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Introduction



Global thermodynamic equilibrium

» The kinetic theory description of relativistic gases requires that the
one-particle distribution function fi satisfies the Boltzmann equation:

k'O, fk = CLf]. (1)
» In local equilibrium, C|f] = 0 and the fluid is described by
fiEd = 1B a7 )

where a = 0, 1 and —1 for classical, Fermi-Dirac or Bose-Einstein statistics.

» In global equilibrium, flf?) satisfies the Boltzmann equation, thus

8#61/ + &/Bu =0, au(,LL/T) =0, (3)

where " = Bu* is the temperature four-vector.
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» States under rigid rotation are described by the following Killing vector:

v

B"0,, = Bo(0r + 20,). (4)
u* has unit 4-norm and is parallel to 5*:

B0y
Vv By B

with I' = the Lorentz factor of a RRO at distance p from the r.a.

w0, =

=T(0; + Vd,), TI'=(1-p*Q*)" 12 (5)

The local temperature 1" represents the inverse norm of 3#:

T =1/\/B.B" =TT, (6)

with Ty = the temperature on the r.a.
In global equilibrium, p/T = const. = p = T'uy.

The state diverges at the light cylinder, where a co-rotating fluid element
moves at the speed of light, pQ2 = 1.
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Kinematic frame for rigid rotation

- == u
“ T
A “kinematic” orthogonal tetrad is given by: [Becattini, Grossi, PRD 2015]
Velocity : u"d, =I'(0¢ + Qody,), =(1- pQQ(Q))_l/Z,
Acceleration : a’ =u"9,u" = —pQ2F26g, o’ = —a® = —QIr*(Ir? — 1),
Vorticity : wh zés“yaﬁuyﬁaqw = I*Qs", w? = —w? = —le"4,

Fourth vector:" ™8, =" *Pu,aawgd, = —Q°T°(p°Q8, +8,), 1> =—7>=-—QIr%(? —1).

The vorticity tensor is then

w

Wap = GaUg — GalUa — Capurt’ W = QI (Jaxgpy — Jay9sa)- (7)

1Aka another vector. [Buzzegoli, Becattini, JHEP12(2018)002]
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Tolman-Ehrenfest expectation

» The “classical” (cl) Tolman-Ehrenfest law says that in global equilibrium, the
charge current and energy-momentum tensor are given by the perfect fluid

form,
wo 72 v v v o__ v v
Ji = Qaut, TH =equiu” — PaArY,  [AM =g —utu”]  (8)
where Q¢ = u,J#, Py = —%AWT’“W and eq = u,TH u,.

» For massless fermions, the pressure reads

77T2T4 M2T2 M4

P, = : 9

' 80 "6 12 )
» The pressure can be used to derive the charge and entropy densities:
0P, T? 3 0P, TS 2T

Q=72 =t + L5 sa=50 = +5= (0

o 3 ' 372’ oT 45 3

» The energy density €. satisfies the Euler relation,
€cl = Tscl — Pcl + /’LQCI — SPCI' (11)

» Goal: Derive similar (local) relations for the quantum case!
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Rigidly rotating grand canonical ensemble

» The rigidly rotating state is characterized by (Becattini PRL 108 (2012) 244502
A —Bo(H—110Q—20-F
p=ce Bo(H—poQ—0 )7 (12)

» The Hamiltonian, charge and angular momentum operators given by
i [#26t Q= [dad, = [d@adiv. @

» The charge current JH, canonical ene/gy—momentum tensor, ©O*¥ and
canonical angular momentum tensor M are given by

~ =~ o~ ~ = ~ ~ )~ S
Ty =0y, T =Ty 0, 6 = 5T,

]/\4'\3’/*“/ — Z)\,,U,I/ _I_ :S’\)‘a/*“/ Zé:,u”/ — x,u@)\l/ . CEV@)\,U,’
S 1 Do
Se = —‘I’ (P e = —53” JAja- (14)
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Mode decomposition

> To facilitate the computation of (A) = Z1tr(pA), with Z = tr(p) =
partition function, it is convenient to employ

U(z) =) [0(0;)U;(x)a; + 6(~0;)V;(x)bl], (15)
J
with U; = particle modes and Vj(z) = iy*U; () = antiparticle modes.
» The label j = {E;, kj,m;,\j,0;} signals that

O'jZlZ (H,PZ,JZ,h)Uj=(Ej,kj,mj,)\j)Uj,
O'j = —1: (H, PZ,JZ,h)V? = (—Ej,—kj,—mj,)\j)‘/}, (16)
with H =0, P?* = —i0,, M* = —i0, + 5%, S* = $7y"yY and h =P - J/p.

