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  anmaly 

5	
  



Review	
  the	
  talk	
  @	
  Palaver	
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•  We	
  have	
  obtained	
  the	
  chiral	
  magneSc	
  and	
  
vorScal	
  effects,	
  and	
  chiral	
  anomaly	
  by	
  
quantum	
  kineSc	
  theory.	
  

•  Today,	
  we	
  will	
  give	
  you	
  another	
  interpretaSon	
  
from	
  Berry	
  phase.	
   



Foucault	
  pendulum 
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Foucault	
  pendulum 
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Copy	
  from	
  Wikipedia:	
  	
  
	
  
•  The	
  animaSon	
  describes	
  the	
  

moSon	
  of	
  a	
  Foucault	
  Pendulum	
  
at	
  a	
  laStude	
  of	
  30°N.	
  	
  

•  The	
  plane	
  of	
  oscillaSon	
  rotates	
  
by	
  an	
  angle	
  of	
  −180°	
  during	
  one	
  
day,	
  so	
  acer	
  two	
  days	
  the	
  plane	
  
returns	
  to	
  its	
  original	
  
orientaSon.	
  



Foucault	
  pendulum 
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•  In	
  our	
  frame	
  (out	
  of	
  the	
  
earth),	
  the	
  pendulum	
  goes	
  
back	
  to	
  its	
  iniSal	
  posiSon	
  
every	
  day,	
  but	
  with	
  a	
  
different	
  phase	
  factor.	
  

	
  



Foucault	
  pendulum	
  in	
  momentum	
  space? 
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•  Image	
  that	
  we	
  have	
  an	
  “earth”	
  
in	
  momentum	
  space.	
  

•  Considering	
  the	
  Foucault	
  
pendulum	
  again	
  in	
  momentum	
  
space.	
  

•  When	
  it	
  goes	
  back	
  to	
  its	
  iniSal	
  
“posiSon”	
  in	
  momentum	
  space.	
  	
  

•  Will	
  it	
  also	
  give	
  us	
  an	
  addiSonal	
  
phase	
  factor?	
  	
   

px 

py 



A	
  fermion	
  in	
  momentum	
  space? 
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•  ParScles	
  are	
  also	
  waves.	
  

•  We	
  replace	
  the	
  pendulum	
  
by	
  a	
  fermion.	
  	
  

	
  
•  Acer	
  some	
  Sme,	
  it	
  goes	
  
back	
  to	
  its	
  iniSal	
  state.	
  

•  Will	
  it	
  give	
  us	
  an	
  addiSonal	
  
phase	
  factor	
  in	
  momentum	
  
space?	
  	
   

px 

py 



AcSon	
  of	
  a	
  single	
  parScle 
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A	
  natural	
  quesSon:	
  	
  
	
  
Why	
  cannot	
  we	
  have	
  a	
  term	
  proporSonal	
  to	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ?	
  	
  

momentum gauge	
  field	
   

dot:	
  ,me	
  deriva,ve 

x:	
  coordinate 



AcSon	
  of	
  a	
  single	
  parScle 
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The	
  gauge	
  field	
  A	
  is	
  coupled	
  to	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  
	
  
Why	
  cannot	
  we	
  have	
  a	
  “gauge	
  field”	
  coupled	
  to	
  	
  	
  	
  	
  	
  	
  	
  ?	
  	
  

momentum gauge	
  field	
   

dot:	
  ,me	
  deriva,ve 

x:	
  coordinate 



Two	
  quesSons:	
   

•  Will	
  the	
  fermion	
  have	
  a	
  phase	
  factor	
  in	
  
momentum	
  space?	
  

•  Why	
  cannot	
  we	
  have	
  a	
  gauge	
  field	
  in	
  
momentum	
  space?	
   

14	
  



Berry	
  phase	
  –	
  gauge	
  fields	
  in	
  momentum	
  space?	
   

•  In	
  quantum	
  mechanics,	
  phase	
  factor	
  is	
  related	
  
to	
  gauge	
  field.	
  	
  

•  A	
  phase	
  factor	
  in	
  momentum	
  space	
  =	
  an	
  
effecSve	
  gauge	
  field	
  in	
  momentum	
  space.	
  	
  

•  The	
  new	
  phase	
  factor	
  is	
  called	
  Berry	
  phase.	
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AdiabaSc	
  processes 

•  Assuming	
  the	
  system	
  is	
  in	
  an	
  adiabaSc	
  evoluSon,	
  and	
  
Hamiltonian	
  is	
  a	
  funcSon	
  of	
  parameters	
  R(t)	
  .	
  	
  

•  Then	
  the	
  evoluSon	
  of	
  the	
  system	
  is	
  along	
  a	
  path	
  C	
  in	
  parameter	
  
R	
  space.	
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•  At	
  each	
  certain	
  Sme,	
  the	
  system	
  is	
  at	
  its	
  
eigenstate.	
  

