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We derive the transport coefficients of second-order fluid dynamics with 14 dynamical moments using the
method of moments and the Chapman-Enskogmethod in the relaxation-time approximation for the collision
integral of the relativistic Boltzmann equation. Contrary to results previously reported in the literature, we
find that the second-order transport coefficients derived using the two methods are in perfect agreement.
Furthermore, we show that, unlike in the case of binary hard-sphere interactions, the diffusion-shear coupling
coefficients lVπ , λVπ , and τVπ actually diverge in some approximations when the expansion order Nl → ∞.
Here we show how to circumvent such a problem in multiple ways, recovering the correct transport
coefficients of second-order fluid dynamics with 14 dynamical moments. We also validate our results for the
diffusion-shear coupling by comparison to a numerical solution of the Boltzmann equation for the
propagation of sound waves in an ultrarelativistic ideal gas.

DOI: 10.1103/PhysRevD.106.076005

I. INTRODUCTION

Relativistic second-order fluid dynamics has become an
essential tool in the description of the space-time evolution
of high-energy phenomena, ranging from astrophysical
systems like accretion flows [1], stellar collapse, gamma-
ray bursts, and relativistic jets [2–5], to cosmology [6]
and relativistic nuclear collisions at BNL-RHIC and
CERN-LHC [7–12]. The space-time evolution of such
systems and the interactions among their constituents are
characterized not only in terms of an equation of state, but
also by nonequilibrium transport processes.
The conservation equations ∂μNμ ¼ ∂μTμν ¼ 0 for the

particle four-current Nμ and the energy-momentum tensor
Tμν provide 1þ 4 ¼ 5 equations. For ideal fluids, the
conservation laws govern the evolution of the equilibrium
degrees of freedom inNμ and Tμν, which are identified as the
particle number density n, energy density e, and fluid four-
velocity uμ, while the pressure is defined through an equation
of state, P≡ Pðe; nÞ. For dissipative fluids, the additional
3þ 6 ¼ 9 degrees of freedomcontained inNμ andTμν are the
bulk viscous pressure Π, the particle diffusion current Vμ,
and the shear-stress tensor πμν. Together with the
equilibrium fields, these quantities define the so-called 14
dynamical moments approximation of relativistic fluid
dynamics.

At first order in Knudsen number Kn, defined as the ratio
between the particle mean free path λmfp and a characteristic
macroscopic length scale L, the dissipative quantities are
given by the asymptotic solutions of more general equa-
tions of motion, in a manner equivalent to the Navier-
Stokes equations. On the other hand, the inverse Reynolds
number Re−1 characterizes the ratio of a dissipative to an
equilibrium quantity, e.g., jΠ=Pj, jVμ=nj, and jπμν=Pj. In
the Navier-Stokes limit, the dissipative quantities, which
are of first order in Re−1, are algebraically related to the
thermodynamic forces, which are of first order in Kn. The
first-order transport coefficients relating them measure
different properties of matter, such as viscosity, diffusivity,
and thermal or electric conductivity. These are also found in
the well-known transport laws of Newton, Fick, and Ohm.
Starting from the seminal works of Müller [13] and Israel

and Stewart [14], it became evident that, in relativistic fluid
dynamics, second-order equations are required in order to
preserve causality and stability [13–19]. When the irre-
ducible moments are expressed accurately up to second
order in Kn, Re−1, or their product, new cross-coupling
transport coefficients emerge in the transport equations. A
systematic derivation of all transport coefficients is possible
using an underlying microscopic theory, e.g., kinetic
theory.
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Relativistic second-order dissipative and anisotropic fluid dynamics
in the relaxation-time approximation for an ideal gas of massive particles
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In this paper, we study all transport coefficients of second-order dissipative fluid dynamics derived by
V. E. Ambrus et al. [Phys. Rev. D 106, 076005 (2022)] from the relativistic Boltzmann equation in the
relaxation-time approximation for the collision integral. These transport coefficients are computed for a
classical ideal gas of massive particles, with and without taking into account the conservation of intrinsic
quantum numbers. Through rigorous comparison between kinetic theory, second-order dissipative fluid
dynamics, and leading-order anisotropic fluid dynamics for a (0þ 1)-dimensional boost-invariant flow
scenario, we show that both fluid-dynamical theories describe the early far-from-equilibrium stage of the
expansion reasonably well.

