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IntroductionIntroduction :  : Fast thermalizationFast thermalization

how the system evolve to
thermal eq. in a very short
time scale 

Hydro onset
time  ~  1fm/c

Initial: far-from equilibrium
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IntroductionIntroduction :  : Color Glass CondensateColor Glass Condensate

 CGC=effective field theory for hadrons at high energy limit 

 high energy
(time dilation)

fluctuation(sea partons) lifetime●

gluon number increase at small x with increasing energy

 Saturation momentum Qs(~GeV)

sff 2~ sf /1~

small x (                         )lhadronz Epx /~

gluon fusion Saturation●

● sQQxxG /1/),( 22 

)(/1~ ss QQf  this feature can be inherited by initial
Glasma through indrect way

internal interaction time scales
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IntroductionIntroduction :  : GlasmaGlasma

 Glasma=non-equilibrium state in between CGC and QGP

●

Instabilities -->wide range of unstable modes (up to Qs) 
grow exponentially untill saturation density 

●

using CGC as initial states for nuclei

),,,(   diagT
highly anisotyopic initial glasma fields

redistribute momentum ---> isotropization
free up quanta from classical field

initial condition amenable
for kinetic theory)(/10 ss Qpf  

(won't last longer than 1/Qs)
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IntroductionIntroduction :  : OverpopulationOverpopulation

Overpopulation= the system contain more gluons than can
         be accommodated by a Bose-Einstein distribution

expected final:)/1()( 0 sinit Qpfpf  initially:

1/)(3
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)2(
),( 

eqeq Tpeqeqeq e
pdnTn 


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0 )2(
),( 

eqeq Tpeqeqeq e
ppdT 



)1/(1)( /)(   eqeq Tp
eq epf 

154.00  ffcritical
even for            ,still highly
overpopulated

3.0~s
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IntroductionIntroduction :  : Bose-Einstein Condensation?Bose-Einstein Condensation?

BEC= macroscopic population of ground state

overpopulation <=> coherence :  BEC ?
)()2()1/(1)( )3(3/ pepf c

Tp
eq

 

In principle, condensate behaves more like
wave(field) & less like particles,since there
quantum wave length overlap with inter
particle scale

Study within classical field
theory(no number conservation):

Can kinetic theory works ?
(only before onset for BEC)

Epelbaum, Gelis, NPA 872 (2011)
Berges, Sexty, PRL 108 (2012)
Kurkela, Moore, PRD 86 (2012)
Berges,etc,  arXiv:1408.1670
Blaizot, Gelis, Liao,  NPA 873 (2012)
Blaizot, Liao, McLerran, NPA 920 (2013)
Huang, Liao, arXiv:1303.7214
Blaizot, Wu, Yan, arXiv:1402.5049
Greco,  arXiv:1408.1313
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Transport equation with BECTransport equation with BEC

 

 

 
   

Boltzmann Equation:
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For gas particles:

Transport equation with BECTransport equation with BEC
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For condensate particles:

Transport equation with BECTransport equation with BEC
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Whether the condensation occurs?

Transport equation with BECTransport equation with BEC

 

 

 

similar derivation also see:
D.V.Semikoz, I.I.Tkachev,PRL74,3093(1995)
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Whether the condensation occurs?

Transport equation with BECTransport equation with BEC

Kurkela, Moore, JHEP 1112 (2011) 044
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Bose statistics in BAMPS : Bose statistics in BAMPS : BAMPSBAMPS

● BAMPS: Boltzmann Approach of MultiParton Scatterings
● 3+1 dimensional, fully dynamic parton transport model
● solves the Boltzmann equations for on-shell partons 

● Divide collision zone into cells

● Stochastic interpretation for
     collision rates

● Test particle technique

)())((),( )3()3(
i

i
i pptxxpxf   

Z.Xu & C.Greiner,
PRC71,064901(2005)
NPA774,787(2006)

x3
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     For two particles within                     and                       in                  ,
   the collision rate for such pair can be derived from collision term as:

)
)2(

/(),( 3

3
3


i

ii
pdxddNpxf


 )),(1~( ii pxff 


Substitute 

V
t

N
v

xd
dtv

dNdN
dN

P
test

eff

rel
eff

rel
pp

pp 







22

322
21

22
22 21

21

 




Collision Probability for the given pair:
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Bose statistics in BAMPS : Bose statistics in BAMPS : Collision Prob.Collision Prob.

● g+g->g+g  &  g+c->g+g
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● If         ,it is easy to get the total cross section and then total probability:
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● Now we need to excatly consider the bose statistic effects :
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time consuming and uncertainties from extraction of distribution f !

