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Talk and paper in two parts

1. Energy loss and v2(pT )

2. Coalescence hatred
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Viscous hydro simulations (Romatschke Luzum)
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Energy LossHydro

What are the uncertainties?

How does this become energy loss ? v2(pT ) or RAA(φ)?
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Viscous Corrections

1. Viscous corrections to the equation of motion

∂�T
�� = 0 with T�� = (e+ p)u�u� + pg��︸ ︷︷ ︸

ideal

−2η 〈∂�u�〉︸ ︷︷ ︸
viscous π��

2. Viscous corrections to the distribution function

f → fo + δf

– Must be proportional to strains – must be a scalar

– General form in rest frame and ansatz

δf = −χ(p) × fo(p) p̂ip̂j 〈∂iuj〉
– The Quadratic Ansatz χ(p) ∝ p2

δf = − η

sT 3
× fo(p) pipj 〈∂iuj〉

All simulations have used the quadratic ansatz!
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The role of δf Pure glue, efrz = 0.6 GeV/fm3
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We should understand δf and the Quadratic Ansatz!
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Basic Physics of δf

1. When the system is expanding the pressure is reduced:

Expansion

Pressure Reduced

So

dN
dp

fo

fo + δf

p

2. Thus elliptic flow is reduced:

x

y

b
φ
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Calculating δf : Relaxation Time Approximation[
∂t + vp

∂

∂x

]
f = − δf

τR(p)

1. Substitute f = np + δf with[
∂t + vp

∂

∂x

]
np = − δf

τR(Ep)
with np =

1
e−P ·u(x;t) ∓ 1

2. With a bit of algebra and classical statistics:

np
pipj

TEp
〈∂iuj〉 = − δf

τR(Ep)

3. Find for massless gas

δf = −τR(p)
Tp

np p
ipj 〈∂iuj〉 or χ(p) = τR(p)

p

T

Quadratic ansatz corresponds to τR ∝ p.

What about τR ∝ p� ?
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Two Extreme Limits: Quadratic and Linear Ansatz

δf = −τR(p)
Tp

np p
ipj 〈∂iuj〉

For the relaxation time take

τR(p) ∼ p
dp
dt

1. Relaxation time growing with parton energy – “collisional e-loss”

τR ∝ p dp

dt
∝ const χ(p) ∝ p2

2. Relaxation time independent of parton energy – “extreme rad. e-loss”

τR ∝ Const
dp

dt
∝ p χ(p) ∝ p

Reality is probably in-between
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Relation between δf and shear viscosity

T ij = pδij − η 〈∂iuj〉 =
∫
p

pipj

E
(np + δf)

• First moment of δf determines the shear viscosity

δf = −χ(p) np p̂ip̂j 〈∂iuj〉 find η =
1
15

∫
d3p

(2π)3
np χ(p) p

• More General Ansatz – massless gas

χ(p) = Cp2−� → C(α) =


�
sT α = 0 (quadratic),

5 �
sT α = 1 (linear).

Ansätze partially constrained by shear viscosity
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Two Limits: Quadratic and Linear Ansatz pure glue, efrz = 0.6 GeV/fm3 , η/s = 0.08
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• The v2 independent of δf – see arXiv:0905.2433

– v2 largely determined by T (e+ P), u�, π��

What is reality? Quadratic or Linear?
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Solving for δf with the Boltzmann Equation:

∂tf + vp · ∂xf = C ◦ f

• Substitute f = np + δf

∂tnp + vp · ∂xnp = C ◦ δf

• with a bit of algebra

np
pipj

TEp
〈∂iuj〉 = C ◦ δf

• The collisions and bremsstrahlung is all in C .

