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1. Persistent currents in mesoscopic metal rings

Experiments
Lévy et al. (Bell Labs), PRL 1990

magnetic moment of 107 Cu rings
pierced by magnetic flux φ
diffusive: mean free path `� L

measurement of magnetic moment
with SQUID
modulation φ(t) = φ+ φAC sin(Ωt)

average current: 〈I〉 ≈ 3 × 10−3 evF
L ≈ 0.4nA per ring

periodic in φ with period with half a flux quantum φ0 = hc/e
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Persistent current experiments

Chandrasekhar et al. (IBM), PRL 91

• single Au ring (no
self-averaging)

• diffusive regime `� L

• Ityp ≈ evF /L

• periodic with φ0

Mailly et al. (Grenoble), PRL 93

• single GaAs ring

• ballistic regime ` > L

• I ≈ evF /L

• periodic with φ0
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Persistent current experiments

Mohanty, et al. (IBM), 1996

• 30 gold rings

• diffusive regime `� L

• confirmation of Levy-experiment!
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simple theory for persistent currents

mesoscopic ring in Aharonov-Bohm
geometry:

R

φ= π R
2B

L =  2    π R

B ||

early theoretical investigation:
Friedrich Hund, 1938:

• mesoscopic systems: wavefunction phase coherent: Lϕ � L

• typically: phase coherence length diverges: Lϕ ∝ 1/Tα for T → 0
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why persistent current in ground state?

simplest model: free electrons in 1d, no disorder

s=

θ

θR

φ

R

• vector potential A = φ
L êθ

magnetic flux φ =
∮

A · dr

• Schrödinger equation

�2

2m∗ [−i d
ds + 2π

L
φ
φ0

]2ψ(s) = Eψ(s)

• periodic boundary conditions
ψ(s+ L) = ψ(s)

• gauge transformation: ψ̃(s) = exp[i s
R

φ
φ0

]ψ(s)

⇒ twisted boundary conditions:

~
2

2m∗ [−i
d

ds
]2ψ(s) = Eψ(s) , ψ̃(s+ L) = e2πiφ/φ0ψ̃(s)

• eigenstates and eigenenergies: ψ̃n(s) = 1√
L
eikns , εn =

�2k2
n

2m∗

• quantized wavevectors: kn = 2π
L (n+ φ

φ0
) , n = 0,±1,±2 . . . 6/23



persistent current around 1d ballistic conductor

broken time-reversal invariance: k−n 6= kn for φ 6= mφ0

persistent equilibrium current from thermodynamic potential Ωgc(φ):

I(φ) = −c
∂Ωgc(φ)

∂φ
=

−e

L

∑

n

vn

e(εn−µ)/T + 1
, vn =

1

~

∂εn
∂kn

=
~

m∗
2π

L
(n+

φ

φ0
)

maximum current:
Imax = evF

L

7/23



persistent currents: theory + unsolved problems

non-interacting electrons + disorder:

• Landauer, 1957: static disorder (⇒ elastic scattering) preserves phase coherence

• Büttiker, Imry, Landauer, 1983: mesoscopic persistent current exists also in disordered

conductor

• several groups, 1990: canonical ensemble, M -channel ring: I ≈ evF

L
1
M

– too small!

electron-electron interactions + disorder:

• Ambegaokar, Eckern, PRL 1990: 1st order perturbation theory in screened Coulomb

interaction:

I = evF

L
`
L

(gH + gF )– too small!

• P. K., PRL 1993, Völker and P.K., 1997: screening problem in mesoscopic conductors;

unscreened Coulomb interactions could explain experiment!

• Kravtsov, Altshuler, PRL 1998: connection with non-equilibrium dephasing time

unsolved problem: experimentally observed current in diffusive regime is larger
than all theoretical predictions!
need: non-perturbative method to deal with Coulomb interaction and disorder!
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2. Spin transport

Motivation

• Spintronics: information processing based on spin degree of freedom

• many studies (experimental, theoretical) using ferromagnetic metals and
semiconductors (Awschalom, Loss, Samarth (Eds): Semiconductor Spintronics and

Quantum Computation, Springer, Berlin, 2002)

• simpler problem: spin transport in magnetic insulators,
for example: systems described by quantum Heisenberg model:

Ĥ =
1

2

∑

i,j

JijSi · Sj − gµB

∑

i

Bi · Si

quantum spins: [Sx
i , S

y
j ] = iδijS

z
i , S2

i = S(S + 1)

