Bose-Einstein Condensation
and
correlations in magnon systems

Peter Kopietz, Universitat Frankfurt

1.) Bose-Einstein condensation
2.) Interacting magnons in yttrium-iron-garnet
3.) Magnon-phonon interactions in Cs,CuCl,



predicted: first observed in atomic gases:
S. Bose,1924 A. Einstein,1925 C. Wieman, E. Cornell, 1995:

Nobel Prize 2001
(with W. Ketterle)

2
eHamiltonian of free bosons: H, = Z ;—b}:bk — Zﬁknk

‘Bose-Einstein distribution:  (n;) =

elex—w)/T 1

relation between density (no) 1
and chemical potential: p== T3 2_ k) 2



for high densities/low temperatures, density equation can only

be satisfied if k=0 state is macroscopically occupied:
2mwh?
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ecritical temperature for BEC: T, = ( ( ))
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echemical potential: eorder parameter:
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interacting bosons: Fxy ~ 0.35




egrand canonical ensemble unphysical
in condensed phase of free bosons:

PHYSICS REPORTS (Section C of Physics Letters) 32, No. 4 (1977) 169-248,
THE IDEAL BOSE—-EINSTEIN GAS, REVISITED

Robert M. ZIFF *, George E. URLENBECK and Mark KAC

The Rockefeller University, New York, WY, 10021, U.5 A. (never mention th|S in

Received January 1977 Statistical Mechanics class...)

egrand canononical and canonical ensembles differ in their predictions
for some bulk properties, e.g., ((Ang)?) ,reducedn > 2 particle density matrix

eproperties of smaller subsystem are always
identical to those of canonical ensemble




ecanonical partition function: Zy = Tr[0, ye "] N =" bibs
k

eoccupation number: (ng) = Z3 ' Tr[bl bkd \ o€ 1] £ Bose function
N kkON N

eprobability for finding n particles in lowest single-particle state:

Pu(n) = Zy T, o 0n w0 ] = e”ﬂﬁfiw
Landau function

«efficient recursive algorithms: Landsberg 1961, Balazs+Bergeman 1998

Zu(T) = = 3" Z(T/K) Zy (D)



*10 bosons in harmonic potential (Sinner, Schutz, PK, PRA 2006)
T>Te:
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*BEC in finite and rather small systems is possible!

Ly (n/N)

LN (n/N)



*BEC is not the same as superfluidity:
Concept of Off-Diagonal Long-Range Order
and the Quantum Phases of Liquid He
and of Superconductors

C. N. Yaru
Institule for Advanced Study, Frinceton, New Jersey

Py
eone-body density matrix:
! i, [ * ! ! [ 1 ik-r
P (r ') = (DI ) (r)) =" (r)o (') + g(rr')  W(r) = 77 ; e Ty,

MAacroscopic [ s, p)12 — () g(r, ") =0 for |r —r'| — oo
wave-function:

esuperfluid: U(1) symmetry of Hamiltonian spontaneously broken

enon-interacting bosons: superfluid unstable and pathological! 7



H = exbibr + 577 Z Uqbls oD — b b
k k:k:’

*Bogoliubov-shift: b0 — /Ny po = —

*Bogoliubov mean-field Hamiltonian:

polU
H =~ Z [[fk + po(Uo + Ug)|blbr + POk
k0
R [ . L
econdensate density: py = —— = —
Vo U

~excitation energy: Ej = \/exler + 2p0Uk]

*long wavelength excitations: sound!