 

R 

C 



AddiSonal	
  phase	
  factor 

•  The	
  wave	
  funcSon	
  is	
  given	
  by,	
  	
  

	
  
which	
  allows	
  an	
  addiSonal	
  phase	
  factor. 
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Normal	
  evoluSon	
  factor addiSonal	
  
phase	
  factor 

Eigenstate 



Solving	
  phase	
  factor 

•  InserSng	
  the	
  wavefuncSon	
  into	
  Schroding	
  Eq,	
  

	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  we	
  get	
  the	
  phase	
  factor, 
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Gauge	
  Transform 

•  Actually,	
  we	
  can	
  sSll	
  add	
  another	
  phase	
  factor	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
exp	
  exp	
  exp	
  to	
  the	
  wave	
  funcSon,	
  then,	
  

•  By	
  choosing	
  suitable	
  values,	
  the	
  total	
  phase	
  
factor	
  can	
  be	
  “gauged”	
  away!	
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A	
  loop:	
  Gauge	
  invariant,	
  Berry	
  phase 
•  However,	
  Berry	
  (‘84)	
  has	
  pointed	
  out,	
  if	
  we	
  consider	
  a	
  loop	
  
in	
  R-­‐space,	
  i.e.	
  the	
  system	
  goes	
  back	
  to	
  its	
  iniSal	
  state,	
  
then,	
  the	
  phase	
  factor	
  cannot	
  be	
  removed.	
  

•  In	
  3	
  dimensional	
  case,	
  using the Stokes’s theorem, 	
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Berry	
  phase R 

C 

aR	
  	
  :	
  Berry	
  	
  
connec,on 

Berry	
  curvature 



Berry	
  phase	
  VS	
  gauge	
  theory 
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Let’s	
  set	
  R	
  to	
  be	
  momentum	
  p	
  from	
  now	
  on.	
   



An	
  example:	
  massless	
  fermions 

•  Choosing	
  helicity	
  basis,	
  we	
  can	
  get,	
  for	
  right	
  
handed	
  fermions,	
  	
  

Berry	
  connecSon:	
  
(gauge	
  field)	
  
Berry	
  curvature:	
  
(magneSc	
  field)	
  
Berry	
  magneSc	
  monopole:	
  
(magneSc	
  monopole) 
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Path	
  integraSon	
  of	
  a	
  massless	
  fermion 
•  Consider	
  a	
  right/lec-­‐handed	
  massless	
  fermion, 



Path	
  integraSon	
  of	
  a	
  massless	
  fermion 

Berry	
  connecSon 



AcSon	
  with	
  Berry	
  connecSon 
•  Without	
  external	
  fields,	
  Berry	
  phase	
  is	
  sSll	
  a	
  phase	
  factor,	
  
which	
  cannot	
  modify	
  the	
  evoluSon	
  of	
  the	
  system.	
  	
  

•  In	
  the	
  present	
  of	
  electromagneSc	
  fields,	
  the	
  acSon	
  of	
  a	
  
single	
  massless	
  fermion	
  becomes,	
  

	
  
	
  
	
  
	
  
Stephanov&Yin(‘13),	
  Yamamoto&Son(‘13),JW	
  Chen,	
  JY	
  Pang,	
  SP,	
  Q	
  Wang	
  (‘14)	
   25	
  

momentum 

gauge	
  field	
   
dot:	
  	
  
,me	
  deriva,ve 

x:	
  coordinate 



EquaSon	
  of	
  moSon 
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The	
  invariant	
  volume	
  of	
  
phase	
  space	
  becomes 

Berry	
  curvature	
   



Liouville’s	
  theorem	
   

•  From	
  df/dt=0,	
  we	
  can	
  get	
  a	
  kineSc	
  theory,	
  	
  

with	
  f	
  the	
  distribuSon	
  funcSon	
  for	
  right/lec	
  
handed	
  fermions, 
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Anomalous	
  current 

•  IntegraSng	
  over	
  d^3p,	
  we	
  get	
  the	
  divergence	
  
of	
  a	
  chiral	
  current	
  

and,	
  chiral	
  magneSc	
  effects,	
  	
  
	
  
	
  
Stephanov&Yin(PRL13),	
  Yamamoto&Son(PRL,PRD13) 
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chiral	
  anomaly 



What	
  can	
  we	
  learn? 

•  Berry	
  phase	
  gives	
  an	
  effecSve	
  gauge	
  field	
  in	
  
momentum	
  space.	
  	
  

	
  
•  Berry	
  curvature	
  (magneSc	
  field	
  of	
  such	
  gauge	
  
field)	
  will	
  couple	
  to	
  external	
  fields	
  and	
  modify	
  the	
  
equaSon	
  of	
  moSon	
  for	
  single	
  fermions.	
  	