• inhomogeneous magnetic field Bi generates magnetic moments
mi(t) = gµB〈ψ(t)|Si|ψ(t)〉

• want: time evolution of magnetization M(r, t) =
∑

i δ(r − ri)mi(t)
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charge currents versus magnetization currents

current of electric monopoles qi:

d

q v
i

i

a

• current density: vector
jµ(r) =

∑

i qi(vi)µδ(r − ri)

• current through surface A:
I(A) =

∫

A da · j(r)

current of magnetic dipoles mi

d

vimi

a

• magnetization current density:
2nd rank tensor
jα
µ (r) =

∑

i(mi)
α(vi)µδ(r − ri)

• current through surface A:
Iα(A) =

∫

A daµj
α
µ (r)

α = x, y, z labels spin components
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electrodynamics of magnetization currents

stationary charge currents
generate static magnetic fields:

v
q

B
m

• Biot-Savart law:

B(r) = 1
c

∫

d3r′j(r′)× (r−r′)
|r−r′|3

= I
c

∮

dr′ × (r−r′)
|r−r′|3

• far zone:
magnetic dipole field:

B = ∇×A , A = m×r
|r|3

m = 1
2c

∫

d3r′r′ × j(r′)

stationary magnetization currents
generate static electric fields:

v
m

Ep

• Biot-Savart-type -law

φ(r) = −1
c

∫

d3r′[M(r′)×v(r′)] · (r−r′)
|r−r′|3

= Im
c

∮

[dr′ × m̂(r′)] · (r−r′)
|r−r′|3

• far zone:
electric dipole field:
E = −∇φ , φ = p·r

|r|3

p = −1
c

∫

d3r′M(r′) × v(r′) 11/23



current conservation

charge current:
∂ρ(r, t)

∂t
+ ∂µjµ(r, t) = 0

∂Qi(t)

∂t
+

∑

j

Ii→j = 0

charge in volume Vi: Qi(t) =

�

Vi
d3rρ(r, t)

current flowing out of surface Fij :

Ii→j(t) =

�

Fij
df · j(r, t)

equilibrium: Kirchhoff-law:

�

j Ii→j = 0

Qi ix

I

I
I

i−x

iy

Ii−y

magnetization current:
∂Mα(r, t)

∂t
+ ∂µj

α
µ (r, t) =

−
gµB

~
[B(r) × M(r, t)]α

integrated version: expectation value of

Heisenberg equation of motion for magnetic

moments mi(t) = gµB〈Si〉 = mim̂i:

∂mi(t)

∂t
+

∑

j

m̂i · Ii→j = 0

magnetization current from i to j:
Ii→j(t) = gµB� Jij〈Si × Sj〉

equilibrium: Kirchhoff-law:
∑

j m̂i · Ii→j = 0
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linear response, Kubo formula

charge conductivity:

jµ(q, ω) =
∑

ν

σµν(q, ω)Eν(q, ω)

Kubo formula:

σµν(q, ω) =
Kµν(q,ω)
i(ω+i0)

Kµν (q, ω) = −δµν
ne2

m

+i
∞

0
dte−i(ω+i0)t〈[jµ(q, t), jν(−q, 0)]〉

ideal conductor ⇒ persistent current

lim
ω→0

Kµν (0, ω) = −Dµν

Reσµν(0, ω) ∼ πDµνδ(ω)

Imσµν(0, ω) ∼ Dµν/ω

magnetization conductivity:

jα
µ (q, ω) =

∑

ν,β

σαβ
µν (q, ω)[∂νB

β ](q, ω)

Kubo formula:

σαβ
µν (q, ω) =

Kαβ
µν (q,ω)

i(ω+i0)

Kαβ
µν (q, ω) = −δµνδαβD0

+i
∞

0
dte−i(ω+i0)t〈[jα

µ (q, t), jβ
ν (−q, 0)]〉

⇒ persistent magnetization current

lim
ω→0

Kαβ
µν (0, ω) = −Dαβ

µν

Reσαβ
µν (0, ω) ∼ πDαβ

µν δ(ω)

Imσαβ
µν (0, ω) ∼ Dαβ

µν /ω
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3. Persistent spin currents in Heisenberg rings

• Starting point: general Heisenberg model in inhomogeneous magnetic field:

Ĥ =
1

2

∑

i,j

JijSi · Sj −
∑

i

hi · Si , hi = gµBBi

• classical ground state: local moments mi = gµB〈Si〉

• low energy excitations above classical ground state: spin-waves

• longitudinal and transverse fluctuations: Si = S
‖
i m̂i + S⊥

i , S⊥
i · m̂i = 0

• decomposition of Hamiltonian: Ĥ = Ĥ‖ + Ĥ⊥ + Ĥ ′

I longitudinal part: Ĥ‖ = 1
2

∑

i,j Jijm̂i · m̂jS
‖
i S

‖
j −

∑

i hi · m̂iS
‖
i

I transverse part: Ĥ⊥ = 1
2

∑

i,j JijS
⊥
i · S⊥

j

I residual part: Ĥ ′ = −
∑

i S
⊥
i ·

(

hi −
∑

j JijS
‖
j m̂j

)
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classical ground state

Holstein-Primakoff transformation:

• maps spins ⇒ bosons: [bi, b
†
i ] = 1

• good for b†ibi � 2S!

• square roots can be expanded in 1/S

e
+++
i · S⊥

i = S+
i =

√
2S 1−−− b†i bi

2S
bi

e
−−−
i · S⊥

i = S−
i =

√
2Sb†i 1−−− b†i bi

2S

m̂i · Si = S
‖
i = S−−− b†i bi

classical ground state: linear fluctuations vanish: Ĥ ′ = 0 if S
‖
j ≈ S

êz
ϑm

mi
^

Bi

ϑ

• general condition:
m̂i × (hi −

∑

j JijSm̂j) = 0

• for nearest neighbor ferromagnetic Heisenberg

chain (Ji,i±1 = −J) in radial field

(B(r) = Br̂):

sin(ϑm − ϑ) =

−(JS/|h|) [1 − cos(2π/N)] sin(2ϑ)
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transverse basis: local U(1) gauge freedom

local triad {ê1
i , ê

2
i , m̂i} can be arbitrarily rotated around m̂i!

êj
2

ω i→jjωi→

êi
2

m̂i mj
^

2= ejie 2~ ~

transverse Hamiltonian in spherical basis:

ep
i = ê1

i + ipê2
i , p = ±:

Sp
i = ep

i · Si = ep
i · S

⊥
i

Ĥ⊥ = 1
8

∑

i,j

∑

p,p′ Jij(e
p
i · e

p′

j )S−p
i S−p′

j

general basis: ep
i · e

p′

j = ê1
i · ê

1
j − pp′ê2

i · ê
2
j + i[pê2

i · ê
1
j + p′ê1

i · ê
2
j ]

parallel transported basis: ẽ2
i = ẽ2

j ‖ m̂i × m̂j ⇒ ẽp
i · ẽ

p′

j = m̂i · m̂j − pp′

⇒ ep
i · e

p′

j = [m̂i · m̂j − pp′]eipωi→j+ip′ωj→i

geometric interpretation: ωi→j − ωj→i = defect angle (anholonomy) for parallel
transport from m̂i to m̂j along geodesic on unit sphere

gauge invariance of Ĥ⊥: ωi→j → ωi→j + αi , Sp
i → Sp

i e
ipαi with arbitrary αi
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parallel transport on surface of unit sphere

from: article by M. V. Berry, published

in book by A. Shapere and F. Wilczek,

Geometric Phases in Physics, 1989
mi
^

êz

θ
θm

B i

discrete parallel transport along
geodesics connecting m̂i and m̂j .

• given: curve on unit sphere m̂(s)

• parallel transported transverse basis is determined by dê(s)
ds = ω(s) × ê(s)

with angular velocity ω(s) = m̂(s) × dm̂(s)
ds

• basis does not twist around direction of m̂(s),i.e. m̂(s) · ω(s) = 0
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gauge invariance and current conservation

transverse part of spin Hamiltonian:

Ĥ⊥ =
1

8

∑

i,j

Jij

[

(1 + m̂i · m̂j)e
i(ωi→j−ωj→i)S−

i S
+
j

− (1 − m̂i · m̂j)e
i(ωi→j+ωj→i)S−

i S
−
j + h.c.