Ey ~ c|k| c = v/ polUa/m

15

(b b+ b))

- - - e e  E E E E E E E E




*Bogoliubov mean-field Hamiltonian:

Yy (k)

H Y [lex+ 2 (k)Jblbr +
k0

(b_bre -+ bLbT k)}

normal self-energy: (k) = po[Us + Ukl

anomalous self-energy: Y4 (k) = polUk

emean-field fails dne tn infrared divergent fluctuation corrections:

x

) e K—Q (2)
A7 TR 50 o« [ N
N 8 Jw @ "

ka g}q (h’@/|k|)d_ﬂ for D < 3
In(ke/|k|) for D =3
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L ok \x /oK

EQ k) > 2V (k)| for |k < ke

origin: coupling between transverse and
longitudinal fluctuations in Mexican hat




eanomalous self-energy vanishes at zero momentum/frequency:

% 4(0) =0

Hucona ¢ KITO, mon 21, avin. 1, cmp. 3 - 6 5 anesaps 19751,

K TEOPUI CIIEKTPA BO3E-CUCTEMbI
C KOHAEHCATOM B OBJACTI MAJALX MMITY IHCOB

A.A.Henounawud, V. A Henounawud

Moayuen pesyabrar % (0) = 0, yerpansoumii pacxodumocTt
npu BbiBoOAe opMya Aas yHKUui [puna Go3e-cucTeMsl C KOHOeH-
caroM B ofaacti Maapix uMnyibcos. Halfleno nmpocroe cxonsiee-
A MMarpavmroe Belpaxeme - As 1/¢ ? (¢ — ckopocTs 3Byka). O6-
CYyXNATCA YyCAOBHA NPUMEHUMOCTH BbIUMCASHUHE ¢ MCNOJb30BAHM-
&M MAJOro napaMerpa.

Bogoliubov approximation wrong: %4’(0) = pUs

*need non-perturbative methods!
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eexact equation for change of generating

bl functional of irreducible vertices as IR

Florian Schiitz cutoff is reduced (Wetterich 1993)
LECTURE MOTES IN PHYSICS 79 1 5 5 -

= LA Sﬂl“ﬁ@] = 1T (aﬁRﬁ) — | —Fﬁ[(ﬁ] + Ry
. 2 0P ~ 0D
Introduction to
the Functional sexact RG flow equations for all vertices
Renormalization * flow of self-energy:
Group
-2
+_ Springer
2010. XII, 380 p. (Lecture Notes in Physics, Vol. +Sansas l i| 11

798) Hardcover



2 2/3
«critical temperature of free bosons: 79 — 2" (C( p ))

3/2

LS

do weak interactions increase or decrease 7.7
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ocritical temperature of free bosons:

70 _ 2mh? 0 2/3
¢ m \((3/2)

do weak interactions increase or decrease 7.7

eanswer: (Baym et al 1999)

0
e —apP + O(aZInay)

] =~ 2.9

*Monte-Carlo simulations (Kashurnikov 2001): ¢; &~ 1.29 + 0.05

FRG calculation ¢, = 1.23 0

(Ledowski, Hasselmann, PK 2004):

In o(x)

challenge: need momentum
dependent self-energy
for all wave-vectors
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WYL L

PRL 101, 135301 (2008) PHYSICAL REVIEW LETTERS % SEPTE

sexperiments

can measure Bragg Spectroscopy of a Strongly Interacting **Rb Bose-Einstein Condensate

renormalized | | . | i ”
. . 5.B. Papp,” J.M. Pino,” R.J. Wild,” §. Ronen,” C.E. Wieman,™ D.S. Jin,” and E. A. Cornell

excitation

SpeCtrum We report on measurements of the excitation spectrum of a strongly interacting Bose-Einstein

condensate. A magnetic-field Feshbach resonance is used to tune atom-atom interactions in the conden-

*FRG calculation of spectral function in 2D
(Sinner, Hasselmann, PK, PRL 102, 2009, and arXiv: 1008.4521)

quasi-particle damping:
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° M Ot|Vat| O n : nature Vol 443(28 September 2006|doi:10.1038/nature051Ti

collaboration with L FETTERS

experimental group
of B. Hillebrands

(Kaiserslautern) Bose-Einstein condensation of quasi-equilibrium
magnons at room temperature under pumping

S. 0. Demokritov', V. E. Demidov', O. Dzyapko', G. A. Melkov?, A. A. Serga®, B. Hillebrands® & A. N. Slavin®

non-equilibrium
dynamics of interacting
magnons in YIG

100 3 Freguency [(GHz)