  

	
  
•  The	
  kineSc	
  theory	
  will	
  also	
  be	
  modified	
  and	
  give	
  
the	
  chiral	
  magneSc	
  effects	
  and	
  chiral	
  anomaly. 
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You	
  might	
  say,	
  
	
  
“mmm…	
  sounds	
  interesSng,	
  but	
  useless	
  …”	
  
or,	
  
“We	
  are	
  working	
  on	
  a	
  relaSvisSc	
  theory.	
  Who	
  
cares	
  a	
  XXX	
  phase	
  factor	
  in	
  quantum	
  
mechanics!”	
  	
  
	
  
Or,	
  “Can	
  you	
  get	
  it	
  from	
  Dirac	
  equaSons	
  or	
  
other	
  relaSvisSc	
  theory?” 
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MoSvaSon	
  of	
  our	
  work 

	
  
•  We	
  want	
  to	
  understand	
  (or	
  obtain)	
  the	
  
contribuSons	
  of	
  Berry	
  phase	
  from	
  a	
  quantum	
  
kineSc	
  theory.	
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Wigner	
  funcSon	
  for	
  fermions 

•  Wigner	
  funcSon:	
  a	
  quantum	
  distribuSon	
  
funcSon,	
  ensemble	
  average,	
  normal	
  ordering	
  

	
  	
  	
  	
  Vasak,	
  Gyulassy	
  and	
  Elze	
  (’86,’87,’89)	
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Gauge link�

x�



Macroscopic	
  quanSSes 
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Charge current�

Axial (chiral) current�



Master	
  equaSon	
  from	
  Dirac	
  Eq. 

•  Massless,	
  constant	
  external	
  electromagneSc	
  
fields	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  turn	
  off	
  all	
  internal	
  interacSons	
  	
  

•  First	
  order	
  differenSal	
  equaSon,	
  solve	
  it	
  order	
  
by	
  order	
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Solve	
  the	
  Master	
  equaSon 

•  Gradient	
  expansion	
  to	
  Wigner	
  funcSon	
  W	
  and	
  
its	
  master	
  equaSon,	
  
–  expand	
  all	
  quanSSes	
  at	
  the	
  power	
  of	
  derivaSves	
  

–  external	
  fields	
  are	
  weak	
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Leading	
  order 

	
  
•  0th	
  order,	
  non-­‐interacSng	
  ideal	
  gas	
  

– classical	
  Fermi-­‐Dirac	
  distribuSon	
  

•  input	
  	
  
–  finite	
  temperature	
  T,	
  	
  
–  chemical	
  potenSal	
  μ	
  =	
  μR	
  +	
  μL	
  ,	
  
–  chiral	
  chemical	
  potenSal	
  μ5=μR	
  -­‐	
  μL	
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1st	
  order,	
  Chiral	
  anomaly 
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Energy 
momentum
conservation�

•  Remarkable,	
   we	
   obtain	
   the	
   chiral	
  
anomaly	
  by	
  Wigner	
  funcSon!�



Chiral	
  magneSc	
  and	
  vorScal	
  effect 

38	
  

Chemical potentials�

Q: charge
T: temperature�

Consistent with
other approaches! �



4D	
  kineSc	
  equaSon	
  for	
  massless	
  fermions 

•  By	
  using	
  the	
  soluSons	
  of	
  Wigner	
  funcSon,	
  we	
  
rewrite	
  our	
  master	
  equaSons	
  in	
  a	
  proper	
  way,	
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f:	
  distribuSon	
  	
  
funcSon 

EffecSve	
  	
  
velocity 

EffecSve	
  	
  
force 



3D	
  chiral	
  kineSc	
  equaSons 

•  IntegraSng	
  over	
  dp^0,	
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(1)Berry	
  phase	
  is	
  embedding	
  in	
  
quantum	
  kine,c	
  theory.	
  
	
  
(2)Consistent	
  with	
  other	
  
approaches.	
  
	
  
(3)	
  Vor,cal	
  dependence	
  is	
  new! 



Embedded	
  Berry	
  phase 

•  The	
  chiral	
  current	
  is,	
  	
  

41	
  



4D	
  Berry	
  monopole 

•  Taking	
  analySc	
  conSnuaSon,	
  we	
  find	
  

since,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  embedded	
  the	
  Berry	
  curvature	
  
(Berry	
  magneSc	
  field),	
  so	
  the	
  divergence	
  of	
  this	
  
quanSty	
  is	
  an	
  effecSve	
  charge	
  in	
  momentum	
  
space.	
  We	
  called	
  it	
  Berry	
  monopole.	
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Chiral	
  anomaly 
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Then,	
  the	
  chiral	
  anomaly	
  is	
  given	
  by	
  the	
  Berry	
  
monopole.	
   