]

invariant under gauge transformation: ωi→j → ωi→j + αi , Sp
i → Sp

i e
ipαi

Noether-theorem: conserved spin current:

0 = 〈
∂Ĥ⊥

∂αi
〉 = 〈

∑

j

∂Ĥ⊥

∂ωi→j
〉 = −〈

∑

j

Jijm̂i ·
(

S⊥
i × S⊥

j

)

〉

follows from Heisenberg equation of motion:

~
∂S

‖
i

∂t
= −

∑

j

Jijm̂i ·
(

S⊥
i × S⊥

j

)

− S⊥
i ·

[

m̂i × (hi −
∑

j

JijS
‖
j m̂j)

]
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gauge invariant persistent current

charge current:

current operator:

jµ(r) = −c
δĤ

δAµ(r)

gauge invariant magnetic flux
through surface S:

φ(S) =

∫

S
ds · B =

∮

∂S
dr · A

persistent charge current through
surface S:

I(φ) = −c
∂F (φ)

∂φ

where F (φ) = free energy

magnetization (spin) current:

current operator:

m̂i · Ii→j = m̂i · (JijS
⊥
i × S⊥

j ) = −
∂Ĥ⊥

∂ωi→j

gauge invariant geometric flux:

Ω =

N
∑

i=1

(ωi→i+1 − ωi→i−1)

total defect angle (anholonomy) for parallel

transport in spin space along classical ground

state configuration

persistent spin current along chain:

Is(Ω) = −
∂F (Ω)

∂Ω

magnetization current:
Im(Ω) = gµB� Is(Ω)

19/23



persistent spin current due to spin-waves

spin-wave Hamiltonian for ferromagnet (long-wavelength approximation):

Ĥ ≈ −JS2
∑

<ij>

m̂i · m̂j − gµBS
∑

i

Bi · m̂i +
∑

n

[

JSa2k2
n + gµBB

]

b†nbn

quantized wavevectors: kn = 2π
L (n− Ω

2π ) , n = 0,±1,±2 . . .

energies: εn = JSa2k2
n + gµBB

velocities: vn = ~
−1∂εn/∂kn = 2JSa2kn

⇒ free energy F (Ω) = Ecl + T
∑

n ln {1 − exp[−(εn + h)/T ]}

Im(Ω) =
gµB

L

∑

n

vn

e(εn+h)/T − 1

≈
gµBT

~

sin Ω

cosh(h/∆) − cos Ω

for ∆ = JS(2π
N )2 � T � J

compare with charge current:

I(φ) = −e
L

∑

n
vn

e(εn−µ)/T +1
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electric field around spin current loop

lines of constant electric potential, ϑm = 30o

-4 -2 0 2 4

-4

-2

0

2

4

m̂ m̂

x / R

z 
/ R

generalized Biot-Savart-law:

φ(r) = Im
c

∮

[dr′ × m̂(r′)] · (r−r′)
|r−r′|3

electric field: E(r) = −∇φ(r)

-15 -10 -5 0 5 10 15

-10

-5

0

5

10

15

x / R

z 
/ R

for zone: φ(r) = p·r
|r|3

electric dipole moment:

p = −êz
Im
c sinϑm
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possible experiment

• measure voltage difference ∆U a distance L above and below Heisenberg
ring along z-axis.

• optimal parameters for N site ferromagnetic Heisenberg chain

I solid angle: Ω = π/2; with Ω = 2π(1 − cosϑm) ⇒ ϑm ≈ 41o

I gµBB ≈ ∆ = JS(2π/N)2

I ∆ � T � J .

• estimate for optimal parameters ∆U
nV = 0.24 × g × (T/Kelvin)

(L/nm)

for T = 50K, L = 100nm, g = 2 ⇒ ∆U ≈ 0.2nV
for N = 100, J = 100K and S = 1/2 optimal magnetic field is B ≈ 0.1T .

• experimental requirements:

I material: well-characterized Heisenberg-ring with large J in
submicron-range

I magnetic field: inhomogeneity in submicron-range

I measurement of electric field: nanovolt-sensitivity

22/23



4. Summary and Conclusions

• persistent magnetization currents in mesoscopic Heisenberg rings: new
mesoscopic quantum interference effect
(spin analogue of mesoscopic persistent charge current in normal metals)

• magnetization current generates electric field which (for optimal
parameters) corresponds to potential drops in the nano-volt range ⇒
experimentally measurable

• experimental challenge: nanovoltages, controlled
submicron-inhomogeneities of magnetic fields, material fabrication of small
well-defined Heisenberg rings. (→ new “Frankfurter Forschergruppe”
(chemistry+physics): “Spin- und Ladungskorrelationen in
niedrigdimensionalen metallorganischen Festkörpern”)

• many open theoretical problems:

I antiferromagnetic, ferrimagnets, multi-channel rings (spin-ladders)

I collective effects: spin diffusion, disorder, weak localization in spin
chains

I dephasing in spin systems
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