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completely solvable 2D quantum spin model, spin liquid
ground state, Majorana fermions, topological order

* more realistic model for honeycomb iridates:

H = JZS Si+EK Y ) sesy

A=Z,Y,2 (i)

+ Z rg. Y S78Y - Zh S;

afy=xy,z (7} a

(Chaloupka,
Khaliulin,
PRB 2015)



 Frustration induced dimensional crossover in Cs:2CuClssBrx

(Tutsch, Tsyplyatyev,...,PK, Lang, 2018 in preparation)
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spin systems without magnetic order

urgently needed: analytic methods for quantum



spin operators at different sites commute (like bosons), at same site

satisfy SU(2)-algebra 5e. Sf] _i5,e 8

single spin in magnetic field: Brillouin function:

(5%) =

Tr [ePhS" 5] _ (

Tr [efhS?] S+ %) coth [(5' + %)ﬁh] —% coth (%) = b(5h)

: I 1 Y 1
lar - Bose function: ~ B Z) = 85— *
arge S: Bo b(y) S+2 2(:01:11(2) S e S =

S=1/2: Fermi function:  b(y) = %tanh (g) - % - eyi - §=1/2

Sts~ 488t =1, §=1/2 similarto e +cfe=1

short-wavelength excitations in S=1/2 spin systems can
have fermionic character



1.) Numerical methods (exact diagonalization, Monte-Carlo, density-matrix
renormalization group)

2.) 1/S-expansion; formally: Holstein-Primakoff transformation: (1940)

szS—a!az— lai,a ]_1 .
" « extremely successful for spin-waves
— /2% _ V284, foa in ordered magnets, even for S=1/2
23 \/ﬁalalaa—l—... 9

S — VaSaly/1— ala; — V/35al - 1 afafai+... ° fails for disordered magnets
25 2¢/28 "

3.) Schwinger-bosons (Schwinger 1965)

| ; Arovas, Auerbach 1988: useful for quantum
Si_ (ar ar-! b b ) - " "
2 magnets in low-dimensions

+ _ Stp. . L .
S; = a;b; from preprint distributed by regular mail (1988):
S; = b:—:ai Acknowledgements
Constram t We are grateful for conversations with N. E. Bickers, S. M. Girvin, F. D. M. Haldane, S.

Kivelson, and A. Luther. This work was supported by several recent bank robberies in the Chicago
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4.) Abrikosov pseudofermions for S=1/2 (Abrikosov 1965)

b 1\9 Gt cigct ,+cl ' Cig = 050505
Si = (CfTaffi‘L) 5 (Cu ) Jjo Jjo J

« widely used for single-spin impurity models (Kondo)
e two states per site unphysical
« formally exact projection via imaginary chemical potential (Popov, Fedotov 1988)

« basis of functional RG for S=1/2 spin systems (Reuther, Wolfle 2010)

5.) Majorana fermions (Martin 1959; Mattis 1965; Coleman, Tsvelik 1990s)
St=—injui, 87 =—inini. SP=—inim}  ninf+uinf =5;6%

* no unphysical states but redundancy in Hilbert space

« could be used to construct alternative FRG for S=1/2 systems 6



(Werth, PK, Tsyplyatyev, PRB 2018)

« Main idea: work directly with physical spin-S operators, no unphysical
states, no projections, no redundancy in Hilbert space

: . : 1
« Spin-Hartree-Fock theory for S=1/2: operator identity sz = 5"5~ — 5
J
H = BZS§+—ZS,~S,.+5
= Z (B DJ + Ek)S:Sk —I—E Z 5k1+k3 k) +ks€k;— ]qS SI{ S S_
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Basic idea: Vaks, Larkin, Pikin 1968:

work directly with physical spin-S operators, no unphysical states,

no projections, no redundancy in Hilbert space

SOVIET PHYSICS JETP VOLUME 26, NUMBER 1 JANUARY, 1968
Wick theorem for THERMODYNAMICS OF AN IDEAL FERROMAGNETIC SUBSTANCE
spin operators, V. G. VAKS, A. I LARKIN, and S. A, PIKIN
Spin_diag ram Submitted February 1, 1967
technique Zh. Eksp. Teor. Fiz. 53, 281-299 (July, 1967)
I
thermodyn am|CS A diagram technique is proposed for a system of interacting spins which permits one to study

the thermodynamics of a Heisenberg ferromagnet with arbitrary spin S at any temperature T
or magnetic field strength H. The relevant high-temperature expansions are presented. Ex-