To interferometer

*Experiment:

Photon
10 (2vp) Magnon

microwave-pumping of g W)

magnons in YIG

1

#W!W

—10F -1 108 1R (i
Wavevector (cm ‘}

measurement of

magnon distriubution - = WWMWT
via Brillouin light scattering < P "—"_ ' 15

YIG film Mlcmstnp resonator




< (a) Elementary

swhat is YIG? (@) - | cell of YIG with
ferromagnetic £S5 =5 e P
insulator ®160: Fe * Vo in positions a are
& 24c:Y IR T coupled anti-fer-

@24d:Fe ¢ % & : romagnetically

@96h: 0 to the spins of
b Vo _ the 24 in posi-
° I I . . - tions d and cause
at the fl rSt- Slg ht- J\ . . theferrirnagneﬁc
too complicated! 5 ordering.

A. Kreisel, F. Sauli, m

L. Bartosch, PK, 2009 CTRLALEY FR0M EUROPEANS JOURNALS

seffective quantum spin model for relevant magnon band:

2

H = _lz'jijsi - Sj —pH. - S -3 > [3(5i=Rij)(5j - Ryj) — Si- SJ
2 i i 2 i 1] |R’LJ|

exchange interaction: 7 = 1.29 K. saturation magnetization: 47Ms = 1750 G
. . . 16
lattice spacing: a = 12.376 A effective spin: S = M.a®/p ~ 14.2



*problem: spin-algebra is very complicated: [S¢*, S| =id;;e*”"S] S} =S5(S+ 1)

esolution: for ordered magnets: bosonization of spins (Holstein, Primakoff 1940)

bjbib“r
i

iy
ST = S +iSY =v’25\/ E;Ej bi = V28

S7 =S —blb,

*Bachelor project: spin algebra indeed satisfied if |[b;, b}} = 0;;

proof that different dimension of Hilbert spaces does not matter by Dyson 1956:

PHYSICAL REVIEW VOLUME 1oz, NUMBER } JUNE 1, 1856

General Theory of Spin-Wave Interactions*

Freruax J. Dyson
Depariment of Physics, University of California, Berkeley, California, ond Institule for Advanced Sr}udy, Princelon, New Jersey

(Received February 2, 1956) 17




A. Kreisel, F. Sauli, L. Bartosch, PK, EPJB 2009

*1/S expansion: H = H,+ ) H, H,/S? = O(1/8"/?)
n==2 -

emagnon dispersion is determined by quadratic part in bosons

Hy =) [A”E;Tb 4 By (bb +bTbT)]

]

D¥F + Dg{.y
AT-J = 5?-Jh + S({SEJ Z J’i'ra o '!-J) + S [(SEJ ZDM;. J 2 :
B, = —2 [D — 2iD™ — D¥¥
i = 5 (D — 2D = D]
: 3 p? o 1ol
«dipolar tensor: D; = (1 - ;)53 [3333'3% - 5-1,3]
R I8



eproblem: experimentally relevant H, = H.e.
films have finite width and thickness ﬁ/’
d=
d =~ 5um =~ 4000a
w > d

H, ~ 1000 Oe

ephenomenological approach (Kalinikos, Slavin et al, 1986-today)

GMa(;a t) _ ,},M(T, t) X Heﬁ"(ra t)

emicroscopic approach (Kreisel, Sauli, Bartosch, PK 2009)

Landau-Lifshitz equation:

partial Fourier transformation of Hamiltonian in yz-pane:

Xk: Z !Ak(iu)b (i) bre (2 5) + @bk(mi)b_k(mjn wa( bl ()

l B .
bi = Zﬁtk'h bie (:) Ap(x5) = Zﬁ_m'r}l(:ﬁi —x;,7) 19
VINyN. -




calculate roots of secular determinant numerically:

ot (E;;-, — Apg —Bpg ) —0 [Ak]ij = Ar(zij)
-B;, —Er— A [Bk]ij = Bk(mij)