Summary 

•  We	
  have	
  derived	
  a	
  4D	
  chiral	
  kineSc	
  theory	
  
from	
  Wigner	
  funcSons.	
  	
  

•  Reducing	
  to	
  3D,	
  it	
  is	
  consistent	
  with	
  the	
  
approaches	
  including	
  Berry	
  phase.	
  

•  	
  We	
  also	
  find	
  the	
  chiral	
  anomaly	
  is	
  given	
  by	
  a	
  
4D	
  Berry	
  monopole. 
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Backup 



Chirality	
  of	
  massless	
  fermions	
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uR 

Spin�

momentum�uL 

Spin�

momentum�



Chirality 
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B�

uR 

Spin�

momentum�uL 

Spin�

momentum�

If Number of uL = Number of uR
No current is observed. �



Chiral	
  MagneSc	
  Effect 
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B� current�

If Number of uL ≠ Number of uR
A electric current will be observed. �

uR 

Spin�

momentum�



Chiral	
  MagneSc	
  Effect	
  (CME) 
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B� current�

uR 

Spin�

momentum�



Chiral	
  VorScal	
  Effect	
  (CVE) 
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current�

uR 

Spin�

momentum�



Chiral	
  MagneSc	
  and	
  VorScal	
  Effect 
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Charge current�

Axial current�

Magnetic 
field�

Vorticity�



New	
  Transport	
  coefficients 
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l Strong	
  coupling,	
  AdS/CFT	
  duality,	
  
	
  (Erdmenger(’09),	
  Banerjee(‘11),	
  Torabian(‘11),	
  …)	
  
l Weakly	
  coupling,	
  Kubo	
  formula	
  
(Fukushima(‘08),	
   Kharzeev(‘11),	
   Landsteiner(‘11),	
  
Hou(‘12),	
  …)�



Anomalous	
  fluid	
  dynamics 

54	
  

•  Those	
  new	
  terms	
  are	
  forbidden	
  by	
  the	
  entropy	
  
principle	
  of	
  a	
  normal	
  fluid.	
  	
  

	
  
•  Son	
  and	
  Suro	
  ẃka	
  (‘09)	
  pointed	
  out	
  these	
  terms	
  are	
  

crucial	
  to	
  cancel	
  the	
  producSon	
  of	
  negaSve	
  entropy	
  
in	
  an	
  anomalous	
  fluid.	
   



KineSc	
  theory 

•  KineSc	
  theory:	
  a	
  microscopic	
  dynamic	
  theory	
  
for	
  many-­‐body	
  system,	
  to	
  compute	
  transport	
  
coefficients.	
  
	
  

•  distribuSon	
  funcSon,	
  e.g.	
  Fermi-­‐Dirac	
  
distribuSon	
  f(x,p) 
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Local	
  PolarizaSon	
  Effect 
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momentum�

Axial current�

R L 

spin�

Spin local polarization effect�

Can be observed in both 
high/low energy collisions�



3-­‐dimensional	
  Chiral	
  kineSc	
  equaSon 

57	
  

Integral	
  over	
  p0�

velocity 

force 



Talk	
  @	
  Transport	
  MeeSng	
  June	
  24 

•  What	
  are	
  those	
  new	
  terms	
  in	
  Boltzmann	
  Eq.	
  ?	
  
-­‐	
  They	
  are	
  related	
  to	
  a	
  topologic	
  phase	
  factor,	
  called	
  
Berry	
  phase.	
  	
  

•  Are	
  these	
  related	
  to	
  chiral	
  anomaly?	
  
-­‐	
  Chiral	
  anomaly	
  is	
  given	
  by	
  an	
  effecSve	
  monopole	
  in	
  
momentum	
  space.	
  	
  

•  Are	
  you	
  serious?	
  	
  
-­‐	
  All	
  of	
  these	
  can	
  be	
  obtained	
  by	
  path	
  integral	
  of	
  a	
  
single	
  massless	
  fermion. 
	
   58	
  



Summary 

•  We	
  obtain	
  the	
  chiral	
  magneSc	
  and	
  vorScal	
  
effect,	
  chiral	
  anomaly	
  by	
  Wigner	
  funcSon.	
  	
  

•  We	
  derive	
  the	
  chiral	
  kineSc	
  equaSon	
  
(modified	
  Boltzmann	
  equaSon).	
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Thank	
  you! 
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3-­‐dimensional	
  Chiral	
  kineSc	
  equaSon 

61	
  

Integral	
  over	
  p0�

if	
  set	
  ω=0,	
  
it	
   is	
   as	
   the	
   same	
   as	
  
the	
  Hamiltonian	
  
approaches.	
   �



3-­‐dimensional	
  Chiral	
  kineSc	
  equaSon 
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Integral	
  over	
  p0�

ω	
  dependence	
  	
  
is	
  new! �


