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1. Persistent currents in mesoscopic metal rings

Experiments
Lévy et al. (Bell Labs), PRL 1990

magnetic moment of 107 Cu rings measurement of magnetic moment
pierced by magnetic flux ¢ with SQUID
diffusive: mean free path ¢ < L modulation ¢(t) = ¢ + @ ac sin(21)
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FIG. 1. Fo ransform of the in-phase magnetization

| modulat | it 0.3 Hz sine wave of 15-0G amphtude

I e ;I perature 158 =23 mK, while the magnetome
] Id ar ." 450 mK. Inset "‘ tic dependence of the
rage current with l.n A Aux -:1Jl!:,-',|| on of = a./4 (ar
ows and highlighted region of the curve) produces the desired

average current: (I) ~ 3 x 107922 ~ 0.4nA per ring
periodic in ¢ with period with half a flux quantum ¢y = hc/e
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Persistent current experiments

Chandrasekhar et al. (IBM), PRL 91

* single Au ring (no
self-averaging)

e diffusive regime / < L
o [y~ evp/L

e periodic with ¢

Mailly et al. (Grenoble), PRL 93

e single GaAs ring

e ballistic regime / > L
e [ ~evp/L

e periodic with ¢g
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FIG. 1. (a) Schematic disgram of the pickup coil chip, iflus-
trating the coumterwound Mb pickup coils and the on-chp
magnetic-ield coils. (b) Micrograph of the 2.4-um-diom Au
r'f'i; in one corner of the 9-gm-inner-diam MNb pickup coil. The
loop linewidth is 90 nm and the thickness is 60 nm

FIG. |. Electron -rm,-mqrmn-1|'|_'|L--:-.r.~:r~_|1:|;:‘.'.:||-I|:~.-n::. Un

he leit s e stng etched in GaAs IDEG flabeicd i} Gihe
fushed line Hus been added because of the poor coAtFdse? with
the twa zates. (2] und 130, On the right is the calibration ol

3 On \ne top is he first levet of the SQUID fabrication (5)

with Lhe twe microbridge jenctions on the nght
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Persistent current experiments

Mohanty, et al. (IBM), 1996

e 30 gold rings
e diffusive regime ¢/ < L

e confirmation of Levy-experiment!
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simple theory for persistent currents

mesoscopic ring in Aharonov-Bohm early theoretical investigation:
geometry: Friedrich Hund, 1938:

102 Annalen der Physik. 4. Folge. Band 32. 1938

B 2
A A A ¢=TRYB|

Rechnungen iiber das magnetische Verhalten
von kleinen Metallstiicken bei tiefen Temperaturen

Fon I Hund

(Mit 4 Abbildungen)

J. Btrome ohne Energieserstreuung

Wie London?® bemerkt hat, ist der Diamagnetismus der aro-
matischen Ringmolekeln mit einem Strom uwm das Ringloch herum
verbunden; dieser Strom erfithrt keine Energiezerstreuung, denn er

gehirt zum tiefsten Zustand der Energsie.

Unsere Rechnung iber das rotationssymmetrische kleine Metall-

1 | | —_— : A ; : : :
. . I — 'I stiick Dbesact dasselbe, wenn wir dafiir einen Ring annehmen.

® mesoscopic systems: wavefunction phase coherent: L, > L

e typically: phase coherence length diverges: L, oc 1/7 for T" — 0
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why persistent current in ground state?

simplest model: free electrons in 1d, no disorder

e vector potential A = %ég
magnetic flux ¢ = ¢ A - dr

o Schrédinger equation
e [ =i s+ T P (s) = Bus)

e periodic boundary conditions

(s + L) = 9(s)

e gauge transformation: t)(s) = exp[i%%W(s)
= twisted boundary conditions:

W d - . -

S [mi () = By(s) (s + L) = e2m9/904)(s)
' : S _ 1 _ikps h%k2
e eigenstates and eigenenergies: 1,,(s) = e e = g

e quantized wavevectors: k, = 2Z(n + %) n=0,+1,4+2... 6/23



persistent current around 1d ballistic conductor
broken time-reversal invariance: k_,, # k, for ¢ # maoq

persistent equilibrium current from thermodynamic potential €2,.(¢):