«dispersion of lowest magnon mode has minimum at finite k

due to interplay between: 1. exchange interaction
2. dipole-dipole interaction
3. finite width of films

4.5r

_{o* 10 10

20



* lowest magnon band is accurately described by uniform mode approximation:
1 1

===p effective translationally invariant 2D magnon Hamiltonian:

-1
Hy=5> 2Akblbk -+ Bib xbi + Bibfbl |
k
ecomplete diagonalization via Bogoliubov transformation:
{?rk _( ue k ‘frk . [Ag +ex o Be Ak —e
b—k —vV Uk a_ g Uk = %er k B e
o € - 14.
—) Hgglfkulauk—l— k 5 k] Ek:\/Ai—\BkF

21



*3-magnon terms:
. 1 - 1 a0
Hy = — ) 5k1+hz+k3,ﬂl_rin§%ﬂt—lu2u3+§FT3?SGT—lGT—2ﬂ3

' N kikoks 2
1
ol 123010205 + grﬁﬁ"ﬂt—lﬂtzﬂt—a
*4-magnon terms:
- 1 | I
H4 — ﬁ Z 6‘:1+...+k4,ﬂ [WFTS&iﬂilﬂizﬂgﬂil
ki..ks '
1.
+ gr??zﬁ”—lﬂﬂﬂﬁﬂil + gr?gﬁﬂilﬂtzﬂt—ﬁ“ﬂl
+ l aaaa lrﬁﬁﬁﬁ [P B R |
A1 1234"11'32“3“4"‘4, 1234 ¢ 1 @_20_30_4

all combinations allowed due to absence of U(1) symmetry

sexplicit form of vertices: F. Sauli, PhD-thesis, 2010 2



J. Hick, F. Sauli, A. Kreisel, PK, EPJB 2010 (in press)

e andau function:

_ 1 _ |
L, ] = 3 Z 1l Uk + (Ut + ki) | + Z 5k1+kg+ka,uir?§'§%’df—kl Uy Uy +
k \ ki kaks

'k = 2(ek — [1) has explicit breaking
minimum at flnlte q of U(1) symmetry order parameter in real space:
. . . 5[: ﬂ_;a 1!‘«’ 2
Gross-Pitaevskii- equation: ; b Lo ) n l “
solution has finite Fourier 00
components for oy — 5 ,
all integer multiples of q: VK Z k,maq/m l
= — 20 | | |
| S AR S AR
eanalogy: liquid-solid transition:(Alexander, McTague 1978) "
1
Llp] = 9 Z?“K\ﬂﬂ — 13 Z 0K, + Ko+ Ka 0PK: PKyPKs + - - -
K K K> K;

- . i 2 2 . . 23
ri = 1o+ c¢(K° —k;) has minimum on sphere in momentum space



what is parallel pumping of magnons?

24



what is parallel pumping of magnons?

two pumps in parallel:

LR

N Fa=eiih i | T
i e | I
B ™ nove

" L - ¥ 1-. L Ayt

1 i 7 LGER

1| 4 [ e

1 e
-

25



what is parallel pumping of magnons?
two pumps in parallel: one can also pump other things:
' ARNOLD

SCHWARZENEGGER
PUMPING

THE 25™
ANNIVERSARY
SPECIAL EDITION
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what is parallel pumping of magnons?

two pumps in parallel: one can also pump other things:

ARNOLD
SCHWARZENEGGER

PUMPING

IRON _. A

THE 25™ (e
ANNIVERSARY

SPECIAL EDITION

*in context of YIG' oscillating magnetic field is parallel to magnetization:

Hyic(t) = —= Z > [LJ&”S + D”ﬂ S8 —[hg + hycos(wot)] Y S
ij «f i
==) Hamiltonian in Bogoliubov basis: time-dependent off-diagonal terms:
. 1 |
Hs(t) =~ kau;mk -+ §Z [’}’kﬁ_wntﬂgﬂ I + e iwoty kﬂrk} 27
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*what is parametric resonance?

eclassical harmonic oscillator with
harmonic frequency modulation:
d°x(t F
Tg) + 0% (t)a(t) = 0 Qt) = Qo + 2 cos(wpt)

eresonance condition: | wy & 2(),

- oscillator absorbs energy at a rate
proportional to the energy it already has!