DOI: 10.1103/PhysRevD.109.076001

I. INTRODUCTION

During the last decades, relativistic fluid dynamics has
assumed an important role in describing the space-time
evolution of matter created in ultrarelativistic heavy-ion
collisions, in binary mergers of neutron stars, as well as in
the early Universe [1]. Relativistic fluid dynamics is an
effective field theory based on the local conservation of
energy and momentum, ∂μTμν ¼ 0, where Tμν is the
energy-momentum tensor of the fluid, and of multiple
conserved charges, e.g., electric charge, baryon number,
strangeness, etc., ∂μN

μ
i ¼ 0, where Nμ

i is the four-current
associated with the ith charge.
For the sake of simplicity, in this paper we will consider a

single species of particle of rest mass m0. In this case, there
is at most one independent conserved charge, to which—in a
slight abuse of notation—we refer to as “particle number” in
the following. Therefore, the five conservation equations
contain in general 14 dynamical fields, five of which occur
for dissipative as well as for ideal fluids: the particle-number
density n, the energy density e, and the fluid four-velocity uμ,
chosen for instance as the timelike eigenvector of the energy-
momentum tensor. The pressure P is not an independent
field, as it is given by an equation of state, Pðe; nÞ, for the
matter under consideration. For an ideal fluid, i.e., a fluid in
local thermodynamical equilibrium, the five conservation
equations contain five dynamical fields and are thus closed.
For dissipative fluids, however, there are nine additional
fields that account for irreversible processes: the bulk

viscous pressure Π, the particle diffusion current Vμ, and
the shear-stress tensor πμν. In order to close the system of
equations of motion, additional equations, sometimes called
constitutive relations, have to be specified. The simplest
example is Navier-Stokes theory, where Π, Vμ, and πμν are
proportional to first-order gradients of e, n, and uμ, and
which therefore belongs to the class of so-called first-order
fluid-dynamical theories. The proportionality coefficients
are the three first-order transport coefficients related to
different nonequilibrium transport phenomena: the bulk-
viscosity coefficient ζ, the particle-diffusion coefficient κ,
and the shear-viscosity coefficient η. Relativistic Navier-
Stokes theory is, however, acausal and unstable [2–4]. One
way to cure this problem is to derive fluid dynamics from the
relativistic Boltzmann equation, applying Grad’s method of
moments [5], leading to the 14-moment approximation of
Israel and Stewart for relativistic systems [6].
The moment equations up to tensor-rank 2 are truncated

based on a power-counting scheme in Knudsen and inverse
Reynolds numbers [7]. The Knudsen number Kn is the ratio
of the particle mean free path and a characteristic macro-
scopic scale, while the inverse Reynolds number Re−1 is
the ratio of an out-of-equilibrium and a local-equilibrium
macroscopic field. The resulting equations of motion
contain terms up to second-order in Knudsen and/or inverse
Reynolds numbers.
In these so-called second-order theories of relativistic

dissipative fluid dynamics, dynamical equations of motion
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The relativistic Boltzmann equation I.

The Boltzmann equation describes the space-time evolution of the single-particle
distribution function f (xµ, kµ) = fk

The relativistic Boltzmann equation

kµ∂µfk ≡ C [fk] =
1

2

∫
dK ′dPdP′Wkk′→pp′

(
fpfp′ f̃k f̃k′ − fkfk′ f̃p f̃p′

)
, (1)

kµ = (k0, k) is the four-momenta of particles with mass m0 =
√

kµkµ, where

dK = gd3k/
[
(2π)3k0

]
, while f̃k = 1− afk, with a = 0/a = 1/a = −1 for

Boltzmann/Fermi/Bose statistics. The invariant transition rate is

Wkk′→pp′ ≡
s

g2
(2π)6

dσ(
√
s,Ω)

dΩ
δ(kµ + k ′µ − pµ − p′µ) , (2)

which for an isotropic and energy independent diff. cross-section

the hard-sphere approximation

σT ≡ 2π
dσ(

√
s,Ω)

dΩ
=

1

n0λmfp
. (3)
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The relativistic Boltzmann equation II.

Local thermal equilibrium - Jüttner distribution

fk → f0k ≡ [exp (−α0 + β0Ek) + a]−1 , (4)

Not a ”true” solution, where α0 = µ0/T0, β0 = 1/T0 and Ek = kµuµ. The solution

fk ≡ f0k + δfk , (5)

where δfk is the non-equilibrium correction.

The Anderson-Witting approximation to the collision integral

C [fk] ≡ −kµuµ
fk − f0k

τR
= −Ek

δfk

τR
, (6)

where the relaxation time τR(x
µ) is a momentum-independent parameter proportional

to the mean free time between collisions. This is the relativistic generalization of the

BGK model; CBGK [fk] ≡ − fk−f0k
τR

, used in Lattice Boltzmann methods.

P.L. Bhatnagar, E.P. Gross, M. Krook, ”A Model for Collision Processes in Gases. I. Small Amplitude Processes in Charged and Neutral
One-Component Systems”. Physical Review. 94 511 (1954).