» With the above decomposition of \I!, we have

J
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Thermal expectation values

» In the cylindrical basis, H, @ and J* are diagonal, i.e.

[H,al] = Ejal, [Q,all=al, [J7,a]]=mjal. (18)
» Using eABe=4 = B + [A B] [A [A B]] ..., it can be shown that
ﬁ&;ﬁ—l e~ Po(E;—Qom;—po) ;’ ﬁf)}ﬁ—l — e—ﬂo(Ej—Qomj-Wo)[};[. (19)

» All required expectation values can be expressed w.r.t.

(alay) = Z7r(palp~ pay)

— ¢ Po(E;—Qom;— “O)Z_ltr(,ﬁA &;)

= 08,0 [5(5, ) — (8l )]

=004, ') filo;=+1, (20)
with {

fi = (21)

ePo(E;j=Qomj—ajpo) 4 1
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Thermal expectation values

» Since the operators j”", jﬁ and OX are quadratic in the field operator \Tf it
is easy to obtain

R (anti/particles) (helicity) (ang.mom.) .~q D
(4) = S%ij/lj, Yo=Y > Z/MdEjEj/ dkj, (22)
j j L

O'j::|21 )\J:i% m

with the sesquilinear form A; associated to the operator A computed via the
cylindrical modes:

- B eiBsttikz [ gt . pjei(mj—%)wjmj_%(qu) (23)
iloj=1 ir 2\, €5 2i\;py elmitae g 1 (gip))

where ¢ = \/1+0;M/E; and p; = \/1£2X\;k;/p;.
Since V; = i7?U;, the antiparticle version of the sesquilinear forms can be
trivially obtained:

le/L;jJUjI—l - _j‘l;;jjgjzl’ jX;jJJJ:_l - jﬁ?iJ"jzl’

07" o;=—1=05"]5,=1. (24)
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Thermal expectation values

»  For the charge currents, we find

2k 0iq; k. 2\ip;
t + ® J47 X z J 7+ J ]
) | J J . = J, o =0; | = J.
Toamo (BB ) . gt = g s (B0
22jpj o+ ki o » 2045 o = 2X\jkj +
Ja B, Ji 5 I T A »; Jiw Jag =J; +—— pj J;
where
+= _ X _ _ .
J; —ij 1(qu)iJ +1(qu) J; —2ij_%(qu)~fmj+%(qu)-
»  For the energy-momentum tensor, we have

2X;k; q;
tt ) + pt _ 4] X
@j—Ej(Jj—I— J), ot =27

zt _ . 7+ R
- I O =k 2y
2
o — k, <J++ 2k 25ki ;- ) o = GFi px gee B 2Nipiks -
J J D; J pE; I J E; " E; J
QrP d; gt q;m; JX QrY m;q; JX
J E; 7 pE; J p3E; I
INiki 1 .
P20 = m; (J;L + J_ . J; ) - EJA;Ja
p;
k. 2Xipi 1
2z i o+ jPj t
O*%% = —J. J — =T .
P " (Ej ¢ EJ ¢ ) QJA’J
» Noteworthy relations: 95 gnt p mj ott 20t | 1 22
oteworthy relations .@j jv,y '@J @J +-Ji,
E, E, 2
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Grand canonical ensemble



Thermodynamics of static systems

» In the case of a static system ({29 = 0), we have
H= 6—50(1/7?—,&062\)7 (29)

where the operators H and @ are obtained via Noether's theorem, by R’
Integration:

ﬁ:/d%@“, @:/d%i@. (30)

» The partition function, Z = tr(p), can be used to define the total
thermodynamic potential as:

®=-TylnZ = ¢V, (31)

where V' = [ d3z is the (infinite) volume of Space.
» The grand potential (density) satisfies:

P:_—:_¢7 QV:_—a S = — o (32)

while € = sT" + ¢ + Q.
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Rotating system: Grand potential

» In the rotating system, p is again constructed with the Noether operators:
(H,Q, M?) = / AP0, JL, Jo™), (33)

where the integral runs over R?.

» The rotating system is inhomogeneous (things depend on p) and ill defined at
distances p > Q7! hence ® # ¢V .

» In the rotating case, we introduce the grand canonical potential as

P — / Pro(x) = & — ToS — 1160 — QM= (34)
174
where we demand
0P 0P ; 0P
S——a—TO, Q——a—luoa M ——3—907 (35)

thus ensuring the Gibbs-Duhem relation:

d® = -8d1y — Qdug — PdV — M - d€y. (36)
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Rotating system: Grand potential

» \We can express £ in terms of ® as

od 0P 0P
E=D Ty | = — — )
’ (aTO) MO, QO ILLO (al[’LO)To,QO ’ (aQO)To,,UJO

= 3 | o (Go®[To. oo o (o 20) o) 6
0 Boo,Bofo
» Then, ® can be obtained from £ by ensemble integration:
1
¢ = /dﬁo( )50#0,5090' (38)
Bo

» The most natural candidate for the total energy is

£ = / d>zO", (39)

which gives

(b(l') 50 /ng( )50#0,/5090' (40)
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Rotating system: Grand potential

» The 5y integration involves only the distribution function:

Ly i)
BOE eBoE;—(Boo)m;—(Bopo)o; 1 1

_ =1ttt
__8W250;F3Ej o', (41)

where
Fj = In(1 4 ¢~ Po(Fi=Qomj=ojuo)) (42)

» The expression for gb(a:) can be further processed using integration by parts:

_dp;
bz) = - 8#250 Z /dqqu/dk £ ( J dk +2)\‘7J3 dk; )

Gj5 .7’ mj

1 Jj o7+ 2)\jpjkj _
= gm 2 (Ej*]j Mol
J

- —07, (43)

» The (relativistically non-covariant) thermodynamic pressure is P = ©%~.
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Rotating system: Thermodynamic consistency

» So far, we made a choice when constructing £ from O,
» The charge density can be obtained via

90
. _ E 1@tt
s~ 5 2 O g
1 o
— ]2 ijfjj@;t — Jf/, (44)

where we used 8F3/8,u0 = O-jBij and @tt = O'jEjJ‘t/;j.
» Using 0F; /082y = Bom, f;, the angular momentum density can be obtained
as

agb 1 tt
E;
890 87’(’260 Z @‘7 890

= p?O + —Jj = M"Y, (45)

2

with Mg’”’y = 2O — yO* — 1 eV*Y% J 4., chosen automatically in the
canonical pseudogauge.
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Rotating system: Thermodynamic consistency

» The entropy density can be obtained similarly,

9o & 1 _
S= g = 7 g 2 fiEr O (B~ Qom; — o)
J
1 1
= ?0 (@tt — gb — pQQo@?P — /,L()J‘t/ — iﬂojj) . (46)

where we used 8Fj/8T0 f] (E Qom] O'j,uo)/Tg.
» Taking into account the four-velocity u#0,, = I'(0; + Q00,,), we see that
1

O — P’ O} = SO0, (47)

> Writing the last term as 2$J5 = 0S5, and using the vorticity tensor

Wap = Galg — Agla — Eaput'w” = Qo' (gazgsy — Jay9pz); (48)
we arrive at
1
S =5t = = (@t’"uu o' — pJi — —Séaﬁww) (49)

with T = I'Ty, u = Tug and ¢t = T'¢.
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Thermodynamic potential current



Grand potential current

» The emergence S — s! prompts the construction of the function

1

o
P =5

1
t _ —1 t
‘/dﬁ()(@'u )50#0,5090 — _m zj:FjEj @5 ' (50)