Can go invert this matrix and determine δf
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Simple Scattering

q ∼ √ET

• Transition Rate

�12→34 =
|M|2

(2E1)(2E2)(2E3)(2E4)
(2π)4δ4(P1 + P2 − P3 − P4)

• Linearized equation

nop
pipj

TEp
〈∂iuj〉 = −

∫
234

�12→34 n
o
pn

o
2

[
δf(p)
nop

+
δf2

no2
− δf3

no3
− δf4

no4

]
Matrix Equation for δf

bp = [�]pp′ δfp′
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QCD Boltzmann equation is rich

q ∼ mD

1. Scattering of soft classical field

2. Collinear Brem with interference

All these processes influence δf
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Three Models of Energy Loss

1. Soft Scattering

dp
dt ∝ CR α2

sT
2 log

(
T
mD

)
q ∼ mD find χ(p) ∝ p2

2. Collisional Energy Loss

dp
dt ∼ CR α2

sT
2 log

(
p
mD

)
q ∼ √ET find χ(p) ∝ p2

log(p�)

3. Radiative + Collisional Energy Loss in Infinite medium

∆p
∆t ∼ αs

√
q̂Ep find χ ∝ p3=2

These estimates are borne out by our numerical work
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Summary – Energy Loss and δf

δf = −χ(p) np p̂ip̂j 〈∂iuj〉 fit with Cp2−�
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QCD kinetic theory expectation χ(p) ∝ p1:38 in relevant range
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Phenomenological Summary pure glue, η/s = 0.08, efrz = 0.6 GeV/fm3
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pQCD is closer to a linear (τR = const) rather than a quadratic ansatz
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Connection to energy loss

1. At large momentum brem dominates the Boltzmann collision term

∂tf + vp · ∂xf = −C1↔2[f ].

2. The collision kernel is

p′ = (1 − x) p

k = x p

p

C1→2 ∝
∫ 1

0
dx︸ ︷︷ ︸

Phase Space

× γggg(p; p
′, k)︸ ︷︷ ︸

|M|2

× [
fp(1 + fp′)(1 + fk)

]
︸ ︷︷ ︸

Stimulation Factors

3. The QCD splitting function is medium modified see P.Arnold, C.Dogan, BDMPS

γggg ∝ αsCAdA
√
pq̂

[1− x(1− x)]5=2

[x(1− x)]3=2
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Linearizing the Boltzmann equation

δf = −χ(p)np(1 + np) p̂ip̂j 〈∂iuj〉

1. The linearized Boltzmann equation becomes in high momentum limit

p

T
= −(2π)3

32p

∫ ∞
0

dx γ(p;xp, (1− x)p)︸ ︷︷ ︸
∝�s

√
q̂p

[
χp − χxp − χ(1−x)p

]
.

2. Guess a solution χ = Cp3=2

3. Find:

χ(p) = 0.7︸︷︷︸
an x integ. over split. fcn

× p3=2

αsT
√
q̂
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q̂ and viscous corrections at high momenta: A nifty formula

χ(p)︸︷︷︸
Viscous Correction

= 0.7× p3=2

αsT
√
q̂︸ ︷︷ ︸

radiative loss

1. At low momentum χ(p) is determined by the shear viscosity η/s

2. At high momentum χ(p) is determined by q̂
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So far only single component (gluon) plasmas

Next: multi-component plasmas (coalesence hatred)
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Quarks and Gluons (simple model)

• Quarks and Gluons have different relaxation times and δf j

δfQ = −Cq nppipj 〈∂iuj〉
δfG = −Cg nppipj 〈∂iuj〉

• Casimir Scaling

Cq
Cg

=
τQR
τGR

=
CA

CF
=

9
4

• One constraint is provided by the shear viscosity

η =
1
15

∑
s=q;g

νsCs

∫
d3p

(2π)3
p3np (1± np) .

Can now solve for Cq and Cg
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Simple Casimir Scaling – Quadratic Ansatz
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Now we can do a real calculation

• All kinds of processes: g → q�q, gq → gq

• As before we can linearize the Boltzmann equation and write a matrix equation bgp

bqp

 =
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  δfg
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Quark and gluons:
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High momentum behavior – not just Casimirs

• Other splitting processes g → q�q and spin dependence in splitting fcn.