J.L. Anderson and H. R. Witting, ”A relativistic relaxation-time for the Boltzmann equation”, Physica 74, 466 (1974).
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Fluids dynamics from the Boltzmann equation

The momentum-space integral of the distribution function fk with the four-momentum
and the energy of particles forming a rank-ℓ tensor defines the moment

Rank-ℓ tensor moment

M
µ1···µℓ
r ≡ ⟨E r

kk
µ1 · · · kµℓ ⟩ =

∫
dKE r

kk
µ1 · · · kµℓ fk . (7)

The particle four-current and the energy-momentum tensor

Nµ ≡ Mµ
0 =

∫
dKkµfk =

∫
dKkµ (f0k + δfk) , (8)

Tµν ≡ Mµν
0 =

∫
dKkµkν fk =

∫
dKkµkν (f0k + δfk) . (9)

Moments of the relativistic Boltzmann equation (RTA)∫
dKkλ1 · · · kλℓ [kµ∂µfk] ≡ ∂µM

µλ1···λℓ
0 = Cλ1···λℓ [fk] , (10)

= −
1

τR

(
M

λ1···λℓ
1 −

∫
dKEkk

λ1 · · · kλℓ f0k

)
Note that the particle number and particle four-momenta are collision invariants, i.e.,
C =

∫
dKC [f ] = 0 and Cα =

∫
dKkαC [f ] = 0
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The particle number conservation

∂µN
µ ≡ ∂µ

∫
dKkµfk = −

1

τR

∫
dKEk (fk − f0k)

= −
1

τR
(n − n0) ≡ 0 , (11)

The energy-momentum conservation

uν∂µT
µν ≡ uν∂µ

∫
dKkµkν fk = −

1

τR

∫
dKE2

k (fk − f0k)

= −
1

τR
(e − e0) ≡ 0 , (12)

∆λ
ν∂µT

µν ≡ ∆λ
ν∂µ

∫
dKkµkν fk = −

1

τR

∫
dKEkk

⟨λ⟩ (fk − f0k)

= −
1

τR
Wλ ≡ 0 , (13)

Landau matching conditions, and Landau frame

n = n0 , e = e0 , (14)

Wλ = 0 , (15)
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Ideal Fluids I.

Conservation laws for a simple (single component) perfect fluid (no dissipation)

∂µN
µ
0 = 0 charge conservation ⇒ 1 eq.

∂µT
µν
0 = 0 energy-momentum conservation ⇒ 4 eqs.

uν∂µT
µν
0 = 0, ∆λ

ν∂µT
µν
0 = 0

Perfect fluid decomposition with respect to uµ

Nµ
0 = n0u

µ

Tµν
0 = e0u

µuν − p0∆
µν

n0 = Nµ
0 uµ (net)charge density

e0 = Tµν
0 uµuν energy density

P0 = −
1

3
∆µνT

µν
0 equilibrium pressure

The time-like normalized flow velocity is uµ(t, x⃗) = γ(1, v), where uµuµ = 1

The projection tensor ∆µν = gµν − uµuν , where gµν = diag(1,−1,−1,−1)

We have 5 equations for 6 unknowns n0(1), e0(1), p0(1) and uµ(3). Closed by an
Equation of State (EoS) P0 = P0(e0, n0).
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Dissipative Fluids I.

Conservation laws for a simple (single component) dissipative fluid

∂µN
µ = 0 charge conservation ⇒ 1 eq.

∂µT
µν = 0 energy-momentum conservation ⇒ 4 eqs.

General decomposition Nµ = Nµ
0 + δNµ and Tµν = Tµν

0 + δTµν

Nµ = nuµ + Vµ

Tµν = euµuν − (P0 +Π)∆µν +Wµuν +W νuµ + πµν

n = Nµuµ charge density

e = Tµνuµuν energy density

P ≡ P0 +Π ≡ −
1

3
∆µνT

µν isotropic pressure

Vµ = ∆µαNα charge flow

Wµ = ∆µαuβTαβ energy-momentum flow

πµν =

[
1

2

(
∆µα∆νβ +∆µβ∆αν

)
−

1

3
∆µν∆αβ

]
Tαβ stress tensor

We only have 5 equations and an EoS for 17 unknowns, n(1), e(1), uµ(3) and
Π(1),Vµ(3),Wµ(3), πµν(5).
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General equations of motion I.

Using fk = f0k + δfk where δfk = f0k (1− af0k)ϕk we define the irreducible moment

ρ
µ1···µℓ
r ≡

〈
E r
kuk

⟨µ1 · · · k µℓ⟩
〉
δ

(16)

⟨· · · ⟩δ ≡ ⟨· · · ⟩ − ⟨· · · ⟩0 =
∫
dK(· · · )δfk and k⟨µ1 · · · k µℓ⟩ = ∆

µ1···µℓ
ν1···νℓ k

ν1 · · · kνℓ

The primary (14) dynamical moments in Nµ and Tµν

ρ1 ≡ δn = 0 , ρ2 ≡ δe = 0 , ρ0 ≡ −
3

m2
Π ,

ρµ0 ≡ Vµ , ρµ1 ≡ Wµ = 0 , ρµν
0 ≡ πµν .

