp2dp? and d3p’ = dp*' dp® dp* . Taking a derivative in Eq (8) yields
Z’;""(lvgﬁj)' (11)
From eq (4),
1/2 ~1/2
3;?? _ d%jl (p)? + m2&2 _ ! | (p)? + m2e2 _ 223(1)’
i=1.2,3 i=1,2,3
(12)



(where we use (pY)? = p'p; + m?3c?.) Using Eq (12), Eq (11) becomes

dl’ 1 0 _ 1 0’
(e W)
dp* p° p° p°

It can be written as

dpll _ dp?
T
Because dp? = dp? and dp® = dp3, we obtain
&' _ dp
PO

Lecture III, Exercise 2.

Start from the Euler equation:
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Here using D/Dt = 9/0t + ¥ - V, we obtain

My

D /1 1 1
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Lecture III, Exercise 3.

First we assume the flow is incompressible
V.-v=0.

And we use mass and momentum conservations
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In the static state, we assume following condition
P = Po, 17: (U(),0,0), P = po, (23)

where pg, vg, and pg are a function of y-direction only. The set of equations are written
as

V. = (24)
V- (po® ) 0 (25)
V - (poTo¥o + poZ) = —pogey, (26)

where we do not use the partial time derivative term because it is in static state (9/0t =
0).
Here we introduce perturbations in all quantities,
p=po+0dp, U=1y+ 06U = (vo + vy, 6vy,0), p = po + Ip. 27
Eq (20) can be written as
eq(20) =V -0y+V -0=V-00=0, (28)

where we use eq (24).
Eq (21) can be changed as

B
eq ) = Z:(po+6p) +V - [(po +6p)(To + 59)]

0 R N R
= &5/) + V- (poto) + V - (6pT0 + podvo)

0
= afsﬂ + V- (6pT0 + podT)

0 ~ ~ y
= atép + (To - V)op+ p(V - o) + (60 - V)po + po(V - 69)

0
= afsﬂ + (o - 0)dp + (6T - V)po = 0, (29)

where we ignore time derivative of the initial sate and use Eqs (24), (25), and (28).
Eq (22) is also changed as

0
eq(22) = o = [(po + 0p)(To + 07)]

£V - [(po + 3p) (B0 + 58)(Fo + 57) + (po + 6p)]

0 o -
= 5[(,005’0 + dpt)

+V- [po’l?o’ffo + 0pBoTo + poTod¥ + podUdy + (po + (5]))1]
—(po +0p)gey, G0
where we neglect time derivative of initial state and 2nd-order terms. Using Eq (26),

eq (30) is given as

1o}
eq(30) = o (podT + pin)

0
+V - [6pToTo + poUodT + podTUy + 0pZ] = dpge, 3D



Eqgs (28), (29), and (31) are linearized equations for this problem. Next we divide
these linearized equations in each component

eq (28)

eq (29)

eq (31,

eq (36),

=

=

=

0 0]

0] 0 0] g

8t5p+v08—5p+ 6%8 po + 5%8 0o

0] 0 0]

a5p+00%5p+5vy8—ypo —0, (33)

(where py is a function of y only)

0 0 0
PO —ov, + v, op+ %[(cmvo)mvo + (povo)z0vs + (podv)zvo + Ip]

0
+5Ty[(Povo)x5’Uy]

0 0 0 0
£0 8755% o (voagcép + 5vyaypo> + %(Ugép + 2ppvodvy + Op)

10}
+—(povodvy,) (Where we use Eq 33)

dy
5 0 0 0 0 0
atévr v 5 op — voéya po + voa—ép + 2pov06 0vg + %51)
0 0 0
+U05vya—ypo + pgévya—yvo + povoa—y&)y
0 0 0 0
PO, dvg + 2Povoa dvg + £5p + Poévyafyvo + 0000@5vy
0 0 0 0
Po at&)x + povo s dvz + povo 92l + a*y%
0 o
+%5p +po(5vya—yvo
0 0 0
Po at&)x + Povo s vz + %517 + pOévy%vO =0 (34)
(where we use Eq 32),
0 0
Po at&)y e [(6pv0)yv0 + (Pov0)y Oz + (PodV)y 0]
0
+3, [(6pv0)y - 0+ (povo)ydvy + (pobv)y - 0 + dp]
0 0 0
Po at(SU“ p == (podvyvo) + 87/62)
0 0 0
20 at&vy + povoa dvy + a—yép = —dpg (35)

(where pgy and v are a function of y only)