Standi‘ng Wave

Node !

Electric vibrator

history:
«discovered: Melde experiment, 1859

excite oscillations of string by periodically
varying its tension at twice its resonance frequency

theoretically explained: Rayleigh 1883 [ﬂenson m



H. Suhl, 1957, E. Schlomann et al, 1960s,
V. E. Zakharov, V. S. LU'vov, S. S. Starobionets, 1970s

Y

eminimal model: | Hres(t) = kaﬂkﬂk i Z[ e “olalal | +ype™0ta_ kak}
1"

+ 5 Z u(k,k’,q)akﬂaL_qaksak
kk'\q
«“S-theory”: time-dependent self-consistent Hartree- nk(t) = <”L(t)ﬂk(t))

Fock approximation for magnon distributions functions pr(t) = (a_g(t)ag(t))

weak points: «no microscopic description of dissipation and damping
spossibility of BEC not included!

egoals:

sconsistent quantum kinetic theory for magnons in YIG beyond Hartree-Fock
sinclude time-evolution of Bose-condendsate
edevelop functional renormalization group for non-equilibrium 79



T. Kloss, A. Kreisel, PK, PRB 2010
eanharmonic oscillator with off-diagonal pumping:

~ . N u
H(t) = epa'a+ 10 —iwotgtgt 4 20 giwatyy 4+ Zglataa

2 2 2
erotating reference frame: @ = e#“'a al = e awotql
= ts L Y0 stat , VOss  Yatatas ~ wo
H = a'a+ —a'a' + Laa+ —a'a'aa 0= €g — —
€q + 5 + 5 + 5 €0 =¢€0~

X +iP WT_X—HE’ ~ = VO ratat | =1
a = eqt'a+ —la'a' + aal =

a=

eorder parameter:
Hamiltonian dynamics

in effective potential
(Hartree-Fock)




T. Kloss, PK, cond-mat soon to appear...

*6 types of non-equilibrium Green functions:
Pt t) = =it — t'){[a(t),alt")])

Pt t) = O — t){[a(t), a(t)])

eretarded:  ¢"(t,#) = —iO(t — ){[a(t),a' (t')])

«advanced: g4(t,¥) = i0(t' —t){[a(t),a'(t)])
Keldysh: ¢"(t,t") = —i{{a(t),a'(t")})

pt(t.t) = —i{{af(t),

a(t)})

*Keldysh component at equal times gives distribution function

Koo [ PRED gt () )
o= (gﬂ(t.t) ph’(r..t)*) o (

p(t)  n(t)+ 3

n(t)+3  p*(t)

functional integral formulation (Kamenev 2004)

iy (t.t) = [ Dlol &50[‘1*1“51I‘I*lqni(t)@ii(t’)
Sofe] = I/dm > E0IG Y  )2()
aa’ AN
g Y ol [@6()] + @2 ()]

& =1,a

|

AN e {C Q)
0,0 € {a,a'}

G = G

31



sintroduce RG flow parameter A which cuts off long-time behavior
G — Ga ¥ —= X, eventually A—=0

sexact RG flow equation for non-equilibrium self-energy:

OASNY o (t, 1) = ZZ [dtldt,-_. Gal 22 (ty, t) DAY (1, 11,8, 1)

U‘lﬂ'z JL]JLQ

see also Gasenzer,
. Pawlowski 2008

self-energy defines collision integral in quantum kinetic equation:
t
i0,G (t,1) — MG (t,t) =GR (t.)M" = [ dh [ZK (. 1) G (1) = GR(E, )3 (1, 1) Z)

J 1

t
. [ (X ()84, )7 - 280 )65 (1) 32
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equasi 2D QAFM on anisotropic
triangular lattice