Now, writing the Boltzmann equation in the following form

Dδfk = −Df0k − E−1
ku kν∇ν (f0k + δfk) + E−1

ku C [f0k + δfk] , (17)

where D ≡ uµ∂µ = d
dτ

and ∇µ = ∆ν
µ∂ν , the equations for Dρ

µ1...µℓ
r follow from,

Dρ
⟨µ1···µℓ⟩
r ≡ ∆

µ1···µℓ
ν1···νℓ

d

dτ

∫
dKE r

kuk
⟨ν1 · · · k νℓ⟩δfk . (18)
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General equations of motion II.

Infinitely many coupled equations for ρ
µ1···µℓ
r equivalent to the Boltzmann equation !

Scalar, vector, and tensor equations

ρ̇r − Cr−1 = α
(0)
r θ +

θ

3

[
m2

0(r − 1)ρr−2 − (r + 2)ρr − 3
G2r

D20

Π

]
+

G3r

D20

∂µVµ − ∇µρ
µ
r−1 + rρ

µ
r−1 u̇µ +

[
(r − 1)ρ

µν
r−2 +

G2r

D20

π
µν
]
σµν ,

ρ̇
⟨µ⟩
r − C

⟨µ⟩
r−1 = α

(1)
r ∇µ

α + rρ
µν
r−1 u̇ν −

1

3
∇µ

(
m2

0ρr−1 − ρr+1

)
− ∆µ

α

(
∇νρ

αν
r−1 + α

h
r ∂κπ

κα
)

+
1

3

[
m2

0 (r − 1) ρ
µ
r−2 − (r + 3) ρµr

]
θ +

1

5
σ
µν
[
2m2

0 (r − 1) ρr−2,ν − (2r + 3) ρr,ν

]
+

1

3

[
m2

0rρr−1 − (r + 3) ρr+1 − 3αh
r Π
]
u̇µ + α

h
r ∇

µΠ + ρr,νω
µν + (r − 1) ρ

µνλ
r−2 σνλ ,

ρ̇
⟨µν⟩
r − C

⟨µν⟩
r−1 = 2α(2)

r σ
µν +

2

15

[
m4

0 (r − 1) ρr−2 − m2
0 (2r + 3) ρr + (r + 4) ρr+2

]
σ
µν + 2ρλ⟨µ

r ω
ν⟩
λ

+
2

5
u̇⟨µ

[
m2

0rρ
ν⟩
r−1 − (r + 5) ρ

ν⟩
r+1

]
−

2

5
∇⟨µ

(
m2

0ρ
ν⟩
r−1 − ρ

ν⟩
r+1

)
+

1

3

[
m2

0 (r − 1) ρ
µν
r−2 − (r + 4) ρµν

r

]
θ +

2

7

[
2m2

0 (r − 1) ρ
λ⟨µ
r−2 − (2r + 5) ρλ⟨µ

r

]
σ

ν⟩
λ

+ rρ
µνγ
r−1 u̇γ − ∆

µν
αβ

∇λρ
αβλ
r−1 + (r − 1) ρ

µνλκ
r−2 σλκ . (19)

G. S. Denicol, H. Niemi, E. Molnar and D. H. Rischke, “Derivation of transient relativistic fluid dynamics from the Boltzmann equation,”

Phys. Rev. D 85, 114047 (2012)
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General equations of motion III.

The Dirk Not MotheR (DNMR) recipe:

Expansion around equilibrium

fk = f0k + f0k (1− af0k)
∞∑
ℓ=0

Nℓ∑
n=0

ρ
µ1···µℓ
n k⟨µ1

· · · kµℓ⟩H
(ℓ)
kn , (20)

H(ℓ)
kn =

(−1)ℓ

ℓ! J2ℓ,ℓ

Nℓ∑
i=n

i∑
m=0

a
(ℓ)
in a

(ℓ)
im Em

k . (21)

The coefficients a
(ℓ)
ij are calculated via the Gram-Schmidt orthogonalization procedure

Define the negative-order moments r < 0

ρ
µ1···µℓ
±r =

Nℓ∑
n=0

ρ
µ1···µℓ
n F (ℓ)

∓r,n , (22)

F (ℓ)
∓rn ≡

ℓ!

(2ℓ+ 1)!!

∫
dK E±r

k

(
∆αβkαkβ

)ℓ
H(ℓ)

kn f0k (1− af0k) . (23)

The Grad or Israel-Stewart approximations have no negative-moments!
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General equations of motion IV.