SOVIET PHYSICS JETP VOLUME 26, NUMBER 3 MARCH, 1968
Spin WaveS, SPIN WAVES AND CORRELATION FUNCTIONS IN A FERROMAGNETIC
correlation V. G. VAKS, A. I. LARKIN, and S. A. PIKIN
functlons Submitted April 6, 1967

Zh. Eksp. Teor. Fiz. (U.S.S.R.) 53, 1089-1106 (September, 1967)

We consider the spin waves and correlation functions in a Heisenberg ferromagnet in the complete
temperature range below the transition temperature T.. We find the damping of the spin waves and



gentle introduction:

Statistical Mechanics of Magnetically Ordered Systems Stat |S'tica|

by Yu. A. lzyumov, Yu.N. Skryabin .

o 25 s Mechanics of
angiage: Exgin iransianed rom Russan) Magnetically
ISBN-10: 0306110156

ISBN-13: 978-0306110153 Ordered
strategy: calculate directly imaginary- Systems
time-ordered, connected spin-

correlation functions: Yu. A. lzyumov and

Yu. N. Skryabin

G (1) = (S(T))
G (r,7') = (T[SM(r)SF ()]) — (S (r))(ST ("))

1]
Gorozan (o 7,) = (T[S (11) S22 (12) - - - 2" (7)) connected

satisfy bosonic Kubo-Martin-Schwinger boundary conditions:
G (B, 7)) =G (0,7), 0< 7 <p
G%ﬂr(‘i",ﬁ) = G%ﬁF(T,U), 0<7T<p



for Ji; =0 time-ordered connected spin correlation functions
are site-diagonal but non-trivial

encode SU(2) spin algebra at given site

building blocks of spin-diagram technique
generating functional: ¢9" = [eﬁh i SiTels ar T hi(’r)-Si(f}]

3 s
G (W, wy) = / dry ... / dr, et @1t twnmn) QoL tn (2 )
0 0

Brillouin function
) 8 fbf:zOz
(w,6") = 8(w)(w) 1

b b= (S+ )coth [(S+ ),Bh] — —coth

Gt~ (ww)—c?(w—i—w) _.|. — 2

h —iw
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 strategy: expand in powers of J;;

» generalized Wick theorem for spin operators requires
several type of vertices: R s A e
a

b c d e

Fig. 2.1. Types of vertices for the exchange Hamil-
tonian. (For convenience vertices of types d and e are

denoted by hollow bullets.)
PED O —

(from book by lzyumov
and Skryabin, 1988)

(T(§"5ts*)=

» expansion of irreducible part of 2-point function in powers of J;;

2 ' - +
. + —
¥t = -O+ + ,TLI + + _ij“ A
— _,l+ — +

 complicated diagrammatics = method not very popular

* reformulate in framework of FRG=  SFRG (Spin-FRG)

11



also called “exact RG” or “non-perturbative RG”

« exact functional differential equation for Wilsonian effective
action (Wegner+Houghton 1972)

PHYSICAL REVIEW A VOLUME #, NUMHLER 1 JULY 1873

Renormalization Group Equation for Critical Phenomena

Franz J. Wegner
Frstitut fily Festhiypeyforschung, KFA Jilich, D517 Jilick, Germany

Anthony Houghton*
Depariment of Physics, Brown Universify, Providence, Rhode Islund (2912
{Received 27 October 1972)

An exact renormalizalion equation in derived by making an infinttesimal change tn the
cutedf i momentum space, From (his equation the expansion for critical exponents aroumd
dimetsionality 4 &nd the limit= - = of the » -vector model are caleulaled, We obialn
agreement with the resulta of Wilson and Fisher, and with the spherical model.