® CuCl?
Cu* 7 tetrahedron Cs*ions
&8 ) \
w ©® \ - %e __%e
Cl \ @ T . 8-9
&N ! e ;‘{ A |
. e S | =i
| _J__:_.\\ : ,/( o J l( |
A - ,'/ : arS I I
(a) 'E \:\l o 'i 1 4
. | ¥ y y
(% O | /9 )\
VAR N I_,F-’“-H ’ T n—
;,» | \\i'j -\"‘-\;_;ff \_\‘ | \;._,_.—-"'" '“"“-H._};
/';. ‘W'\ l .,"’ --‘Pﬁk I .";
N \\:\ 5 / h | % {\ Vi
r S b _ 1@ f
Q/ b . g: ". v

(figures from Coldea, Tennant,
Tylczynski PRB 2003)

ephase diagram for magnetic

field along a-direction:

h Paramagnetic !,J
9 /
e /
;f
= 4
D Tolamae y
(= o) """‘“'-»-.. ;
S oo spinviid N7
= m Ferro-
o L 3DLROY magnletlc
0 4 6 3 12
Applied field B (T) || a
cone-state quantum critical point:

change in magnetic order
= BEC of magnons

33



*spin excitations in cone-state

eneutron scattering: extended scattering continua
*spin-wave expansion: infrared divergencies!

*magnetic field dependence of
elastic constants and ultrasound attenuation in cone state

*Spin excitations in spin-liquid phase

ecritical behavior close to quantum critical point:

can one see experimental signatures for breakdown of mean-field theory?
(A. Kreisel, N. Hasselmann, PK, PRL 2007)

34



H= %Z[ijSf'SjJrDij‘(Sf ij)]—Zh'

ij i
: 1
T Zwm (ﬁhﬂm + E)
53N
position  Bravais phonon
of spini lattice deviation
1 ik R, €k
X = — ik R; +al X=X, X.
VN Z VA My ) ’ 3
1
Jfgj = J(Rij) + (Xt'j ’ VT) J[:TH,«-:RH ‘|‘§(Xij : Vr)z J(T”r:ﬁ‘ﬁ T
H = Hyyn + HP™ + HP2 + H2W 4 35




eclassical ground state: J_/
m; = cosflcos(Q - R;)e, +sin(Q - R;)e,| +sinf e. A4 AN AS WA VA

f,\\ \\ ’ \\ f ‘\ ' \/I
Ji = Jk — iDy Volg = S \ \ ' f- A

Sinf = h/hc hc — S(JEF — Jg) < W/ R \%r x%: \Ja

‘\j’ \J \‘-é' ‘\ r’ 7
/[ 7
emagnon dispersion: *magnon velocities:
: : 600
500 [ :" :
0.4 S

Ek el

o
o
/

velocity (m/s)
N W Rk
o o O
o O O
|

/

/

o

}
o
)]

10
magnetic Field (T) 36




A. Kreisel, PK, B. Wolf, M. Lang et al, in preparation

*magnetic field dependence of elastic constants:

ecalculate: renormalization of phonon velocities due to coupling to magnons Acx

CA
edominant contribution from magnon-phonon hybridisation:

Jylpho _ ngb (X—kbk -|‘Xkbl,)

lmag
k

eultrasound attentuation rate:

calculate: imaginary part of phonon self-energy due to coupling to magnons

edominant contributions from @ M<>‘A NOV
1 phonon+2magnon and

2 phonon+1magnon scattering

(many-body version of Fermi’s golden rule)
(b) 37
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Theoretical description of BEC of interacting
bosons requires non-perturbative methods

Magnon gas in yttrium-iron garnet:
parametric resonance of interacting bosons

Frustrated antiferromagnet Cs,CuCl,
elastic constants, ultrasound attenuation

Qutlook:
* YIG: develop FRG to study bosons out of equilibrium

« Cs,CulCly :spin excitations, quantum critical point

40
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i _-_,'.
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speC|aI thanks toA Kreisel! ?

5.) Collaboration on CsyCuCl, with

2.) Collaborations on FRG with group of M. Lang (Frankfurt)
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