0N,c(p) —e Un 1 Oey, h 2w o)
I — g S L= == = = +
)= =1 Zn: e 1 T hok,  me L g
.l ‘
5% el |
ok maximum current:
-1}716137 — EZE%EZ
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persistent currents: theory 4+ unsolved problems

non-interacting electrons + disorder:
e Landauer, 1957: static disorder (= elastic scattering) preserves phase coherence

o Buttiker, Imry, Landauer, 1983: mesoscopic persistent current exists also in disordered
conductor

EV R

e several groups, 1990: canonical ensemble, M-channel ring: [ ~ —

1 |
+7— too small!

electron-electron interactions <+ disorder:

e Ambegaokar, Eckern, PRL 1990: 1st order perturbation theory in screened Coulomb

interaction:
[ = <EL(gy + gr)- too small!

e P. K., PRL 1993, Volker and P.K., 1997: screening problem in mesoscopic conductors;

unscreened Coulomb interactions could explain experiment!

e Kravtsov, Altshuler, PRL 1998: connection with non-equilibrium dephasing time

unsolved problem: experimentally observed current in diffusive regime is larger
than all theoretical predictions!

need: non-perturbative method to deal with Coulomb interaction and disorder!
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2. Spin transport

Motivation

e Spintronics: information processing based on spin degree of freedom

e many studies (experimental, theoretical) using ferromagnetic metals and
semiconductors (Awschalom, Loss, Samarth (Eds): Semiconductor Spintronics and
Quantum Computation, Springer, Berlin, 2002)

e simpler problem: spin transport in magnetic insulators,
for example: systems described by quantum Heisenberg model:

F[:%ZJijSi°Sj_gMBZBi‘Si
1,7 i

quantum spins: [Sf,Sf] =1i6;;87 , S?=8(5+1)
e inhomogeneous magnetic field B, generates magnetic moments
m;(t) = gpup{(t)[Si| (1))

e want: time evolution of magnetization M(r,¢) = > . d(r — r;)m;(t)
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charge currents versus magnetization currents

current of electric monopoles ¢;: current of magnetic dipoles m;

e current density: vector e magnetization current density:
Ju(r) =>2.qi(vi)ud(r — ;) 2nd rank tensor
e current through surface A: Ja(r) = 23 (mg)*(ve),o(r —ry)

I(A) = [,da-j(r) e current through surface A:
[*(A) = fA daujg(r)
a = x,1, 2z labels spin components
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electrodynamics of magnetization currents

stationary magnetization currents

stationary charge currents _
generate static electric fields:

generate static magnetic fields:
N -

A
y N\ A 4 ;
q \ \ 1
’ \ ’
’ \ \ ! ’
/ \ ' ! !
1 ’

A

. Biot Savart law: e Biot-Savart-type -law

B(r) = L [d3rj)x &) ¢(r) = —¢ [ &' [M(r') x v(r)]

r—r’[3
- éf dr' X (o = fo- fldr’ < amn(x)] - (0
e far zone: e far zone:
magnetic dipole field: electric dipole field:
B=VxA 6 A= r‘ E=-Vo¢ , ¢:F;_‘
m:%fd?’r’r’XJ( ) p=—¢ M) x v(r)
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current conservation

charge current:

Op(r,t .
P00 gl = 0

8@2 Z ]z—>] _ 0

charge in volume V;: Q;(t) = sz‘ d3rp(r,t)
current flowing out of surface Fj;:

Tij(t) = [y, df -j(r,1)

equilibrium: Kirchhoff-law: > I;.; =0

Q, by

magnetization current:

OM“*(r,t o
87(5 ) +6M]M(I',t) —

- 22 [B(r) x M(r, ))°

integrated version: expectation value of
Heisenberg equation of motion for magnetic
moments m; () = gup(S;) = m;m;:

8mz Z mz . @_>j _ 0

magnetization current from ¢ to j:
I@‘_>j(t> = WTBJZJ<SZ X Sj>
equilibrium: Kirchhoff-law:

Zj m;-I,_,; =0
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linear response, Kubo formula

charge conductivity:

ZO-,LLV q,w q7 )

Kubo formula:

Kuv(q,w
o (Qyw) = i(w—(le))

’I’LGQ

Kuv(q,w) = —6uu 7

v / e O (a, ), G (—a, 0)])
0

ideal conductor = persistent current

hm K/u“/ (O ) _D/,l,l/
w—0

magnetization conductivity:

% (q,w Z%u q,w

)[0,B"](q,w)

Kubo formula:

o KQB :
ng(qv w) = (uH(—Ole) =

Kl (q,w) = —6,,,6% Do

i / dte= (O ([jo (g 1), j8(—q, 0)))
0

= persistent magnetization current

lm KGO w = D
Reo % (0, w) ~ D 5(w)
Imo & (0, w) ~ D&Y Jw

13/23



3. Persistent spin currents in Heisenberg rings

e Starting point: general Heisenberg model in inhomogeneous magnetic field:
~ 1
H = §Z<]ijsi°sj —th”si , hi = gupB;
] v

e classical ground state: local moments m; = gup(S;)

e |ow energy excitations above classical ground state: spin-waves
e |ongitudinal and transverse fluctuations: S; = Syrhi + S;;L : S;;L -m; =0
e decomposition of Hamiltonian: H = HIl + AL + H’

» longitudinal part: HI = %Zw Jijm; - mjsl‘ S}' —> . h;- riaq;Sy

> transverse part: [ = %Z” JijS; - S5

» residual part: H' = — 5SSt (hi — 2 Jiﬂ}'fhj)
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classical ground state

Holstein-Primakoff transformation: ot gt — ot — 55— bib; ;
® maps spins = bosons: [bi,b;f] =1 Z ' 25

Ty,
e good for b/b; < 25! e -Si =8, =V2sp] m

e square roots can be expanded in 1/S i, .S, = Sl — 5y,

classical ground state: linear fluctuations vanish: H =0if S;.’ ~ S

e general condition:
Iflz' X (hz — Zj szsrfl]) =0

® for nearest neighbor ferromagnetic Heisenberg
chain (J;;+1 = —J) in radial field
(B(r) = Br):
sin(¥,, —9) =
—(JS/|hl) [1 — cos(2m/N)] sin(219)
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transverse basis: local U(1) gauge freedom

local triad {&},é? 1} can be arbitrarily rotated around m;!

transverse Hamiltonian in spherical basis:
P Al 4 a2 .

e, —e; +ipe; , p= =x:
P_ P . Q _—oP.Ql

S, =e, -S;,=e; -S;

~L / o W
Hb =g pp Jijle; - €] )5 7S

PP Al 4l 12 . A2 22 al oAl a2
general basis: e} -e; =¢&;-&; —pp'e; e+ ilpe; - €; +p'e; - &
22 22 A v v Y S /
parallel transported basis: €; = €; [ m; x m; = €; -€; =m,; m; —pp
/ . .
jei-ej—[mz-m]—pp]epzﬂ P Wj—i

geometric interpretation: w;_.; — w,_.; = defect angle (anholonomy) for parallel
transport from m; to m; along geodesic on unit sphere

gauge invariance of H: w; .; — w; .; +a; , SV — SPeP with arbitrary o
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parallel transport on surface of unit sphere

from: article by M. V. Berry, published
in book by A. Shapere and F. Wilczek,
Geometric Phases in  Physics, 1989

discrete parallel transport along
geodesics connecting m; and m;.