» Using 2—‘;@5tj‘§‘;j and OF; /Oy = 0;B0fj, we find

(9qb“ 1 0 ; t
o~ 8w 2 Hg O =T 5
J
> Using @Fj/(‘?ﬂo = 50mjfj
((kb'u 1 m; t I
B TARS W@

with MY = p2@%%? and MY = p?©*% + 1.J.
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Grand potential current

» Similarly, the entropy current comes out to be

Ot 1
sH = — ({;;0 =7 (01" — ¢F — poJty — p?QOH? + 10l Jy.,).  (53)
> Using ©*7u, = T'(OH — p?QyO*+#%) and waBSg’o‘ﬂ = —T'Qoeh*¥" J 4., We
arrive at
2 1 pv L e 1 w,o 3
sh = " u, — ¢ —,uJV—§SC Wap | ; (54)
with ¢# = T,
» Contracting now with u,, we find
1 1 Lo
s=m et P —pQv - 55¢ wag | 5 (55)

with the usual definitions:
€ =u, 0", Qv =u,J, S =, SHP (56)

while the thermodynamic pressure reads now P = —qz’iuu #+ ©%%,
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From global to local state

» So far, we considered thermodynamic derivatives with respect to the global
ensemble parameters: Tj, g and €.
» The transition to the local parameters: T' = I'Ty, p = 'y and wyy, = 'y,

can be understood at the level of the distribution function:

f] — [eﬁo(Ej—Ujuo—Qomj) _|_ 1i| —1 _ [eﬁ(FEj—UjM—wxymj) _|_ 1:| —1 | (57)

» In particular, we aim to regard ¢t = T+ = &“(T,,u,wxy).
» The transition (Tg, o) — (T, u) is straightforward, since:

bir oo _ . 0i_op

= = — = = —Jy. 58
aT — T, ' oum  Ouo 4 (58)
» However, {0y — wy, is less clear, since
0¢r 209" 50 o -
—— =T — " QoI (* — T's* — pJt). 59
EIo) Dy p~Qol(¢ S i) (59)
» A little rearrangement reveals that
O
—&iy =S +err,, THo, = —p*Q0, — O (60)
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Local state thermodynamic



Spin potential / vorticity duality

» The derivative w.r.t. vorticity tensor gives the expected spin term, plus an
undesirable orbital term.

» ldea: In equilibrium, Qaﬁ = Wap- [Nora, David, Dirk,...]
» wyp is kinematic in nature, while (2,3 is thermodynamic.

» We wish to disentangle the vortical = kinematic 4+ thermodynamic, s.t.:
O O
o _ (_)/,u/ ~V’ L — Sﬂafcy‘ 61

» The kinematic part is comprised of u*, a*, w* and ™ = s“”o‘ﬂu,,aawg and
Wap = AaUg — GRUy — EqpuUw”. (62)
» Similarly, we introduce

Qg = Kalg — KgUg — Eagurt! 7,
1

kM = QPu,, QF = —isumﬂuyﬁag. (63)

» To implement this programme, we consider massless (free) fermions.
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Massless fermions: exact results

» In the case of massless fermions, we have the following beta-frame

decomposition:
T = eutu” — Pog A" + 7t + ol (THu” 4+ T u?),

Ji = Quut + oy, J) = ohwh, (64)
where TH¥ = () s in the Belinfante pseudogauge, while
2 2 2
T = ~ 973 (T“T” + Cu7&“&” + %w“w”) : (65)
with w? = w,w’ = —Q°T* and a? = q,a* = —Q*T*(T% — 1).
» Furthermore,
PH:P1_3w2+a20w +w4+j—gw2a2—%a4
° ¢ 12 A 19272 ’
- L 39w? + 31a? o o w? + 3a*
7o T T304 T Tgg0me 0 TAT Tl T Ty
_ pw?+a®) o p
Qv=0Qvia— — 5 0V =1{(5 (66)

while ¢ = 3P, and P.g = P + 1L

Quantum thermodynamics
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Thermodynamic potential current