Derive the ratio
�quark

�glue
= 1.7 analytically by analyzing collinear emission.
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Quarks and Gluons – Real Calculation
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Mesons and Baryons have different flows
5
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FIG. 2: (a) v2 vs pT and (b) v2 vs KET for identified particle
species obtained in minimum bias Au+Au collisions. The
STAR data are from Refs. [22, 37].

dependent of colliding system because ε is proportional
to the pT -integrated v2 values (i.e. ε = k × v2). The
latter proportionality has been observed for Au+Au col-
lisions [34, 35]. A Glauber model estimate of ε [35] gives
k = 3.1± 0.2 for the cuts employed in this analysis. This
method of scaling leads to a scale invariant variable and
cancels the systematic errors associated with estimates
of the reaction plane resolution and the eccentricity.

The resulting scaled v2 values for Cu+Cu and Au+Au
collisions, are shown in Fig. 1(c). To facilitate later com-
parisons with the model calculations of Ref. [23], they
are divided by k = 3.1. These scaled values are clearly
independent of the colliding system size and show es-
sentially perfect scaling for the full range of centralities
(or ε) presented. The v2 are also in accord with the
scale invariance of perfect fluid hydrodynamics [23, 27],
which suggests that rapid local thermalization [9, 10] is
achieved.

The magnitude of v2/ε depends on the sound speed cs

[23]. As a reasonable first approximation we compare our
measured v2/ε at an integrated 〈pT 〉 0.45 GeV/c and the
results of Fig. 2 of [23]. This results in a speed of sound
cs ∼ 0.35 ± 0.05. Note that the calculations are done
at fixed b=8 fm and a constant speed of sound. Thus,
since we expect the speed of sound to vary as a function
of time, one might view this cs value as the approximate
average value over the time period 2 R̄/cs, the time over
which the flow develops. This value suggests an effective
EOS, which is softer than that for the high temperature
QGP [36] but does not reflect a strong first order phase
transition in which cs = 0 during an extended hadroniza-
tion period.

Figures 2 and 3 show that the distinctive features of
the v2 for identified particles provide another detailed set
of scaling tests. Fig. 2(a) shows a comparison of the mea-
sured differential anisotropy v2(pT ), for several particle
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FIG. 3: (a) v2/nq vs pT /nq and (b) v2/nq vs KET /nq for
identified particle species obtained in minimum bias Au+Au
collisions. The STAR data are from Refs. [22, 37].

species obtained in minimum bias Au+Au collisions at√
sNN = 200 GeV. The results are in good agreement

(better than 3%) with those of our previous measure-
ments [21]. The values for neutral kaons (K0

s ), lambdas
(Λ) and the cascades (Ξ) show results from the STAR
collaboration [22, 37]. The STAR v2 values were multi-
plied by the factor 1.1 to account for a small difference
between the average centralities for minimum bias events
from the two experiments. PHENIX and STAR v2(pT )
results (for π±, p(p̄) and K) for 10% centrality bins are
essentially identical.

The comparison in Fig. 2(a) shows the well known par-
ticle identification (PID) ordering of v2(pT ) at both low
and high pT values. At low pT (pT

<∼ 2 GeV/c), one can
see rather clear evidence for mass ordering. If this aspect
of v2 is driven by a hydrodynamic pressure gradient, the
prediction is that the differential v2 values observed for
each particle species should scale with KET . The pres-
sure gradient that drives elliptic flow is directly linked
to the collective kinetic energy of the emitted particles.
For higher values of pT (pT ∼ 2 − 4 GeV/c), Fig. 2(a)
indicates that mass ordering is broken and v2 is more
strongly dependent on the quark composition of the par-
ticles than on their mass, which has been attributed to
the dominance of the quark coalescence mechanism for
pT ∼ 2− 4 GeV/c [20, 21, 22].

Figure 2(b) shows the same v2 data presented in
Fig. 2(a) plotted as a function of KET . Note that KET

is a robust scaling variable because it takes into account
relativistic effects, which are especially important for the
lightest particles. In contrast to the PID ordering ob-
served in Fig. 2(a), all particle species scale to a common
set of elliptic flow values for KET

<∼ 1 GeV, confirming
the strong influence of hydrodynamic pressure gradients.
For KET

>∼ 1 GeV, this particle mass scaling (observed
for all particle species) gives way to a clear splitting into

Perhaps they have different relaxation times
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Two components interpreted with Coalescence

The NCQ scaling is broken at KET/nq ~1GeV. Different mechanism of 
recombination for pions and protons at intermediate pT  ? 

