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°

Introduction |.

Isotropy is uniformity in all orientations; it is derived from the Greek isos
("equal”) and tropos ("way” ). Exceptions, or inequalities, are frequently
indicated by the prefix an, hence anisotropy. (wikipedia)

Anisotropy is the property of being directionally dependent, as opposed to
isotropy, which implies identical properties in all directions. It can be defined as a
difference, when measured along different axes, in a material's physical or
mechanical properties (wikipedia)

Anisotropy, in physics, the quality of exhibiting properties with different values
when measured along axes in different directions. Anisotropy is most easily
observed in single crystals of solid elements or compounds, in which atoms, ions,
or molecules are arranged in regular lattices. In contrast, the random distribution
of particles in liquids, and especially in gases, causes them rarely, if ever, to be
anisotropic. (britannica)

The vast majority of fluids (including air and water) are isotropic. (britannica)
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Introduction I.
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anisotropy of particle emission in
non-central heavy-ion collisions. Spheroidal momentum distribution function.
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Examples of distribution functions

V) fo)

Maxwellian

B2 m(v — Vo)?
oxp |~

Maxwellian in a frame of reference
that moves with velocity V,

Anisotropic (pancake) distribution (v, || B)

3/2 9 mu2
flor,o)) = —— [T [ e —
JvL,Y TLT‘l/Z B - 2kpTL  2kgT)

Can also be cigar-shaped (elongated in the direction of B)

Drifting Maxwellian

tono) = 2 () e (L= Yo mof
FuL,y 7T¢T‘“2 Srkp X 2kpT | 2kpT)
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Magnetic field-aligned beam (e.g., particles causing the aurora):

/ )= n m a/2 . ruri m(z'H — )| )2
flui,n = TLTHUQ 2rkp exp T WepT,

(I

Loss-cone distribution in a magnetic bottle:

"‘(X‘
Maxwellian distribution

Kappa distribution ~ Maxwellian with high-energy tail

The tail follows a power law (W) ~ (Wo/W )" flux

FW) = n m 3/2 I(r+1) 14 W\ e
o 2m Wy (s —1/2) rWo

[,] = m 6

-function energy at the peak
of the distribution

Observed particle distributions often resemble kappa distributions;
a signature that non-thermal acceleration has taken place somewhere
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Notation I.

Notation Isotropic

@ The normalized (time-like) fluid dynamical 4-velocity is denoted by ut(t,x),
where utu, = c® = 1.

® The local rest (LR) frame is defined as, v}z = (1,0,0,0).

@ The projection tensor A*Y = gh¥ — y*u” is orthogonal to the 4-flow of matter
i.e., Ay, =0, where the metric is g"” = g, = diag(l,—1,—-1,-1).

@ The orthogonal projection of a 4-vector, AlR) = AHY A, while the symmetric,
traceless and orthogonal part of a tensor is denoted by,

Ay = ABY Ao = [% (AgAg +AgAg) - %AWAM] AcB.

AP = AVt A o ke = Eiy u* + k()

AR = pA%By, ug utu” + A“aAaguB u” + AVBAQBU" ut

1
+ 3 AP A og AP 4+ ALE AP 4 ALY AP
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Notation II.

Notation Anisotropic

@ The normalized (space-like) anisotropy 4-vector is denoted by /#(t,x), where
Bl =—12=—1.

@ The anistropy 4-vector is orthogonal to the flow, /Fu, =0, e.g., I{'s = (0,0,0,1)
or u¥ = (coshm,0,0,sinhn) and /" = (sinh 7, 0,0, cosh 7).

o The projection tensor =H¥ = gh? — yFu¥ + [H[H = AFY + [F]H is orthogonal to
both u* and /* ie., =*u, = =], = 0.

@ The orthogonal projection of a 4-vector, Alk} = =wv A, while the symmetric,
traceless and orthogonal part of any tensor is denoted by,

Alnry = =0 a8 = [1(Shzy + 252 — 20 Z0g] A°0.