12



« alternative formulation for Legendre transform (average effective

action) (Wetterich 1993)

Plyyzics Letbers B 3 (1993 ) H-04
MNorth-Holland { ! PHYSICS LETTERS B

| Exact evolution equation for the effective potential
OATA[@] = SSTh {[rj;; @] + Ra] " aARA} Christof Wetterich

Institut fiir Theoretische Physik, Cniversitdt Heidelberg, Philosophenweg 16, W60 Heidelberg, FRG

Received |5 November 1992, revised manuscript received 17 December 1992

We derive a new exact evolulion equation for the scale dependence of an effective action. The corresponding equation for 1he
effective potential permits a useful truncation, This allews one 1o deal with the infrared problems of thearies with masgless modes
in less tham four dimensions which are relevant for the kigh temperature phase transition in particle physics or the computation
ol critical expoments in statistical mechanics.

Reviews:
» Berges, Tetradis, Wetterich, Phys. Rept. 2002
 Pawlowski, Phys. Rept. 2007
 PK, Bartosch, Schutz, Introduction to the FRG, Springer, 2010

* Metzner, Salmhofer, Honerkamp, Meden, Schonhammer, Rev. Mod. Phys, 2012
13



e main idea: Wilsonian mode elimination can be expressed

in terms of formally exact functional differential
equation for generating functionals

» generating functional of Green functions

[ D@, ...8,,

ioNns: ()
Green functions: G, = @Pa, .. Pay) [ D@5

: : _ [ D[@]e—S#+(12) ) 0"G[T]
generating functional: |G[7] = D@ @ | Calan = 57 5 .

example: two-point function of Ising model at critical point:

(2 1 :
Gl = (p(1)e(r') % o—pry G k) 1y

n=0.036 anomalous dimension in D=3. "



* different types of Green/vertex functlons |
 connected Green functions GE[I]—ln Q[J] -
(Wegner-Houghton equation, 1972)

« amputated connected Green functions @m
(Polchinski equation, 1984)

e one-particle irreducible vertices o
(Wetterich equation, 1993) o

OATA[®] = ;STI‘{ [(;I) ® ;;)TFA[(I*] + Ry B 8ARA} al‘m
/ / .

second functional derivative regulator function




Wilson-Polchinski:

 RG flow of effective action
for slow modes
(fast modes are integrated)

Sl 3]

ﬁ |
0 A A,

>k

 technical complications for
sharp cutoff:

5(2)0(z) = %5(@ 5(2)02(x) =7

o(z)f(© m)f dtf(t)  (Morris, 1994)

Wetterich:

» RG flow of effective action
for fast modes:

c,..
>
s

* realized via Legende
transformation

* NO ambiguities even for
sharp cutoff

16



» functional Taylor expansion rasi-Y" % [ .. [ . 4.2,

===p \Vetterich equation reduces to infinite hierarchy of integro-
differential equations for irreducible vertices

» exact flow equation for irreducible self-energy




« exact flow equation for effective interaction

L

Three-body vertex
' . A& .~ renormalizes
:( 0 two-body
s 8s 4\, interaction

kg

b

* needed: controlled truncation strategies!
18



 Development of FRG formalism for bosons and
fermions relies on path integral

 How about spin systems?
Path integral not available and not needed!

J. Krieg and PK, PRB 99, 060403(R) (2019)

related work for classical spin model and hard-core
bosons by Machado, Rancon, Dupuis, 2010-2014

19



. 1 "
» Heisenberg model: # =35> J/i;Si-Sj—ho) 5

]

 introduce continuous deformation of exchange interactions

Jij = Jy = Jij + Ri; deformation parameter A € [0, 1]

 different deformation schemes possible

A=D A =1
(S - N JA = AT,
AN o4 T T AN A
PN ¢ g s

/\:: :D /\*’f

sasl s B RREES: =4




 calculate evolution of imaginary-time-ordered, connected spin-
correlation functions when deformation parameter is changed

G (1) = (S;'(7))
Gl (r,7') = (T[S&(7)85 (7)]) — (S ())(S5 (7))

¥

G (71,72, ) = (TISE (1)SE2(72) -+ 27 (7a)]connectea

1122...050

e dual role of deformation (cutoff) parameter A

1.) Regularizes divergencies (if there are any)

2.) Keeps track of continuous deformation of model

 choose Iinitial condition such that model can be solved in a
controlled way 21



° . . o . 1
deformed hamiltonian # = Ho + VA  #H, = _h“ZSi Py = inggi 8,

» generating functional of connected, imaginary-time-ordered spin

correlation functions
Irlh] _ Tr{ ~BHo T oJ3 d7[5; hu(r)-Si(r)— VA(T}]]

interaction picture S,(7) = e*07S;e o7 VA7) = Moy e~ Hor
L 6G A [h]
local magnetization (Si(7)) =
g Silm) = Shon) -
connected two 5°Ga [h]

-point function G (1, 7') = (T[S¢(r) S (7)]) = (SF(r)(S) (7)) =

She(T)oRS ()|, .

« exact flow equation:

1 A 6%2Ga[h] 6Gah] 6GA [R]
orgalhl = 7 2(On) Z[éh?(f)ﬁhj‘f(f)+5h?(ﬂ 6@?(?)]

22



1
aAGil fﬂ(’?'la . 'rn :__/ dTZ 6AJA Z[Gil ;a?jaa(Tla---:Tn,T,T)

g 1. Qi X
+ g Sl ..... mym+41,..., T {Gil___ii?a(Tla---:Tm:T)Gin::_l___iﬂ; (Tm—l—la---:Tn:T)}]

| O ! )
1 ) -
2 Z Sl._.m;m+1...n A e @ R
m=0 *
m m+1

d e

5@@,.;@@

O - @ @@

OO0 oo OF O 0

efficient algorithm to generate expansion of spin correlation
functions in powers of Ji; (alternative to method by Izyumov et al. 2002) 23



e subtracted Legendre transform:

mmﬂ_/thﬁ; —Galh —lfchiﬁﬁ M;(7)

1T, T

1 A 5°Galh]
oamiMl= 5 [ 17 2O 2 Sy yong )
62gﬂ [h] 17 1 . §2Fﬂ [M]
[Fﬁ[M] + Rﬂ] [FA M]] iTa,jT! 63‘;{1-&(?‘)5}'4?;(?‘;)

She (1)0he (1)

[Rﬁ] iTo, T o - R?j&aarg(q- B TI)

- 8&FA[M] = %TT{(FK[M] +Rﬁ)_laﬁRﬁ}

* bosonic Wetterich equation also vaild for quantum spin systems

« where is spin-algebra? initial conditions! 24



 classical model (everything commutes)' test deformation scheme

A=0
Ji = AJi N
= —AJ Y ;) SiS;
RA = (A —1)J;; v A e
b

* initial condition: decoupled sites Golh Z B(B(ho + h))

Brillouin function o
(i sinlk '+ =
B'(y) =bly) = (S + %) coth {(S + %)y] - lcoth [%] B(y) = In !% 1 1(( g)y)]

9 sinh(y/2)

e vertex expansion of Legendre transform:

= 1
PAlM] =) g D Okitkn T (ey, o Kop) M, .. M,
n=0 ki.. .k,

all initial vertices Tj" are finite b’ =S(S+1)/3
D60k, koo, Koy, ) = =0 /() =wg >0 V7= [ =25+ DT/120 2



« condition for critical temperature T\, (0) = 0

- mean-field theory: initial condition of FRG: Ty (0) = 1/b' — 8V;

Vie = 2DJ e =D 137 cosk, T.o =2DJS(S+1)/3

 beyond mean-field: integrate FRG flow:

_._

)i SE } e

2
1 15 terms 45 terms
=32 p>
dlstlnc:t 3 4 distinct 3
permutatmns permutations
6

b2 =

(== =N

26



 truncation of hierarchy of flow equations

I (k) =5 TP (k) + Ay = 1/ — BV + Ay

Ff}(kla kﬂa kg, kd) —r UA

results for S=1/2 for different dimensions D:

T (ky,....kg) —» T

D T./T. for S =1/2 relative error in %
SFRG ~ O(D™') exact SFRG O(D™ 1)

1 0 0 0 0 0

2 0 0.50 0.57 - 12

3 0.744 0.79 0.752 1 5!

4 0.839 0.85 0.835 0.5 2

) 0.880 0.89 0.878 0.3 1

6 0.904 0.908 0.903 0.2 0.6

7 0.920 0.923 0.919 0.1 0.4

FJ{{"} =0 forn>8.