> To compute ¢* = 85" [ dBo(O"") g, 10609 We require O, satisfying
1
QM — T _ 5a,\(sgvﬁ“’ SN GUA, (67)

which leads to ©% = T" + -0,J3 and O = T — 20,3,

» After performing the integration, we arrive at

~ 302 2 w122 .,2,2 174
12 ’ 19272
~ w? + 3a? w* 4+ 220202 + 17a*
= -QI P, — “. : 63
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Entropy, charge and dynamic pressure

» Since &p = gggo = 0, we can decompose qg“ w.r.t. u* and 7H:

Pt = —Put — o, (69)
where
w? + a? " w* + %wzaQ + %a‘l
P=Fa==——0ka* 19272 !
I 3w? + 17a?
76 T §7AA T Tz (70)

» The entropy and charge densities read

_oP T(w? + a?) _oP p(w? + a?)
S = a—T — Scl — 192 ) QV — E — QV;C] — A2 . (71)

» The dynamic pressure then reads:

1 a? a?(89w? + 51a?)

M=-e—P=% g9 _
3° g 7 Ascl 216072

(72)
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» The spin tensor reads

1
Sgﬁ = —§UM€MQ5VJA;V. (73)

» In equilibrium, J% = oc4w* and

1
S&P = §(waﬁ + u®aP —ufa)o". (74)

» \We now assume that the tensor structure of S is actually given by the spin
tensor, instead of the vorticity tensor:

1

2

0P

af _
Sef = S

QY +ukP —uPr*)oY = (75)

» The only dependence of P on Q.5 can come by replacing w? — Q2 or
a’ — k2. Noting that

002

0%y

OK?

90s = 2(uPk® — u®KP), (76)

2(u51<¢0‘ — kP — Qo‘ﬁ),

it is clear that Ok2/00p is incompatible with S&°.
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Local pressure

» The solution that reduces to (70) when Q.3 — w3 reads

02 + a? 0* +60%a® 44w?a® + 51a*
P=FP,— —o5%. : 77
! 4 TAdT oo T T ogg0m2 (77)
which depends on both the spin potential and the vorticity tensor.
» The local quantities read
T(Q% + a?) (% + a?)
S = Scl — 12 ’ QV — QV;C] — A2 )
o 1, . . . " 02 + 3a°
SCB = 5(Q F+ukP —uPk ) (O’A;Cl ~ g > :
392 2 Q4 i QQQCLQ 44w2a2 17a4
€= e — +a o4+ 45 157 (78)
4 ’ 6472

where €e = sT — P + uQv + %wQBSgﬁ was employed.
» Knowing that P.g = ¢/3 = P + II, we can identify the dynamic pressure as

= 6 C Al T 48772 ’

which is compatible with the relation IT = — tw,3(0P/0wag).

(79)
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Bonus: Unruh effect

» Consider now a fluid undergoing accelerated motion (no vorticity):

a* 17a*
€ =€l —

4 TAel T 9602

(80)

» The solution ¢ = 0 gives

12072 17
2 w w
a = 17 (O-A;Cl + \/(O-A;cl)2 =+ 157’(’2 661) . (81)

> When 1 = 0, we have 0% = T?/6 and €, = 7m2T%/60, such that

a’ = (27T)?. (82)

» The above relation confirms our thermodynamic relations are compatible with
the Unruh effect:

T>TU:?. (83)
7

» When T' < Ty, we have € < 0 and consequently, Pog = P+ 11 <0 =
instability.
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Conclusion



Conclusion

>

>

We explored the thermodynamics of a quantum fluid exhibiting vorticity and
acceleration.

In the rigidly rotating ensemble, we constructed the thermodynamic potential
within a fictitious cylinder of radius R < Q! (within the causal cylinder).

We constructed its associated current and obtained a thermodynamically
consistent framework.

Locally, we revealed the requirement of disentangling between kinematic
(derived from vorticity tensor) and thermodynamic (derived from spin
potential) vortical contributions.

In the frame of massless fermions, we obtained the thermodynamic pressure
of a fluid at finite spin potential and under finite vorticity.

This work was supported by the European Union—NextGenerationEU through
Grant No. 760079/23.05.2023, funded by the Romanian ministry of research,
innovation and digitization through Romania’s National Recovery and
Resilience Plan, Call No. PNRR-I11-C9-2022-18.
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