Then we introduce Fourier mode for perturbed state,
dp, 0T, dp llhz—wt) (36)
Egs (32), (33), (34), and (35) are then written as

eq(32) = ikdv, + C%(Svy =0
- dv, = %%6% (37)

eq(33) = —iwdp+ évy% + ikvgdp = 0
Yy

__ ¢ 9po
— Op= Tog —0vy 9y (38)
eq(34) = —iwpodv, + ikpovodv, + ikdp + Po5vy?
Y
0
= _ip(]((,d — kv())(svm + Zlﬂ(sp =+ po(s'[}yaizf = 0
w — kvg .Po Ovg
— dp= 3 Podv, + zzévya—y
(w — ko) 0 . PO Ovg .
= ZTpoa—ydvy + 2?51@8—2/ (using Eq. 37) (39)
0
eq(35) = —iwpodvy + ikpovodvy + a—yép = —0pg
. 0 [ (w—Fkvy) O P0 0
= —ipo(w — kvo)dvy + dy |:Zl€2p03y§vy + Zzévyafyvo
- Y (using Eqs. 38 and 39) (40)

v, 2P0
w—kvy Y0y

We multiply Eq. (40) by a factor of k2 /i to obtain that

0 0 Ovg
—pok®(w — kuvo)dv, + @ [(w — kvo)poa—y%y + pokévyay]
_ 9K 5, Om
Cw—kvy YOy’

Next we consider boundary condition for this problem. Since at the region of y # 0,
0po /0y = dvy /Oy = 0, the Eq (41) can be expressed as

(41)

82
(w— kjvo)poa—yQ(Svy — pok*(w — kvg)dv, = 0
82
— —k —
[(w o) pol (ayg
The perturbation in y-direction becomes small far from contact surface. Thus the per-
turbed velocity in y-direction can be given by

dv, = Aexp(—klyl). (43)

- k;2) Sv, =0 (42)



At the contact surface (y = 0), perturbation gives change of surface. We introduce
changing profile Y = n(x,t). This surface should move with fluid motion. It means

that
DYy

0 0
.Dt_{at+(vo+§vm)ax}n. (44)

vy =

dy follows Fourier mode. Therefore 7 o< e!**=«%) Since the amplitude is small, we
can lininalize the eq (44),

dvy = [—iw + (vodug)ik|n = —i(w — kvo)n. (45)

The ratio between upper region of the contact surface and lower region of the contact
surface is shown as
5v§1) w— kv(()l)

- . (46)
(51}1(,2) w— kv((f)
Adding eq (46) in eq (43), we can obtain dv, in y # 0 region,
6113(,1) = (w— k:v(()l))e_ky
502 — (2)) o~k 47
vy = (w— kg )e "

Next we consider contact surface (y = 0) region. Here we introduce A;(f) which
is integrated in small region between the upper and lower regions of contact surface,

[_61 E]’
O+e

L [
As(f) = lim - 2y = lim[f(e) = f(=e€)]- 48)
We integrate eq (42) in small region between the upper and lower regions of contact
surface, [—¢, €],

O+e
lim pok?(w — kvg)dv,dy — 0,
0—e

0te 9 ) dvg
li — —k —0 kdv, —
nn/o a9 [(w Vo) Po oy vy + pokduy, 8y]

—€

9 9
=4 ((W - kUO)Poay‘SUy) + A <Pokévy81;>

=A, ((w - kvo)po;yévy> (Qvo /0y =0 aty # 0),

O+e
lim

0+€ 8,00
2 dy = lim / e MWIZ2 gy (using Eq. 47)
0—e ay

= e *WIAL(pg) — lim pogyefklmdy

= 2 (o). (49)



Therefore the integrated Eq. (46) can be written as

0 ov
A, [t = k)00, = Koo 2o o). (50)

Eq (47) is inserted to eq (50) then
0
Ag {(w - kvo)poayévy} = (w— kvél))pgl)(w - kvél))(—k)e_ky

—(w = ko) (w — k) (k)et
= —hl(w = keg"op + (= ki) (g 0)
Aslpo) = pi o). (51)

Therefore from eq (50) we can obtain

1 1 2 1 2
~k{(w = kug”) 205" + (w = kg >> 1=Kl p”)
= 0y + ) = 2k v + o 0w
2 (o5 0 + o) + kg (ol p@’) 0. (52)
This is dispersion relation for this problem. The solution is given by
% = alv(() ) + agv(()z) + \/—alag(vél) — 082))2 - %(al — as), (53)

where a; = pél)/(p(l) + p(() )) and oy = py )/( 4 p(() )) From this equation, the
system is unstable when the inside of the root becomes negative. Therefore the system
becomes unstable when

(2)* (1)?
k> (1361(?20) (T)Po <3>2' (54)
po Py (v —vg )

This is stability condition of Kelvin-Helmholtz instability with gravity. From this cri-
terion, we see that gravity stabilizes the KH instability at long-wavelengths.