The moments of the linearized collision integral

C
⟨µ1···µℓ⟩
r−1 ≡ −

Nℓ∑
n=0

A(ℓ)
rn ρ

µ1···µℓ
n ,

Nℓ∑
r=0

τ
(ℓ)
nr C

⟨µ1···µℓ⟩
r−1 = −ρ

⟨µ1···µℓ⟩
n , (24)

where A(ℓ)
in is the collision matrix while its inverse

τ
(ℓ)
rn ≡

(
A(ℓ)

)−1

rn
=

Nℓ∑
m=0

Ω
(ℓ)
rm

1

χ
(ℓ)
m

(
Ω(ℓ)

)−1

mn
, (25)

is the microscopic time scales proportional to τmfp = λmfp/c between collisions.

Here Ω(ℓ) diagonalizes A(ℓ) according to;
(
Ω(ℓ)

)−1 A(ℓ)Ω(ℓ) = diag
(
χ
(ℓ)
0 , χ

(ℓ)
1 , · · ·

)
while we set Ω

(ℓ)
00 = 1, while arrange the eigenvalues in increasing order, χ

(ℓ)
r ≤ χ

(ℓ)
r+1.

The RTA collision integral

C
⟨µ1···µℓ⟩
r−1 ≡ −

Nℓ∑
n=0

δ
(ℓ)
rn

τR
ρ
µ1···µℓ
n = −

1

τR
ρ
µ1···µℓ
r , τ

(ℓ)
rn = τRδrn , Ω

(ℓ)
rn = δrn . (26)
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General equations of motion V.

The moment equations

ρ̇r +

N0∑
n=0

A(0)
rn ρn = α

(0)
r θ + (higher-order terms) , (27)

ρ̇
⟨µ⟩
r +

N1∑
n=0

A(1)
rn ρµn = α

(1)
r ∇µα+ (higher-order terms) , (28)

ρ̇
⟨µν⟩
r +

N2∑
n=0

A(2)
rn ρµνn = 2α

(2)
r σµν + (higher-order terms) , (29)

The moment equations - final form

N0∑
r=0

τ
(0)
nr ρ̇r + ρn = θ

N0∑
r=0

τ
(0)
nr α

(0)
r +

N0∑
r=0

τ
(0)
nr (higher-order terms) , (30)

N1∑
r=0

τ
(1)
nr ρ̇

⟨µ⟩
r + ρµn = ∇µα

N1∑
r=0

τ
(1)
nr α

(1)
r +

N1∑
r=0

τ
(1)
nr (higher-order terms) , (31)

N2∑
r=0

τ
(2)
nr ρ̇

⟨µν⟩
r + ρµνn = 2σµν

N2∑
r=0

τ
(2)
nr α

(2)
r +

N2∑
r=0

τ
(2)
nr (higher-order terms) , (32)
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General equations of motion VI.

The 14 dynamical moments are ρ0 = − 3
m2

0
Π, ρµ0 = Vµ, and ρµν0 = πµν ,

The DNMR approximation for the non-dynamical moments

ρr>0 ≃ −
3

m2
0

Ω
(0)
r0 Π +

3

m2
0

(ζr − Ω
(0)
r0 ζ0)θ , ρ−r ≃ −

3

m2
0

γ
(0)
r0 Π + O(Kn) , (33)

ρ
µ
r>0 ≃ Ω

(1)
r0 Vµ + (κr − Ω

(1)
r0 κ0)∇

µ
α , ρ

µ
−r ≃ γ

(1)
r0 Vµ + O(Kn) , (34)

ρ
µν
r>0 ≃ Ω

(2)
r0 π

µν + 2(ηr − Ω
(2)
r0 η0)σ

µν
, ρ

µν
−r ≃ γ

(2)
r0 π

µν + O(Kn). (35)

where the first-order transport coefficients and the γ
(ℓ)
r0 coefficients are:

ζr ≡
m2

0

3

N0∑
n=0, ̸=1,2

τ
(0)
rn α

(0)
n , κr ≡

N1∑
n=0, ̸=1

τ
(1)
rn α

(1)
n , ηr ≡

N2∑
n=0

τ
(2)
rn α

(2)
n , (36)

γ
(0)
r0 ≡

N0∑
n=0, ̸=1,2

F(0)
rn Ω

(0)
n0 , γ

(1)
r0 ≡

N1∑
n=0, ̸=1

F(1)
rn Ω

(1)
n0 , γ

(2)
r0 ≡

N2∑
n=0

F(2)
rn Ω

(2)
n0 . (37)

For r = 0 one obtains the usual Navier-Stokes coefficients: ζ0 ≡ τ
(0)
00 α

(0)
0 = τΠα

(0)
0 ,

κ0 = τVα
(1)
0 , and η0 = τπα

(2)
0 .
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General equations of motion VII.

