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1.) Motivation: describe frustrated 
magnets without magnetic order

● Kitaev model on honeycomb lattice  
 

(Kitaev, 2006) 

completely solvable 2D quantum spin model,  spin liquid 
ground state, Majorana fermions, topological order 

● more realistic model for honeycomb iridates:   

    (Chaloupka, 
Khaliulin, 
PRB 2015) 
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...more motivation: layered triangular 
lattice antiferromagnets

● urgently needed: analytic methods for quantum 
spin systems  without magnetic order   

● Frustration induced dimensional crossover in 

(Tutsch, Tsyplyatyev,...,PK, Lang, 2018 in preparation) 
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 spin algebra

 
● single spin in magnetic field: Brillouin function:   

● large S: Bose function:   

● S=1/2: Fermi function:   

● short-wavelength excitations in S=1/2 spin systems can 

have fermionic character   

● spin operators at different sites commute (like bosons), at same site 
satisfy SU(2)-algebra 

similar to 
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Methods for quantum spin models

1.) Numerical methods (exact diagonalization, Monte-Carlo, density-matrix      

     renormalization group)      

2.) 1/S-expansion; formally: Holstein-Primakoff transformation:   

● extremely successful for spin-waves 
in  ordered magnets, even for S=1/2 

● fails for disordered magnets 

3.) Schwinger-bosons (Schwinger 1965)   

(1940) 

Arovas, Auerbach 1988: useful for quantum 
magnets in low-dimensions   

from preprint distributed by regular mail (1988):

constraint:
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...methods for S=1/2 spin models

4.) Abrikosov pseudofermions for S=1/2 (Abrikosov 1965)        

5.) Majorana fermions (Martin 1959; Mattis 1965; Coleman, Tsvelik 1990s)      

● widely used for single-spin impurity models (Kondo)

● two states per site unphysical 

● formally exact projection via imaginary chemical potential (Popov, Fedotov 1988)

● basis of functional RG for S=1/2 spin systems (Reuther, Wölfle 2010)   

 

● no unphysical states but redundancy in  Hilbert space

● could be used to construct alternative FRG for S=1/2 systems   
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Spin-Hartree-Fock

● Main idea: work directly with physical spin-S operators, no unphysical 
states, no projections, no redundancy in Hilbert space  

(Werth, PK, Tsyplyatyev, PRB 2018)

● Spin-Hartree-Fock theory for S=1/2: operator identity 
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Spin diagram technique

 

Basic idea: Vaks, Larkin, Pikin 1968: 

work directly with physical spin-S operators, no unphysical states, 
no projections, no redundancy in Hilbert space  

VLP 1:
Wick theorem for 
spin operators,
spin-diagram 
technique,
thermodynamics

VLP 2:
spin waves, 
correlation
functions



9

Time-ordered connected spin 
correlation functions

 

gentle introduction: 

strategy: calculate directly imaginary-
time-ordered, connected spin-
correlation functions:

satisfy  bosonic Kubo-Martin-Schwinger boundary conditions:
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Generalized blocks

 

● for             time-ordered connected spin correlation functions 
are site-diagonal but non-trivial

● encode SU(2) spin algebra at given site

● building blocks of spin-diagram technique 

● generating functional:  

   

Brillouin function
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Diagrammatics for quantum spin 
systems 

● strategy: expand in powers of  

● generalized Wick theorem for spin operators requires 
several type of vertices:

(from book by Izyumov 

and Skryabin, 1988)     

● expansion of irreducible part of 2-point function in powers of     

● complicated diagrammatics        method not very popular

● reformulate in framework of FRG          SFRG (Spin-FRG)
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2.) Functional renormalization group

● exact functional differential equation for  Wilsonian effective 
action    (Wegner+Houghton 1972)

also called “exact RG” or “non-perturbative RG”
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FRG literature

● alternative formulation for Legendre transform (average effective 
action) (Wetterich 1993)

Reviews: 

● Berges, Tetradis, Wetterich, Phys. Rept. 2002

● Pawlowski, Phys. Rept. 2007

● PK, Bartosch, Schütz, Introduction to the FRG, Springer, 2010

● Metzner, Salmhofer, Honerkamp, Meden, Schönhammer, Rev. Mod. Phys, 2012 
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what is “functional” about FRG?

● main idea: Wilsonian mode elimination can be expressed 
             in terms of formally exact functional differential 

                    equation for generating functionals

● generating functional of Green functions

Green functions:

generating functional:

example: two-point function of Ising model at critical point:

anomalous dimension in D=3.
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exact FRG flow equations

● different types of Green/vertex functions
● connected Green functions

(Wegner-Houghton equation, 1972)

● amputated connected Green functions
(Polchinski equation, 1984)

● one-particle irreducible vertices
(Wetterich equation, 1993)

regulator functionsecond functional derivative
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Wilson-Polchinski versus Wetterich 
equation

● RG flow of effective action 
for slow modes             
(fast modes are integrated) 

  

Wilson-Polchinski: Wetterich:
● RG flow of effective action 

for fast  modes:   

● technical complications for 

sharp cutoff:   
● no ambiguities even for 

sharp cutoff
(Morris, 1994)   

● realized via Legende 
transformation
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vertex expansion 1

● functional Taylor expansion

Wetterich equation reduces to infinite hierarchy of integro-
differential equations for irreducible vertices

● exact flow equation for irreducible self-energy
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vertex expansion 2

● exact flow equation for effective interaction

Three-body vertex
renormalizes 
two-body
interaction

● needed: controlled truncation strategies!
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3.) Spin-Functional Renormalization 
Group (SFRG)

● Development of FRG formalism for bosons and 
fermions relies on path integral

● How about  spin systems?