AH Aluy ut — AV 1P+ AU = k= B, ut — B 1P+ kD

ARY

A uqug uPu? 4 APy g M1V — AP uglg ut 1Y — AP ugly u¥ M
SR ALpUP Y ZVB AU Ut — ZFOALGIP 1Y —ZVBA g1 H

+ o+

«p =M + E@;;Aaﬁ + =H=y AleF]

1 pop=
2
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The relativistic Boltzmann equation and balance equations

The relativistic Boltzmann equation

1 -~ - o~
Ktoufi= C[R] =3 / dK' dPdP" Wi ppr (fpfp, fifr — fif f,,fp,)

Here k* = (kO, k) is the four-momenta of particles with mass m and energy

k® = Vk2 4+ m2?. # =1 — afi, with a=0/a = 1/a = —1 for Boltzmann/Fermi/Bose
statistics. The inv. phase-space element is, dK = gd®k/ [(27)3k°]. The transition
rate satisfies Wi —ppr = Wiki—pp = Wppr—skkr-

Conservation and balance equations

OuN¥ = 8#<k“):/de“8#fk:/dKC [k] =0 charge cons.

O, TH = 6H<k”k”):/de”k“auﬁ(:/de”C [k] =0 energy-momentum cons.

Ou (kM1 .. kkr) = /dK kK1 .. kMn=1 C[fi] balance egs.

Conservation laws are obtained, 5-collisional invariants, but we still need the solution
of the Boltzmann equation fi! These balance equations are never closed!
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Fluid dynamics from kinetic theory
°

Local thermal equilibrium

Local thermal equilibrium fi — fox, where fo = (o, Bo, Ex)

fox = [exp(—ao + BoEku) + a]71 Jiittner distribution J

ag = po/ To, Bo = 1/ Ty is the inverse temperature and Ey, = k*uy,

Moments of the equilibrium distribution function

NE(t,x) = /dK k* foxk = (k*)o charge current
T (t,x) = /dK kP kY fox = (k" kY )o energy-momentum tensor
AT = <E|iu kH1... k”">0 rank-n tensor moment
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Ideal Fluids I.

Conservation laws for a simple (single component) ideal fluid (no dissipation)

Ny = 0 charge conservation =1 eq.
Oy Té“’ = 0 energy-momentum conservation = 4 eqs.
Ideal fluid decomposition with respect to u*
[n/2]
AT = Z (=1)7 bng liyn g AFIH2 .. AH2g=1H2q 2041 ..y tin)
Ing (a0, Bo) = i < E;- 29 (A"‘Bk kg) > thermodynamic integral
(2 + 1) v 0
N§ = nout
T = eutu’ — PyAMY
ng = (Ex)o = Njuy (net)charge density
& = (Ek2u>0 = T8 upuy energy density
1 1
Py, = _§<Aa5 kakg)o = _EAW T isotropic pressure

@ We have 5 equations for 6 unknowns not closed: ng(1), eg(1), Po(1) and u*(3).
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Ideal Fluids II.

@ The assumption of local thermal equilibrium provides closure

Equation of State (EoS)

Po = Po(eo, no) EoS = 1 additional eq.

o Auxiliary, S)' = spu*, where so = Sf'uy,,
0,5t = a#/deM fre (Infore — 1) > 0

entropy is maximum in local thermal equilibrium.

Thermodynamics

Ts = e+ P—un
Ts = é—upun
P = s'i'+n;l

o The fundamental thermodynamic relations are derived from,
TOu(sut) = Op(eut) + P(Oput) — pdu(nut)
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Dissipative Fluid

Out of equilibrium

fi = fox + 0fic
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Dissipative Fluids I.

General decomposition with respect to u*

Nt = NY+S6N* = nut + VH
THY = T 4 8TH = eutu” — (Po 4 M)AR 2WHyY) 4 iV
n = (Ex) = Ntu, charge density
e = (B2)=THuuu, energy density in LRF
1 1
P = —§<Aa5ka kg) = Po+ M= _§A‘“’ THY isotropic (eq. + bulk) pressure
VE = (k)Y = AR, charge flow
wH = (Ekuk<“>) =Al*T,p uP energy-momentum flow
P
gt = WH— e+th VH heat flow =1 eq.
n
o = (kgvhy = T stress tensor

o We only have 5 equations for 18 unknowns, n(1), e(1), Po(1), u#(3) and
n(1), V#(3), WH(3), =+ (5).
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Dissipative Fluids II.

Simplifications (I): Matching to equilibrium and the EOS

n = no+6én = (N¥—N)u,=6NHu, =0
e = e+de = (TH—T§)upu, =6T* upu, =0
P(e, n) = Po(eo,n0)+5p

@ Convenient choice, 6n = 0, de = 0, §p = I hence, Py = Po(ep, no), such that
P(e,n) = Py + M, while T = Ty and p = o, but s = sp + ds!

o Still with 14 + 3 unknowns! n(1), e(1),M(1), V#(3), W#(3), 7*¥(5) and u*(3).

Simplifications (Il): Fixing the Local Rest Frame

ug = NH/n S V=0 =gqg"=WH Eckart

_etPoyu
n

u = TWu, /e & WH=0 =gq*= Landau & Lifsitz

o We eliminated (3) unknowns, such that u}’ = uf + dut.
o We are left with 14 unknowns! n(1), e(1), u*(3) and M(1), g*(3), ¥ (5).
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Dissipative Fluids Ill. - The relativistic Navier-Stokes theory

o The entropy current is also modified S* = S}’ + §5# = (sp + ds)ut + ©H, where
s = Stuy, = (sp + ds) and dH = AHFVS,,.

2nd law of thermodynamics (Eckart’s frame)

m b1 n my
85" = 0, [M - q—] e (—BMT— uu) — S0 + %muu >0

@ Assuming that s = sp, i.e., s = 0, while ¥ =g/ T

@ For small gradients, linear relations between thermodynamical forces and fluxes!

The relativistic Navier-Stokes relations

Mys = —CVuu*
Ty = 29 vy

Tn o
o = o)
qNS Kk e+p T

o ( >0, n > 0 bulk and shear viscosity coefficients, x > 0 coefficient of thermal
conductivity.

@ Now, the equations of fluid dynamics are closed, but the relativistic Navier-Stokes
theory leads to accausal signal propagation and stability issues.
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General equations of motion

Using dfix = fox (1 — afgk) ¢k let us define the following irreducible moment

pihe = <E£uk<“1---k“2>>5 J

(- Ys=()=(-)o=[dK(--)df and klmr oo peme) = Aﬁfﬁf.’.‘l‘,fk”l .o kVe

3
=,

2 — on=20, sz(Se:O, PO = — >
m

[ L bo— wY v
py = VK, py = WH, py =mhv.

Now, using the Boltzmann equation k*9,,fk = C [f] in the following form

Défy = —Dfox — E ku V¥ fox — Egp ko VY 1k + E [ C [fox + 3] J

where D = ut9,, and V,, = A},0,, we obtain the equations for pf”'“’”

Dpfﬂl»uue) AM V@ - /dKEk kv ...kw>5ﬂ( \
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Anisotropic Fluid

fi = fox <d7,BAuEku:BIEkI) J
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Local anisotropic distribution

Local anisotropic distribution f, — fok, where

lim o <deuEkuuélEk/> = fok (077 3uEku>

B;—0
v
Moments of the equilibrium distribution function
IV /dK kM fye = (k") charge current
T = /dK KMKY fo = (KHK" ) energy-momentum tensor
fg.”'”“" = <E,£u Ei, kM. k“">6 rank-n tensor moment
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Anisotropic Fluids I.