(in D=3: similar accuracy
as lattice NPRG by
Machado+Dupuis 2010)

27



 SFRG flow equations can be used to generate systematic
expansion of Tc in powers of 1/D for any spin S

» leading correction to mean-field result: expand ¥, (0) to order 1/D

and solve self-consistently for Tc:

D T./Te for S =1/2 relative error in %
oD~ Y OD?) exact ODYH  ODI

1 0 0 0 0 0

2 0.50 0.50 0.57 12 12

3 0.79 0.740 0.752 D 2

4 0.85 0.832 0.835 0.4

5 0.89 0.8782 0.8778 0.04

6 0.908 0.9032 0.9029 0.6 0.03

7 0.923 0.9193 0.9192 0.4 0.01

8 0.933 0.9308 0.9307 0.3 0.01

9 0.941 0.93931  0.93926 0.2 0.005

10 0.9472 0.94595  0.94593 0.1 0.002

1.

1
To 2

=]

* (results with similar

accuracy for Heisenberg
models, FM or AFM,
Jan Krieg, Dissertation)

28



e anisotropic spin-S Kondo model: (Tarasevych, Krieg, PK, PRB 2018)

“Arich man" s derivation of scaling laws for the Kondo problem” —AdxJ} = 2poJ3 J;

e spin-gap in in dimerized spin systems

(initial conditions for FRG: BA theses
R. Gillich, J. Arnold) A~ . T me { N

A N
A ,
RG e — — .-
/ N /
—» - o —& | ——
\\ / /
- o S

 Magnetization and magnon damping in 2D
quantum ferromagnets 9

(with R. Goll, D. Tarasevych, J. Krieg, preprint to appear July 2019)




intuitive picture: spin-waves=coherent precession of spins

A\

9 TTTE s

€L — S(J[) — Jk) ~ ,Osktz

Isolated sites: J;; =0 precession is incoherent
A Gt (iwy) = b

~5 h iwn
AR R
G

zz T 7_ ((Sz)2> . (Sz)Z — b

deformation scheme where initially sites are decoupled should work

problem: Legendre transform of initial %[k does not exist due to
absence of longitudinal dynamics for isolated sites

solution: use different type of generating functional 30



D.Mermin, Physics Today,
November 1992, page 9:

“It Is absolutely impossible to give too elementary a physics
talk. Every talk | have even attended in four decades of
lecture going has been too hard. There is therfore no point
In advising you to make your talk clear and comprehensible.
You should merely strive to place as far as possible from

the beginning the grim moment when more than 90% of
your audience is able to make sense of less than 10% of
anything you say.”

31



connected
Galh] = InTr {e‘ﬁHOTefoﬁ d'rli?a-hi(ﬂ-giiﬂ—f’ﬂfﬂl]

G QA S

exact flow
1 0°Galh] 5Ga[h] 6GA[h]
GAQA[ _5‘4 dTZ(@AJA)\‘(Sh?(T)(Sh?(T) 5}1,,?(’?') 5}1,?(’?')]
subtracted Legendre
IA[M] = f erh — Gu[h]

AT A

Wetterich

__/ erR M, (7)

Ol A [M] = %Tr {(I‘j{[M] FRy) 6ARh}

amputated connected

FA[M] = Gpl[hi — — Z J;}Mj]—%
N O,

a— = 1
[!t oL i :'TJ.‘LI

® = @O+
equations
1 a

ONFalM] = | A ar 3 (0rd3 )i

1].cx

B
Gn /:F,-‘-\ QO
/

Gr—2)+-..

62 Fa| M|
M ()M (T)

SFA[M] 6Fa[M]
SMp(1) SM(T)

Zoa = det(—pJ )12

| |

- aA 111 Z(]‘A

transformation

N f " i Z M (7) - hy(r) — Fo[MI[h]
= a3 RS ) I =T - Ry
equation
Or®p[h] = %n { [q:j;;[h} + Rﬁ] - aﬁﬁﬁ} .