Path integral not available and not needed! 

J. Krieg and  PK, PRB 99, 060403(R) (2019)

    related work for classical spin model and hard-core 
bosons by Machado, Rancon, Dupuis, 2010-2014
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SFRG: cutoff (deformation) schemes

 
● introduce continuous deformation of exchange interactions 

deformation parameter

● different deformation schemes possible 

● Heisenberg model: 
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strategy

● calculate evolution of  imaginary-time-ordered, connected spin-
correlation functions when deformation parameter is changed

● dual role of deformation (cutoff) parameter 

1.) Regularizes divergencies (if there are any)

2.) Keeps track of continuous deformation of model

● choose initial condition such that model can be solved in a    
controlled way 
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Flow for generating functional of 
connected spin correlation functions

 

● deformed hamiltonian 

● generating functional of connected, imaginary-time-ordered spin 
correlation functions 

interaction picture

local magnetization 

connected two 
-point function

● exact flow equation: 
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Hierarchy for connected spin-
correlation functions

efficient algorithm to generate expansion of spin correlation 
functions in powers of  (alternative to method by Izyumov et al. 2002)
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Flow of generating functional of 
irreducible spin-vertices

● subtracted Legendre transform: 

   

● bosonic Wetterich equation also vaild for quantum spin systems

● where is spin-algebra?  initial conditions!  
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4.) First application: 
Tc of spin-S Ising models

● classical model (everything commutes); test deformation scheme

● initial condition: decoupled sites 

Brillouin function

● vertex expansion of Legendre transform:  

all initial vertices         are  finite
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FRG calculation of Tc

● condition for critical temperature  

● mean-field theory: initial condition of FRG:  

● beyond mean-field: integrate FRG flow:  
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Truncation and results

● truncation of hierarchy of flow equations  

● results for S=1/2 for different dimensions D:  

(in D=3: similar accuracy 
as lattice NPRG by 
Machado+Dupuis 2010)
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Inverse dimension expansion of Tc

● SFRG flow equations can be used to generate systematic 
expansion of Tc in powers of 1/D for any spin S  

● leading correction to mean-field result: expand             to order 1/D 
and solve self-consistently for Tc:  

● (results with similar 
accuracy for Heisenberg  
models, FM or AFM,     
Jan Krieg, Dissertation)
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Many applications 
(work in progress, partially completed) 
● anisotropic spin-S Kondo model:  (Tarasevych, Krieg, PK, PRB 2018) 

● spin-gap in in dimerized spin systems   

   

● Magnetization and magnon damping in 2D 
quantum ferromagnets

      

         (with R. Goll, D. Tarasevych, J. Krieg, preprint to appear July 2019)

 “A rich man` s derivation of scaling laws for the Kondo problem”

(initial conditions for FRG:  BA theses                   
 R. Gillich, J. Arnold)
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Renormalized spin-waves in 2D  
quantum ferromagnets

● intuitive picture: spin-waves=coherent precession of spins  

● deformation scheme where initially sites are decoupled should work 

● isolated sites:              precession is incoherent     

● problem: Legendre transform of initial        does not exist due to         
               absence of longitudinal dynamics for isolated sites

● solution: use different type of generating functional 
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its time for the grim moment...   

D.Mermin, Physics Today, 
November 1992, page 9:

“It is absolutely impossible to give too elementary a physics
talk. Every talk I have even attended in four decades of
lecture going has been too hard. There is therfore no point 
In advising you to make your talk clear and comprehensible.
You should merely strive to place as far as possible from
the beginning the grim moment when more than 90% of
your audience is able to make sense of less than 10% of
anything you say.”
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FRG flow of amputated connected spin 
correlation functions

connected amputated connected

exact flow equations

subtracted Legendre transformation

Wetterich equation
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in practice: hybrid functional

● idea: only partially amputated connected: irreducible in 
transverse fluctuations, amputated in connected longitudinal 

R. Goll, D. Tarasevych, J. Krieg, PK, preprint to appear July 2019

● Wetterich equation

● transverse and longitudinal regulator
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Order parameter flow and relation to 
Vaks-Larkin-Pikin

● relation to Vaks-Larkin-Pikin approach

   

● take possibility of spontaneous symmetry breaking into account       
(symmetry restoration in 2D as result of fluctuations)   

 Legendre transform can be extremal for finite field: 

  expand around scale-dependent extremum:

additional terms in flow 
equations related to 
flow of magnetization 
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vertex expansion and exact flow 
equations

● order parameter flow  

● longitudinal polarization 

● transverse self-energy
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initial conditions: mean-field 
magnetization and generalized blocks 
● initial magnetization: self-consistent mean-field

● higher order vertices reflect non-trivial on-site spin dynamics:

● in 2D: symmetry restoration at low-energies (Mermin-Wagner)

● truncation: use tree-approximation for higher-order vertices

● Keep Goldstone-mode gapless without fine-tuning: Ward identity!
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Magnetic equation of state in 2D 
ferromagnets

● magnetization flows to zero logarithmically for scales 
 

● in progress: magnon damping due to coupling to longitudinal 
spin fluctuations  
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conclusions + outlook

● SFRG: a new RG approach to quantum spin systems

● work directly with generating functionals of time-
ordered spin correlation functions

● reformulation of spin-diagram technique via FRG  

● Wetterich equation for quantum spin systems,      
SU(2) algebra in initial conditions

● accurate results for Tc of Ising and Heisenberg  models 

● many applications in quantum magnetism

● extension: Hubbard X-operators
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