General tensorial decomposition with respect to u* and /*

[n/2] n—2q
1514--% — Z Z (_1)q B /i+j+n,j+r,q
q=0 r=0
w  =(map2 | =kog—1m2q M2l . .. [R2gtr gR2gtrl .. g Ha)
C (1) / nro2g e =
/nrq (avﬁuv BI) = (2q)” <Elgu e EI:I (:HVkaV)Q>6
NE = Auk 4 Al#
TEr = autu + 20 P) 4 Pty — B =R
A = (Eku)g= N uy charge density
i = (Eu)g= —N”IM charge current /*-direction
& = (B)s= TH Uy u, energy density
M = (ExuExi)g = = Wl energy-momentum current
P = <Ek2/>6 = TH 1L, longitudinal pressure
~ 1 1 o
P = —§<Em,k“k">6 = _EEMV ™ transverse pressure
P = Z(P+2P)=—2A,Tw isotropic pressure
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Equations of motion for anisotropic fluids

Conservation laws

0 = 8,N*=DA— DA+ A+ Al + A(l,Dju™) — Ay (I, Du™), (1)
0 — ul,a;JA"“’EDéfD,I\AﬂJr(é+l5J_)9~+I\A49~,
+<é+ﬁ>,) (. Dyuy — 21 (1, Dut) | )
0 = ll,au'f‘“’szI\7I+D,I5,fI\7I§+<I5J_7I3,) é/
—2 (1, Dyu) + (&+ Pr) (1. Du), ®)
0 = =29,Tw= (é+ FA’J_) [Du® + 1 (I, Du”)]
— ﬁaﬁL + <FA>L — :‘3/) [D//a + uo‘ (/VD/UV)]
+  MI[DI® + u® (I, Du”)] — M [Dju® + I* (I, Dju”)] . (4)

@ Only 5 eqs., for 11 unknowns, A, A;, &, M, P;, P, and 1#(2), ut(3).
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Anisotropic Fluids II.

Simplifications (I): Matching to equilibrium and the EOS

A&, Bu, b)) = no(ao,fo) = (NH— Nt )u, =0
&@& Bu,B) = el(a,fo) = (T*—T{)uuu, =0
P(é,BuB) = Po(ao,ﬁo)m(a,éu,é,)zg(ﬁ,um)

ug = Nt/n A =0 Eckart
u = THu, /e © M=0 Landau & Lifsitz

@ Since all quantities are function &, Bu and B/ we are left with 6 unknowns!
A(1),é(1), P;(1) and u*(3).

Anisotropic fluid dynamics from the Boltzmann equation
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Anisotropic Dissipative

Out of equilibrium

fo = fox+ f = fox + of

Conservation laws for a simple (single component) anisotropic dissipative fluid

OuN* = 0 charge conservation =1 eq.
oTH = 0 energy-momentum conservation = 4 egs.
”
General decomposition with respect to u* and [
NE = NF 4+ SNF = nut + nmu* + v
n = (Ex) = Ntu, charge density
n = (Eg)=—N*I, charge current /*-direction
Vi = (ktmdy = =pap, charge flow in the transverse direction
VE = ol 4 V= AREN,
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Anisotropic Dissipative Fluids II.

General decomposition with respect to u* and [

Tav = fuv g gfuv
= eutu’ 4+ 2MuH ) 4 Pt — PR oW ) oW ) o i
e = (E2)=THuuu, energy density in LRF
M = (ExEqg)=-TH uul, energy-momentum current
P = (EkZI) = T}l longitudinal pressure
1
P, = = (E" kuky) = _EEW THY transverse pressure
Wi‘u = (Ekuk{"}) = 2" Tz uP energy-momentum flow u”-direction
ij/ = (Ek/k{“}) = =k Taglﬁ energy-momentum flow /#-direction
L (k¥ vty = Tlmd stress tensor
WH = MM+ W = AT guP
1

= rri”+2Wi‘7/”)+§(P/f PL) (2117 4+ =1
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General equations of motion

Using 6fAk = '?ok (1 - at?c)k) ¢A>k let us define the following irreducible moment

o= <EéuEé/k{H1”'kM}>8 J

(- ">8 =)= ()= JdK(---)8f and kv oo pnel — 5511;;;5;;(111 o kve

pro = n—h, po=e—¢&, pun=n—0, pu=M-M, pn=P —P
AL i NIy AL\l PN 17
Poo = Vi Po=Wi,, =Wy, P =7, -

Now, using the Boltzmann equation k9, fi = C [f] in the following form

D = — Dot By (EwDifox + BuDish — k¥ ufow — k%167 ) + 6, C [fow + 614

where D = utd,, and V,, = A%, we obtain the equations for pf? ¢

Dﬁémmw} - Eﬁf::#f Dﬁglu.ye J
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\}

—J
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The Romatschke-Strickland distribution function I.

The RS-distribution function

frs = [GXP (*OCRS + BrsV/ Exu + SEk/) I 3] o 5

¢ is the so-called anisotropy parameter

The conserved quantities

I(I'gs = Aut,
The = eutu” + PUHlY — P =,
A = I3 = no(ars,Brs) Rioo (£), é = I = eo (s, Brs) Raoo (€)
Pl = I = e (ars. Brs) Razo (€), P, =i = Po (ars, Brs) Reo1 (€) -
where

(_l)q n—r—2q

M = an dKE], Efy (M kuky)? frs
,Ligof,ﬁi = Ing (ars, Brs) X Rnrq (atrs; Brs; §) -
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The Romatschke-Strickland distribution function II.

Landau matching

(ks —No“)uuzo = A(ags,Brs,) = no(ao, o),
(Th — T8 )upu, =0 = é(ars, Brs,§) = eo (a0, fo) - |
S el
TES (ks Brs: €)= g (a0, o) Rrg (€) %

A\

Non-Conservation of particles

G = PR
[Rao0 (€)]*/*
s B Rorq (€)
IR (Brs, &) = ’nq(ﬁo)W~
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0+1D Bjorken expansion |.

t
ut = (—,0,0,5)=(coshn,0,0,5inh?1)7
T T
t
b= (E,O,O,7>:(sinhn,O,O,coshn).
T T

General equation of motion
8i’+', '70 1 . ~ . ~ A
— [(J + ) lisjjo+ (= 1) ’i+j,j+2,0] = Ci-1,j,

A 1 ~ n
Cii1j= T (’i+j,j,o = Ii+j,j,0) 3 Teq(T) = 550(7);-

v
Conservation equations

ong (o, 1
Bno (20, o) + =no (0, Bo) = 0,
or T

W + % [60 (a0, Bo) + Py (aRs,ﬁRs,f)] =0.
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Results
(]

Balance equations

5
1 /4
=20 4 = (/ggg -

oIy 3irs _
o + 320 ==
ol , 1 L (sis
or
143 i SRS _
9 540

=

Ol + = : ( 300 + 2/320)
)

’020) *Ti (’Ao%% = /ooo) ,

g
L (8- tm),
1 (5 - )

ue) L (- ),
2 (8- o).

1855 — lsao
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& =0, Ty=300MeV, A =1, Toq=lfm/c

ideal
iRS
Iooo

0+1D Bjorken expansion |. - Temperature

Results
o

& =0, Ty=300MeV, Ay =1, To=1fm/c

ideal

I 000
jRS
- I}()U

100 2 4 6 8 10 12 14 16 100 2 4 6 8 10 12 14 16
7[fm/c] T[fm/c]
@ The evolution of temperature for @ The evolution of temperature for
(o) =& =0. J &(m0) = & = 10. J
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0+1D Bjorken expansion |. - Anisotropy

& =0, Ty=300MeV, Ag=1, Toq=1fm/c

& =10, Th=300MeV, A =1, Toq=1fm/c
2.5 - - : 12— T T T - - -

7[fm/c]

@ The evolution of the anisotropy @ The evolution of anisotropy parameter
parameter for £(79) = & = 0. J for &(70) = & = 10. J
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0+1D Bjorken expansion |. - Fugacity

& =0, Ty=300MeV, =1, 7q=lfm/c & =10, Ty=300MeV, Ag=1, 7= lfm/c
10 T T T T T = T T T 10 T T T T T = T T T

fooo - To0o
- IR . - IR

@ The evolution of the fugacity for @ The evolution of the fugacity for
&(m0) =& =0. J &(m0) = & = 10. J