Au + Au at 200 GeV, Run 2007  

S. Huang, DNP 2008 
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Simple quark and gluon model
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“Scaling” can be an artifact of two different relaxation times

Try two different relaxation times for mesons and baryons
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Two component meson/baryon gas – relaxation time

δfm(p) = −np(1 + np)χm(~p)p̂ip̂j 〈∂iuj〉
δfb(p) = −np(1− np)χb(~p)p̂ip̂j 〈∂iuj〉

• Parameterize the viscous corrections as

χm(~p) = Cmp
2

χb(~p) = Cbp
2

• Fit

Cm
Cb

= 1.6

• Constrained by shear viscosity

η =
1
15

∑
a=�;K;p;:::

νaCm=b

∫
d3p

(2π)3Ea
p4n(Ea) [1± n(Ea)] ,

No reason to think the relaxation times of baryons are the same as mesons
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Results
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Scaling
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Perhaps quark number scaling is simply Relaxation Time Scaling (RTS)
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Transition Region – long lived, not hadronic or partonic
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1. The transition region is long lived∼ 3 fm

2. The interactions are very inelastic in this momentum range

3. Results suggest the additive quark model (Bleicher et al)

Cm
Cb

=
σB
σM

= 1.5
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Transition Region – approximately SU(3) symmetric

• In the high temperature range expect SU(3) symmetric to be better

– In SU(3) symmetric world differences Baryon-Meson and spin diffs

– π,K︸︷︷︸
�R1

and p,�,�,�︸ ︷︷ ︸
�R2

and φ︸︷︷︸
�R3

and 
−︸︷︷︸
�R4

April 15, 2009 15:12 WSPC/INSTRUCTION FILE qgp4˙v2chapter
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source with the boost larger in the in-plane direction than the out-of-plane direction.
Indeed, blast-wave fits implementing this scenario agree very well with the data in
this region. It is also found that in this same pT region, when v2 is plotted versus
mT −m0 all data fall on a common line. mT −m0 is the particles transverse kinetic
energy and sometimes labeled KET

Fig. 25 shows v2 versus mT −m0 for particles ranging in mass from the pion
with mass of 0.1396 GeV/c2 to the Ξ with mass of 1.321 GeV/c2. The measurement
is made for the 0-80% centrality interval in 200 GeV Au+Au collisions. The data
exhibit obvious trends. At low mT −m0, v2 values for all particles rise linearly with
no apparent differences between the particles with different masses. Near mT−m0 =
0.8 GeV/c2, v2(mT −m0) for mesons and baryons diverges. The meson v2 begins to
saturate, obtaining a maximum value of 14-15% near mT −m0 = 2.5 GeV/c2. The
baryon v2 continues to rise, obtaining a maximum value of approximately 19-20%
at mT −m0 = 3 to 3.5 GeV/c2. The relative masses of the baryons and mesons
do not seem to be relevant, rather the number of constituent quarks in the hadron
determines the v2 values in this range. The mass dependence can be better checked
using the φ-meson which has a mass slightly larger than that of the proton. The
statistical significance of the φ v2 is limited but measurements seem to indicate that
the φ lies closer to the mesons than to the baryons i.e. closer to the particles with
a common number of constituent quarks than to particles with a common mass.
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Fig. 25. v2 for a variety of particles plotted versus mT −m0 where m2
T = p2

T + m2
0, and m0 is the

rest mass of the particle. mT −m0 is also the transverse kinetic energy of the particle KET .
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FIG. 20: (Color online) pT dependence of the elliptic flow v2 of φ,
Λ, and K0

S in Au+Au collisions (0-80%) at 200 GeV. Data points
for φ are from the reaction plane method (full up-triangles) and
invariant mass method (full circles), where data points from the
reaction plane method are shifted slightly along the x axis for clar-
ity. Vertical error bars represent statistical errors, while the square
bands represent systematic uncertainties. The magenta curved
band represents the v2 of the φ meson from the AMPT model with
a string melting mechanism [116]. The dash and dot curves rep-
resent parametrizations inspired by number-of-quark scaling ideas
from Ref. [117] for NQ=2 and NQ=3 respectively.

√
sNN =200 GeV. The v2 of the K0

S and Λ measured by
STAR [45] in Au+Au 200 GeV collisions are also shown
for comparison. Measurements of v2 for the φ meson
from both reaction plane and invariant mass methods
are presented, and they are consistent with each other.

The first interesting observation is that the φ meson
has significantly nonzero v2 in the measured pT region.
If the φ meson has a small interaction cross section with
the evolving hot-dense matter in A+A collisions, it would
not participate in the late-stage hadronic interactions in
contrast to hadrons such as π, K, and p(p̄) which freeze-
out later. This indicates that the nonzero v2 of the φ
meson must have been developed in the earlier partonic
stage. In the low pT region (<2 GeV/c), the v2 value
of φ is between that for the K0

S and the Λ in Au+Au
200 GeV collisions, consistent with the expectation of a
mass ordering for v2 in hydrodynamic models. These
observations support the hypothesis of the development
of partonic collectivity and possible thermalization in the
early stages of heavy-ion collisions at RHIC [34, 100],
although the underlying mechanism for the equilibration
process remains an open issue.

In the intermediate pT region (∼2-5 GeV/c), the v2 of
the φ meson is consistent with that for the K0

S rather
than for the Λ. When we fit the v2(pT ) of φ mesons with
the quark number scaling function [117], the resulting fit
parameter NCQ (number of constitute quarks) = 2.3 ±
0.4. The fact that the v2(pT ) of φ is the same as that
of other mesons indicates that the heavier s quarks flow
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FIG. 21: (Color online) Elliptic flow v2 as a function of pT , v2(pT ),
for the φ meson from different centralities. The vertical error bars
represent the statistical errors while the square bands represent
the systematic uncertainties. For clarity, data points of 10-40% are
shifted in the pT direction slightly.

as strongly as the lighter u and d quarks. The AMPT
model with string melting and parton coalescence mech-
anisms can reproduce the experimental results well up
to 3 GeV/c, which favors the hadronization scenario of
coalescence/recombination of quarks [116, 118].

The v2 of the φ meson from other centralities are shown
in Fig. 21. The data are analyzed from the invariant mass
method only. As expected, v2(pT ) increases with increas-
ing eccentricity (decreasing centrality) of the initial over-
lap region. This trend is also illustrated in Table IV
which presents the pT -integrated values of φ-meson ellip-
tic flow, 〈v2〉, calculated by convoluting the v2(pT ) with
the respective pT spectrum for four centrality bins. It
should be noted that the centrality dependence of the
〈v2〉 of the φ meson is consistent with that of the charged
hadrons [67].

TABLE IV: Integrated elliptic flow 〈v2〉 for the φ meson for
four centrality bins in Au+Au collisions at 200 GeV.

Centrality (%) 〈v2〉 (%)

40 – 80 8.5 ± 1.1 (stat) ± 0.2 (sys)

10 – 40 6.6 ± 0.8 (stat) ± 0.2 (sys)

0 – 5 2.1 ± 1.2 (stat) ± 0.5 (sys)

0 – 80 5.8 ± 0.6 (stat) ± 0.2 (sys)

IV. CONCLUSION

In conclusion, STAR has measured φ meson produc-
tion for 62.4, 130, 200 GeV Au+Au, 200 GeV d+Au,
and NSD p+p collisions at RHIC. Details of the analysis
method for φ meson are presented. The respective en-
ergy and Npart dependence of the φ meson production,
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Conclusions

• Studied the kinetics of Quarks and Gluons and the imprints on elliptic flow.

• Radiative energy loss increases the elliptic flow in a certain range

pT ' 1.5↔ 2.5 GeV

• Makes precise the connection between energy loss and viscosity.

• Observed Relaxation Time Scaling (RTS) in measured elliptic flow

– I believe that such relaxation time fits will do as well as coalescence.

Derek Teaney



Backup I: perturbative quark and gluon model
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“Scaling” can be an artifact of two different relaxation times

Try two different relaxation times for mesons and baryons

Derek Teaney