The corrected DNMR approximation for the non-dynamical moments

ρ−r ≃ −
3

m2
0

γ
(0)
r0 Π +

3

m2
0

(Γ
(0)
r0 − γ

(0)
r0 )ξ0θ =⇒ ρ−r ≃

3

m2
0

Γ
(0)
r0 , (38)

ρ
µ
−r ≃ γ

(1)
r0 Vµ + (Γ

(1)
r0 − γ

(1)
r0 )κ0∇

µ
α =⇒ ρ

µ
−r ≃ Γ

(1)
r0 Vµ

, (39)

ρ
µν
−r ≃ γ

(2)
r0 π

µν + 2(Γ
(2)
r0 − γ

(2)
r0 )η0σ

µν =⇒ ρ
µν
−r ≃ Γ

(2)
r0 π

µν
. (40)

where the O(Kn) corrections are now explicitly included, cDNMR

γ
(0)
r0 ≡

N0∑
n=0, ̸=1,2

F(0)
rn Ω

(0)
n0 , γ

(1)
r0 ≡

N1∑
n=0, ̸=1

F(1)
rn Ω

(1)
n0 , γ

(2)
r0 ≡

N2∑
n=0

F(2)
rn Ω

(2)
n0 , (41)

Γ
(0)
r0 ≡

N0∑
n=0, ̸=1,2

F(0)
rn

ζn

ζ0
, Γ

(1)
r0 ≡

N1∑
n=0, ̸=1

F(1)
rn

κn

κ0

, Γ
(2)
r0 ≡

N2∑
n=0

F(2)
rn

ηn

η0
. (42)

V. E. Ambrus, E. Molnár and D. H. Rischke, “Transport coefficients of second-order relativistic fluid dynamics in the relaxation-time

approximation,” Phys. Rev. D 106, no.7, 076005 (2022)
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General equations of motion VIII.

This is the way in RTA!

τR ρ̇r + ρr = τRα
(0)
r θ + O(2) =

3

m2
0

ξrθ + O(Re−1Kn) (43)

τR ρ̇
⟨µ⟩
r + ρ

⟨µ⟩
r = τRα

(1)
r ∇µα+ O(2) = κr∇µα+ O(Re−1Kn) , (44)

τR ρ̇
⟨µν⟩
r + ρ

⟨µν⟩
r = 2τRα

(2)
r σµν + O(2) = 2ηrσ

µν + O(Re−1Kn) , (45)

where ζr = τR
m2

0
3
α
(0)
r , κr = τRα

(1)
r and ηr = τRα

(2)
r , hence the ratio of coefficients,

R(ℓ)
r0 ≡

α
(ℓ)
r

α
(ℓ)
0

=⇒ R(0)
r0 =

ζr

ζ0
, R(1)

r0 =
κr

κ0
, R(2)

r0 =
ηr

η0
. (46)

The order of things in RTA!

ρr ̸=0 ≃ −
3

m2
0

R(0)
r0 Π , ρµr ̸=0 ≃ R(1)

r0 Vµ , ρµν
r ̸=0 ≃ R(2)

r0 πµν , (47)

V. E. Ambrus, E. Molnár and D. H. Rischke, “Transport coefficients of second-order relativistic fluid dynamics in the relaxation-time

approximation,” Phys. Rev. D 106, no.7, 076005 (2022)

Etele Molnár Dissipative fluid dynamics in the relaxation-time approximation for an ideal gas of massive particles



Introduction Fluids dynamics Applications

Second-order fluid dynamics I.

Equation for the bulk pressure

τΠΠ̇ + Π = −ζθ − ℓΠV∇µV
µ − τΠVVµu̇

µ − δΠΠΠθ

− λΠVVµ∇µα+ λΠππ
µνσµν , (48)

Equation for the diffusion current

τV V̇
⟨µ⟩ + Vµ = κ∇µα+−τVVνω

νµ − δVVV
µθ − ℓVΠ∇µΠ

+ ℓVπ∆
µν∇λπ

λ
ν + τVΠΠu̇µ − τVππ

µν u̇ν

− λVVVνσ
µν + λVΠΠ∇µα− λVππ

µν∇να , (49)

Equation for the shear-stress tensor

τππ̇
⟨µν⟩ + πµν = 2ησµν + 2τππ

⟨µ
λ ων⟩λ − δπππ

µνθ − τπππ
λ⟨µσ

ν⟩
λ + λπΠΠσµν

− τπVV
⟨µu̇ν⟩ + ℓπV∇⟨µV ν⟩ + λπVV

⟨µ∇ν⟩α . (50)

First-order transport coefficients

ζ = τΠ
m2

0

3
α
(0)
0 , κ = τVα

(1)
0 , η = τπα

(2)
0 . (51)
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Second-order fluid dynamics II.

