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Introduction

Large mass scale  :

• Produced via Hard Processes from early stage

• ‘Calibrated’ QCD Force – HQ interaction

In Vacuum : NR potential (NRQCD) , Cornell-like

In Medium : Color Screening , Thermal Width

𝑚𝑄 >> 𝛬𝑄𝐶𝐷 , 𝑇, 𝑝
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𝑉 𝑟 = −
𝛼

𝑟
+ 𝜎𝑟 + 𝐵

Laine, et.al, JHEP(2007)



Potential model : Shrödinger Eq.

Inverse Power method
H.W.Crater, JCP(1994) 3

M. Strickland, et.at., PRC(2015) PRD(2018), PLB(2020)



Potential model : Shrödinger Eq.

?

Inverse Problem
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lQCD measured mass and thermal width for 
Bottomonium with finite HQ mass

R. Larsen, et.al, PRD(2019), PLB(2020), PRD(2020) 5



lQCD measured (color box) m and width and best
fit of HTL(open symbol) and DNNs (solid symbol)

6HTL from “A. Rothkopf, et.al,  PRD(2020)”



lQCD measured (color box) m and width and best
fit of HTL(open symbol) and DNNs (solid symbol)

7R. Larsen, et.al, PRD(2019), PLB(2020), PRD(2020)

New lQCD results cannot be explained by HTL-inspired potential

How to extract potential in a model-independent way ?
Deep Neural Networks (DNN)



Flow chart of HQ potential reconstruction
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DNN basic : 
Universal Function Approximator

Ԧ𝑥 → Ԧ𝑦

𝑧𝑖
𝑙
= 𝑏𝑖

1
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𝑙
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𝑙

Δ𝜃 ≡ 𝜃 𝑘+1 − 𝜃 𝑘 ~ − ∇𝜃𝐽 𝜃

𝑎 𝑁 = 𝑦 𝑥; 𝜃

Gradient Descent for parameter tuning :

Cost, e.g. :

(𝑓:ℝ𝑛 → ℝ𝑚)
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DNN basic : 
Back Propagation for Gradients
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Cost function for ‘DNN+ Shrödinger Eq.’
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Perturbation treatment for Shrödinger Eq.

Hellmann-Feynman theorem
Phys. Rev. (1939)
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Perturbation treatment for Shrödinger Eq.
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Gradients for the Cost
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Bayesian Inference for Uncertainty Estimation

Sample potentials   ~

Reference Sampler ~

re-weighting with :
to grantee posterior sampling𝜔 𝜃 = 𝑝 Τ𝑉𝜃 𝑇, 𝑟 𝑝 𝜃 15



Vacuum potential & B-quark mass Calibration

𝑉 𝑟 = −
𝛼

𝑟
+ 𝜎𝑟 + 𝐵

Cornell-
Potential
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Proof of Concept : 
limited spectrum { En } to  continuous interaction V(r) ?
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Learn V(r) from 5 eigenvalues :
{ En } = {3/2, 7/2, 11/2, 15/12, 19/2} GeV

target spectrum

initial potential



Proof of Concept : 
limited spectrum { En } to  continuous interaction V(r) ?
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Learn V(r) from 5 eigenvalues :
{ En } = {3/2, 7/2, 11/2, 15/12, 19/2} GeV

target spectrum

initial potential



Proof of Concept : 
limited spectrum { En } to  continuous interaction V(r) ?
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Learn V(r) from 5 eigenvalues :
{ En } = {3/2, 7/2, 11/2, 15/12, 19/2} GeV

target spectrum

initial potential

Deviation happens where all given states’
wavefunction vanishes



Closure Test

Provide mass and width of

@
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Best fit of lQCD measured mass and width from :
HTL(open symbols) and DNNs (solid symbols)

21Chi2-per-data=16.5/30



Consistency Check : with different parameterization 

1,  DNN(2D) :
T & r dependency

2,  DNN(1D) :
only r dependency

3,  Polynomial :
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The reconstructed (B) interaction potentials

23A.Rothkopf, PRD(2017)



Unconventional in-medium behavior

• Traditional picture, 
V & F show platform at large r, and 
decrease in height with increase T,  So :  
binding energy decrease, average size 
increase,   until a melting Temperature

• New picture,
Im[V] induced thermal width are so 
significant (continuous dynamic diss-
ociation), its enhancement compensates 
the vanishing of the melting effect (mild 
T-dependence of Re[V])
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weaker T dependence for VR(r)

larger magnitude for VI(r)



Summary

• Bias-free HQ complex interaction is reconstructed from 
our novel methodology ‘NN+perterb.+Bayesian’

• Both T and r dependence of the interaction potential 
are captured via network representation

• We found mild T-dependent screening effect for Re[V], 
while the strength of the Im[V] increases significantly 
with T

• Color Screening melting to 

Continuous dynamic dissociation
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