+ (’i\ 111 Z(],A-



R. Goll, D. Tarasevych, J. Krieg, PK, preprint to appear July 2019

* idea: only partially amputated connected: irreducible in
transverse fluctuations, amputated in connected longitudinal

B
Falht o] = Oad B = = 3 Ty -5 [ T s
]

B 1 [P
La[m, ¢ =/ﬂ dr Y (mi-hi + ¢isi) — Falh™,s] — 5/0 dr (Rﬂ ;i - m; + RY 13‘?51@53)

O]
» transverse and longitudinal regulator
RIJ{,ij - Ji’tl} - JJ_ Ri,ij = [ z"i 13 [']]z]

LV

 Wetterich equation

OaTa[m, ] = %Tr { {(I‘j{[m: 8+ Ry) L+ Jj;] aﬂRh}
33



» take possibility of spontaneous symmetry breaking into account
(symmetry restoration in 2D as result of fluctuations)

0L A[m = 0, @]

Legendre transform can be extremal for finite field: 56:0) =
i\T p=oa

expand around scale-dependent extremum:

St

La[m, ] = Talm, ép + ¢] additional terms in flow

equations related to

_ﬂ/ flow of magnetization
aﬁfh[ma p] = Oal'a[m, ¢]\¢—}¢ﬁ+ g fﬁ d Mﬁ[m’@]a
R A Dy o
e relation to Vaks-Larkin-Pikin approach
4 R H + (abU — W z2 _ 1

IV (K) =J (k) + M, + XA (K) ﬂ{K)——Jz—(k)—Hﬁ(K)

1| IIA (K
Ga(K) = () ns

H Mo J L (k) —iw A - z




PAld, ¢, ¢] = BN fa + [h Ot~ (K )P + / P (K)o xox

S K

+/ / / (EEKI+K2+KH)FI_Z(KISKZEKH)?)E_"—HinZ"‘ng
Ky J Ky J Ky

1
+ W/ / / J(Kl + Ko + Hﬁ)rizz(Kl:lK?JKH]':FH19¢KZ{PK3
3! KiJ Ky J Ky

1 _ _
+L /K L L{ J(Kl +K2+K3 +K4}{ (2!)2PI+__|[K1,K2=K3]K;l}i,ﬂl)_KL'tIﬂ{;_Kg’prg?]f}Kd
1 2 3 4 )

1 s T 1 ZZZZ
+EFI_" (K1, Ko, K3, Ki)JV_ g, Vi, 0k PR, + EP"“ (KlaKZuKLiaK4}@K1‘FH99¢K3%9K4} +....

(a)
e order parameter flow @ -- \O ] N(:B

e transverse self-energy +‘, . i+):>, :‘:3 i _._.Zj._._

 |ongitudinal polarization J‘, ': N ):} *:.3
35
~@ D~ B

B =

B | =

=

B2 =



* initial magnetization: self-consistent mean-field

Moy = b(B(ho + Vo My)) b(y) = (S + %) coth ((3 + %)U) - %C‘Jth (%)

* higher order vertices reflect non-trivial on-site spin dynamics:
[§*(w) = =d(w)b’, H — iw

Pﬁzz(wluwzawii) — —5(5.01)5[0.:2)!:-”, b
L5 (wn, wa, w3, wa) = —6(w1)8(ws)3(ws )b BId ™ (w1, wa,wg) = L — Gy (wa)d(ws)V

I‘{T_[w) = = G{?ll[w).

52Far+__(w17w23 W3, Wy) = G[]_l(f-da) + Gal (wq) =[0(w1 + w3) + (w1 + wq)]fifcﬂl(wa)(;[?l(waﬂ

-1y, ) \ AV N
bzfﬁ_zz(wl,wg,w;;,wﬂ — —[5{:{.1.}'3} _I_{E{wd)]b.! +G{] (u}g]rﬁ(wd}ﬁ(m,;]l[?{h] bb ]

truncation: use tree-approximation for higher-order vertices

Keep Goldstone-mode gapless without fine-tuning: \Ward identity!

in 2D: symmetry restoration at low-energies (Mermin-Wagner) 3¢



* magnetization flows to zero logarithmically for scales
A < 1/€ x exp[—27JS?/T]

| M(T, H)

0.34 _""'““? ------------------------

0.1+ S L o O o i e o i e

—0.1

-0.3

1 2 3 T/J(0)

e In progress: magnon damping due to coupling to longitudinal

spin fluctuations 37



« SFRG: a new RG approach to quantum spin systems

« work directly with generating functionals of time-
ordered spin correlation functions

» reformulation of spin-diagram technique via FRG

» Wetterich equation for quantum spin systems,
SU(2) algebra in initial conditions

» accurate results for Tc of Ising and Heisenberg models
 many applications in quantum magnetism
e extension: Hubbard X-operators

38
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