Figure 1. Rotation by a(C) afier parallel transport of vector e round

gircuit © on a sphere.

e given: curve on unit sphere m(s)

e parallel transported transverse basis is determined by dzgs) = w(s) x €&(s)

' ' o dm(s)
with angular velocity w(s) = m(s) x =~




gauge invariance and current conservation

transverse part of spin Hamiltonian:

A 1 .
0= 8 > Jij [(1 + 1, - 1) et i i) 5 6

— (1 — iy - 1) @i Ti=) 6757 4+ he,

invariant under gauge transformation: w;,; — w;—; + a; , Sf N Sfeipozi
Noether-theorem: conserved spin current:

- )
0= () = (30 o) = (3 - (8 x 813

follows from Heisenberg equation of motion:

H
8;7? :—Zjijmi.(sﬁxsj) S - [m h—ZJwSH

J
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gauge invariant persistent current

charge current:

current operator: X
() 0H
r)=—c
I 0A,(r)

gauge invariant magnetic flux
through surface S:

cb(S):/Sds-szésdr-A

persistent charge current through
surface S:

where F'(¢) = free energy

magnetization (spin) current:

current operator:

A

OH~
m, - I, = m; - (J;;S; x S7) = —
J J J awz—>]

gauge invariant geometric flux:

N
() = § (wi—>i—|—1 — wi—wj—l)
1=1
total defect angle (anholonomy) for parallel
transport in spin space along classical ground

state configuration

persistent spin current along chain:

OF (Q)
90

magnetization current:
1,(Q) = B2 T,(2)

IS(Q) —
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persistent spin current due to spin-waves

spin-wave Hamiltonian for ferromagnet (long-wavelength approximation):

HN—JSQZmZ m; — g,uBSZB mﬂrz JSa2k2+g,u B] bTb

<13>

quantized wavevectors: k, = 25 (n — %) n=0,%+1,4+2...
energies: ¢, = JSa’k? + gupB

velocities: v,, = h~'0¢, /0k, = 2JSa’k,
s free energy F(Q) = By + TS, In{1 — exp|—(en + h)/T]}

JHiB v
I () = T Z e(en+h)7T 1 |
n compare with charge current:

o guT sin {2 1(¢) =
h cosh(h/A) — cos

—€
Zn elen— u)/T+1

for A=JS(E)P < T < J
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electric field around spin current loop

lines of constant electric potential, 9, = 30°

z/ R

x/R
generalized Biot-Savart-law: for zone: ¢(r) = %
o(r) = %’m $[dr’ x m(r’)] - ‘(I.r__rr/ﬁo, electric dipole moment:

electric field: E(r) = —Vo(r) p=—&,=sind,,
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possible experiment

measure voltage difference AU a distance L above and below Heisenberg
ring along z-axis.
optimal parameters for IV site ferromagnetic Heisenberg chain

» solid angle: 2 = 7/2; with Q = 27(1 — cost,,) = ¥, ~ 41°

» gupB ~ A= JS(2r/N)?

r AKLT K J.

estimate for optimal parameters ﬁ—\lfj = 0.24 X g X (T(/Lljrelxi)ﬂ)

for ' =50K, L = 100nm, g =2 = AU ~ 0.2nV
for N =100, J = 100K and S = 1/2 optimal magnetic field is B ~ 0.17".

experimental requirements:

» material: well-characterized Heisenberg-ring with large .J in
submicron-range

» magnetic field: inhomogeneity in submicron-range
» measurement of electric field: nanovolt-sensitivity
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4. Summary and Conclusions

e persistent magnetization currents in mesoscopic Heisenberg rings: new
mesoscopic quantum interference effect
(spin analogue of mesoscopic persistent charge current in normal metals)

e magnetization current generates electric field which (for optimal
parameters) corresponds to potential drops in the nano-volt range =
experimentally measurable

e experimental challenge: nanovoltages, controlled
submicron-inhomogeneities of magnetic fields, material fabrication of small
well-defined Heisenberg rings. (— new “Frankfurter Forschergruppe”
(chemistry+physics): “Spin- und Ladungskorrelationen in
niedrigdimensionalen metallorganischen Festkorpern”)

e many open theoretical problems:

» antiferromagnetic, ferrimagnets, multi-channel rings (spin-ladders)

» collective effects: spin diffusion, disorder, weak localization in spin
chains

» dephasing in spin systems
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