Bose statistics in BAMPS : Bose statistics in BAMPS : eff. Cross section eff. Cross section 
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Bose statistics in BAMPS : Bose statistics in BAMPS : New SchemeNew Scheme
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Rate vs. Temp.

Bose Enhancement effect

2
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Bose statistics in BAMPS : Bose statistics in BAMPS : Rate testRate test
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)1/(1)( /
0  Tpef 

MeVT 300

within acceptable 
fluctuation ,  the
equilibrium state
can be maintained
<=>detailed balance
ok & BE distribution is
fix-point of the syst-
em from simulation

Bose statistics in BAMPS : Bose statistics in BAMPS : Equilibrium testEquilibrium test
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consider 1+2—--->3+c  "c" is condensate● g+g->g+c
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Bose statistics in BAMPS : Bose statistics in BAMPS : BEC GrowthBEC Growth

By keeping net Rate invariant, make Approximation:
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We checked that different chosen for       (as long as small enough) can give
the same right collisoin rate because of the ensurence for giving right integr-
-ation over delta function.---0.0025GeV in this work.

when effective chemical potential (fit by soft mode) becomes zero, we
set in the above approximation.---> onset for condensate
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f_0 = 0.05 f_0 = 0.05 simulation simulation resultsresults

the system 
thermalizes

to
the fix-point:
thermal BE
distribution

3333 fm static box

criticalff  05.00

MeVTeq 258.0

MeVeq 205.0
initial
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f_0 = 0.154 f_0 = 0.154 simulation simulation resultsresults

3333 fm static box

criticalff  154.00

MeVTeq 276.0

MeVeq 0

the system 
thermalizes

to
the fix-point:
thermal BE
distribution
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f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults

0t

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

the initial condition
far-from-equlibrium
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cfmt /1.0soft
increase

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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cfmt /2.0soft
increase

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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cfmt /4.0

)0( *
*

*




 
p

Tf IR

*T  *

soft
increase

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

thermalization for
soft part

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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0* 

cfmt /5.0BEC
growth
begin

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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0*  

cfmt /6.0BEC
growth
begin

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

*T

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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*T 0*  

cfmt /7.0soft
decrease
BEC
growth

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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cfmt /9.0soft
decrease
BEC
growth

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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eqTT *

cfmt /0.1soft
decrease
BEC
growth

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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eqTT *

cfmt /2.1BEC
growth

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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cfmt /4.1

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box
stable

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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cfmt /6.1

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box
stable

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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cfmt /8.1

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box
stable

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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cfmt /0.2

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

3333 fm static box
stable

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

√
√

3333 fm static box
BE distribution

c

f_0 = 0.4 f_0 = 0.4 simulation simulation resultsresults
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f_0 = 0.4 f_0 = 0.4 soft mode rapid thermalizationsoft mode rapid thermalization

)0( *
*

*




 
p

Tf IR

gluon BEC arise
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f_0 = 0.4 f_0 = 0.4 the growth for condensatethe growth for condensate

gluon BEC arise

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00
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f_0 = 1 f_0 = 1 the growth for condensatethe growth for condensate

gluon BEC arise

criticalff 10

MeVTeq 443.0
382.0  fmeq

c
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CConclusiononclusion & Outlook & Outlook

● Include bose statistical factor: Rate and Equilibrium Test 
● A new Cascade simulation is developed, BEC growth is considered.
● A non-zero Condensate will arise under overpopulated initial
     condition when there's only elastic collisions.

● Inelastic collision's effect for BEC and Thermalization ?
● How about a expanding system ?

● Add Gribov to BEC? 
 Couple a kinetic description and also field evolution for BEC

Thank youThank you！！
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f_0 = 0.05 simulation f_0 = 0.05 simulation resultsresults

initial

the system 
thermalizes

to
thermal BE
distribution

3333 fm static box

criticalff  05.00

MeVTeq 258.0

MeVeq 205.0
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f_0 = 0.1 simulation f_0 = 0.1 simulation resultsresults

3333 fm static box

criticalff  1.00

MeVTeq 267.0

MeVeq 07.0

the system 
thermalizes

to
thermal BE
distribution
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f_0 = 0.154 simulation f_0 = 0.154 simulation resultsresults

3333 fm static box

criticalff  154.00

MeVTeq 276.0

MeVeq 0

the system 
thermalizes

to
thermal BE
distribution
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f_0 = 0.4 simulation f_0 = 0.4 simulation resultsresults

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

√
√

3333 fm static box
BE distribution

c
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f0=2 The condensation
begins at 0.376 fm/c.
The distribution at small
p is increasing until 0.5 fm/c
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f_0 = 0.4 simulation f_0 = 0.4 simulation resultsresults

c

3186.0  fmeq
c

MeVTeq 352.0
criticalff  4.00

√
√

3333 fm static box
BE distribution

c