Etele Molnar Anisotropic fluid dynamics from the Boltzmann equation



0+1D Bjorken expansion |. - Pressure

Results

& =0, Ty=300MeV, Ag=1, Toq=Ifm/c & =10, Ty=300MeV, Ao =1, %q=lfm/c
1.0
0.8 J—
O
e 0.6
= ;
- x i -
i < M7 %
-y 02 - I
— 7 — B
0.0 2 4 6 8 10 12 14 16 0.0 2 4 6 8
T[fm/c] T[fm/c]
@ The evolution of the pressure for @ The evolution of the pressure for
&(0) = & =0. J &(m0) = &o = 10.
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Results

0+1D Bjorken expansion - Comparisons to the exact solution |.

& =100, Ty=300MeV, A= 1

300

Teq = 1fm/c SO S SRS Teq = 1fm/c
4rn/s=1 e, 4nn/s=1
& 250 = 4zn/s=10 ~ e = 4zn/s=10
% 3 47 /s = 100 470 /s = 100
= 2000
O
& 150
W0 ——%—% % 10 12 14 16 W00 ——Z—% % 10 12 14 16
T[fm/c] T[fm/c]
@ The evolution of the temperature for @ The evolution of the temperature for
&(m0) =& = 0. J &(0) = & = 100. J
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0+1D Bjorken expansion - Comparisons to the exact solution II.

& =0, Ty=300MeV, =1

~ Teq = 1fm/c
4nn/s=1
4zn /s =10
4mn /s = 100

@ The evolution of the fugacity for

&(10) = 0 = 0.

& =100, Ty =300MeV, Ag=1

Teq = 1fm/c

0.8 - 4rn/s=1
4 /s =10
& 06p ¥ 47n/s = 100
o exact
< 04 )
D
02 ‘—.-..‘:“.“-‘-‘ 020000 an0.can.o
0.0

T[fm/c]

@ The evolution of the fugacity for
&(70) = & = 100.
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0+1D Bjorken expansion - Comparisons to the exact solution IIl.

& =100, Ty =300MeV, Ag=1

& =0, Ty=300MeV, =1
1.0 — Teq=Ifm/c 1.0 ename| ™ Tq= 1fm/c
--- dman/s=1 0.8 _,.-""'.- --- 4mn/s=1
—= 4an/s=10 < 7 —= 47n/s=10
47n /s = 100 o6l f 47n /s = 100
<§ :.' ‘;-"')‘ o’ exact
< 04! o
< H v’;
. 020H] &
PR /" PRI SRS,
g1 LT .......-..s...-.;.x..--'-‘- -
WO ——7—% % 10 12 14 1o OS¢ % 10 12 19 16
T[fm/c] T[fm/c]
@ The evolution of the pressure for @ The evolution of the pressure for
&(r0) =& =0. J £(70) = &0 = 100. J
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Results

0+1D Bjorken expansion - Comparisons to the exact solution IV.

_ _ _ =100, Ty=300MeV, Ay =1
30 & =0, Ty=300MeV, Ag=1 s ] 5.0 0
1.25
= 1.20
g8 115
=
& 1.10¢ — T =1fm/c |4 — T =1fm/c
LE 1.05 --- 4nn/s=1 === 4an/s=1
1.00 —-= 4mn/s=10 —-= 4an/s=10
e R PR 47 /s = 100 47n /s = 100
095 —5—3—% ¢ 10 12 14 16 0O —=—%—% § 10 12 14 16
7[fm/c] [fm/c]
@ The evolution of the pressure for @ The evolution of the pressure for
&(m0) =& = 0. &(70) = & = 100. J

(=1)° —r—2qpr (=
Fnrq:(2¢7)!! /dKE:u "THEG (EM kuky ) i
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Results

0+1D Bjorken expansion - Comparisons to the exact solution V.
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