The second-order coefficients in the 14-moment approximation are:

δΠΠ= τΠ

(
2

3
−

m2
0

3

G20

D20

+
m2

0

3
R(0)

−2,0

)
, λΠV = −τΠ

m2
0

3

 ∂R(1)
−1,0

∂α
+

1

h

∂R(1)
−1,0

∂β

 ,

ℓΠV = τΠ
m2

0

3

(
G30

D20

− R(1)
−1,0

)
, τΠV = −τΠ

m2
0

3

 G30

D20

−
∂R(1)

−1,0

∂ ln β

 , λΠπ = −τΠ
m2

0

3

(
G20

D20

− R(2)
−2,0

)
.

δVV = τV

(
1 +

m2
0

3
R(1)

−2,0

)
, ℓVΠ =

τV

h

(
1 − hR(0)

−1,0

)
, ℓVπ =

τV

h

(
1 − hR(2)

−1,0

)
,

τVΠ =
τV

h

1 − h
∂R(0)

−1,0

∂ ln β

 , τVπ =
τV

h

1 − h
∂R(2)

−1,0

∂ ln β

 , λVV = τV

(
3

5
+

2m2
0

5
R(1)

−2,0

)
,

λVΠ = τV

 ∂R(0)
−1,0

∂α
+

1

h

∂R(0)
−1,0

∂β

 , λVπ = τV

 ∂R(2)
−1,0

∂α
+

1

h

∂R(2)
−1,0

∂β

 .

δππ = τπ

(
4

3
+

m2
0

3
R(2)

−2,0

)
, τππ = τπ

(
10

7
+

4m2
0

7
R(2)

−2,0

)
, λπΠ = τπ

(
6

5
+

2m2
0

5
R(0)

−2,0

)
,

τπV = −τπ
2m2

0

5

∂R(1)
−1,0

∂ ln β
, ℓπV = −τπ

2m2
0

5
R(1)

−1,0, λπV = −τπ
2m2

0

5

 ∂R(1)
−1,0

∂α
+

1

h

∂R(1)
−1,0

∂β

 .
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Second-order fluid dynamics III.

Coefficients in the massless limit

−0.2

−0.1

0

0.1

0.2

0 2 4 6 8 10

(a)

λV π/(βτR)

`V π/(βτR)

N
eu

tr
al

�
u
id

N2 = N1 − 1

Using γ
(`)
r0

Γ
(`)
r0

R(`)
−r,0

−1.2

−0.8

−0.4

0

0.4

0.8

1.2

0 2 4 6 8 10

(b)δV B/(βτR)

δπB/(βτR)

δV πE/(βτ
2
R)C

h
ar
ge
d
�
u
id

N2 = N1 − 1

Using γ
(`)
r0

Γ
(`)
r0

R(`)
−r,0

All other coefficients agree in all approximations; i.e., γr0 vs. Γr0 vs. R−r,0.
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Second-order fluid dynamics IV.

With a binary collision integral

For a gas of ultrarelativistic hard spheres with constant cross-section, the 14-dynamical
moment approximation for truncation orders N0 − 2 = N1 − 1 = N2 = 1000,
corresponding to N0 + 3N1 + 5N2 + 9 = 9014 moments included in the basis.

Coefficients of the diffusion equation

Method κ τV [λmfp ] δVV [τV ] ℓVπ [τV ] = τVπ [τV ] λVV [τV ] λVπ [τV ]

14M 1/12σ 9/4 1 β/20 3/5 β/20

IReD 0.15892/σ 2.0838 1 0.028371β 0.89862 0.069273β

DNMR 0.15892/σ 2.5721 1 0.11921β 0.92095 0.051709β

cDNMR 0.15892/σ 2.5721 1 0.098534β 0.92095 0.056878β

Coefficients of the shear-stress equation

Method η τπ [λmfp ] δππ [τπ ] ℓπV [τπ ] τπV [τπ ] τππ [τπ ] λπV [τπ ]

14M 4/(3σβ) 5/3 4/3 0 0 10/7 0

IReD 1.2676/(σβ) 1.6557 4/3 −0.56960/β −2.2784/β 1.6945 0.20503/β

c&DNMR 1.2676/(σβ) 2 4/3 −0.68317/β −2.7327/β 1.6888 0.24188/β

D. Wagner, V. E. Ambrus and E. Molnar, “Analytical structure of the binary collision integral and the ultrarelativistic limit of transport

coefficients of an ideal gas,” Phys. Rev. D 109, no.5, 056018 (2024)
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Applications I.
Relativistic ideal gas of massive particles
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Relativistic ideal gas I.

Thermodynamic integrals

Irq(α, β) ≡
(−1)r

(2q + 1)!!

∫
dKE r−2q

k (∆µνkµkν)
q f0k

=
geα

2π2

mr+2
0

(2q + 1)!!

∫ ∞

1
dx x r−2q(x2 − 1)q+

1
2 e−zx , (52)

where z = m0/T and f0k = eα−βEk , while

Bessel functions of second-kind

Kq(z) ≡
zq

(2q − 1)!!

∫ ∞

1
dx (x2 − 1)q−

1
2 e−zx . (53)

Primary thermodynamic quantities

n ≡ I10 =
geα

2π2
T 3z2K2(z) , P ≡ I21 = nT , e ≡ I20 = P

[
3 + z

K1(z)

K2(z)

]
. (54)
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Relativistic ideal gas II.

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.1 1 10 100 1000

βh(c2s − c̄2s)

c̄2 s
,
c2 s

z = m0/T

c̄2s
c2s

The speed of sound - with Nµ conservation

c2s ≡
(
∂P

∂e

)
n

+
1

h

(
∂P

∂n

)
e

=
cpP

cv (e + P)
, (55)

The speed of sound - withOUT Nµ conservation

c̄2s ≡
(
∂P

∂e

)
µ

=
I31

I30
=

P(e + P)

cvP2 + e2
, (56)

where cv and cp = cv + 1 are heat capacities at
constant volume or pressure.

The coefficient(s) of bulk viscosity

ζ

τΠ
=

5

3

η

τπ
−c2s (e + P) ,

ζ̄

τΠ
=

5

3

η

τπ
−c̄2s (e + P) .
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Coefficients of the bulk equation
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Coefficients of the diffusion equation
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Coefficients of the shear equation
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Applications II.
Bjorken expansion

uµ ≡
(

t

τ
, 0, 0,

z

τ

)
= (cosh ηs , 0, 0, sinh ηs )

lµ ≡
(

z

τ
, 0, 0,

t

τ

)
= (sinh ηs , 0, 0, cosh ηs )
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Applications II.

Elliptic flow - momentum space
anisotropy of particle emission in
non-central heavy-ion collisions.

-1.0 -0.5 0.0 0.5 1.0
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-0.5
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-0.5

0.0

0.5

1.0
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ξ=0.5

f̂RS ≡
[
exp

(
−β

√
k2
⊥ + (1 + ξ)k2

z

)]
Spheroidal momentum distribution function.
Prolate (left) - ISOtropic - Oblate (right)

Anisotropic fluid dynamics

N̂µ = n̂uµ + n̂l l
µ (57)

T̂µν = êuµuν + 2M̂u(µlν) + P̂l l
µlν − P̂⊥Ξµν (58)

where Ξµν ≡ gµν − uµuν + lµlν = ∆µν + lµlν such that Ξµνunu = Ξµν lν = 0.
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Boltzmann equation for the boost invariant expansion

∂fk

∂τ
−

vz

τ
(1 − v2z )

∂fk

∂vz
= −

1

τR
(fk − f0k) , vz ≡ tanh(y − ηs )

Second-order fluid dynamics - 4 diff equations

Dn +
n

τ
= 0 , De +

1

τ
(e + Pl ) = 0 , Pl ≡ P + Π − π , P⊥ ≡ P + Π +

π

2
,

τRDΠ + Π = −
ζ

τ
− δΠΠ

Π

τ
+ λΠπ

π

τ
, τRDπ + π =

4η

3τ
− δππ

π

τ
− τππ

π

3τ
+ λπΠ

2Π

3τ
.

Anisotropic fluid dynamics - 3 diff equations

f̂RS = exp

(
α̂ −

kτ

Λ

√
1 + ξv2z

)
, ÎRS000 =

∫
dKf̂RS , ÎRS240 =

∫
dK E−2

ku E4
kl f̂RS ,

Dn̂ +
n̂

τ
= −

1

τR
(n̂ − n) , Dê +

1

τ

(
ê + P̂l

)
= −

1

τR
(ê − e) , P̂⊥ ≡ ÎRS201 =

1

2

(
e − P̂l − m2

0 Î
RS
000

)
DP̂l +

1

τ

(
3P̂l − ÎRS240

)
= −

1

τR

(
P̂l − P

)
, Π̂ =

1

3

(
P̂l + 2P̂⊥

)
− P , π̂ =

2

3
(P̂⊥ − P̂l ) .

There are no free parameters, everything above is a function of z = m0/T .
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Kinetic theory vs. second-order fluid dynamics - WITH conserved particles
m0 = 0.01 GeV/c2 m0 = 1 GeV/c2 m0 = 10 GeV/c2
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Kinetic theory vs. anisotropic fluid dynamics - WITH conserved particles
m0 = 0.01 GeV/c2 m0 = 1 GeV/c2 m0 = 10 GeV/c2
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Kinetic theory vs. second-order fluid dynamics - NO conserved particles
m0 = 0.01 GeV/c2 m0 = 1 GeV/c2 m0 = 10 GeV/c2
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Kinetic theory vs. anisotropic fluid dynamics - NO conserved particles
m0 = 0.01 GeV/c2 m0 = 1 GeV/c2 m0 = 10 GeV/c2
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