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Motivation

@ Transport coefficients (shear & bulk viscosities) are important inputs
to viscous hydrodynamics simulations of relativistic heavy ion
collisions.

@ The presence of shear viscosity affects the magnitude of the elliptic
and higher order collective flows.

@ Comparison of different approximations in the calculation of transport
coefficients.

@ How jet transport coefficient ¢ is related to 7/s.

@ All the above for bulk viscosity.
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The ratio of 77/s and elliptic flow

The collective flow with viscous effects reduces the magnitude of elliptic
flow relative to ideal (non-viscous) hydrodynamic motion.?
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(Color online) Charged hadron v in
10-20 % central collisions for average
initial conditions (avg) and event-
by-event simulations (e-b-e). The bands
indicate the statistial error.
Experimental data from ALICE.(Glauber
initial condition)
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Qualitative aspects of viscosity |

Shear Viscosity Bulk Viscosity

dv
F= _nsd—y (2) F=-nvV-v (3)

F. Reif, Fundamental of statistical and Thermal Physics
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Qualitative aspects of viscosity |l

@ Standard unit of viscosity is:

» Sl unit: Pa.s (Pascal second) = 1 kg m~
» cgs unit: P (Poise) = 1 grcm—!s7!

@ The viscosity of water is 1073 Pa.s at 20°C 3
@ The viscosity of RHIC matter is about 10'! Pa.s at 100 MeV
(~1012°C) *

@ Considering only the size of each system:

2
< Thadron ) ~ 1010 (4)

Tmolecule

1 -1

S

Effects of temperature are also important.

3Sears, Zemansky & Young, University Physics, 6th Edition
*Wiranata & Prakash, 2009
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Temperature dependence of 7

@ Estimation from kinetic theory:

ﬁ _ 1 o0 7 _2/'71— .92 29
s R H—, = d g dao 0 5
n #5T or 3/0 gg'e ; sin a(\/m_79 (5)

p: Mean momentum, g: Scaled(w.r.t. p) relative momentum.
a¢(T'): T—dependent transport cross section.
@ Relativistic expressions are more complicated, but have similar

content.

n%#@@)

P ho action
N #/\@(T) " effective physical volume (6)

@ Above, )\ is the thermal de-Broglie wavelength.

1 vmT
e {\/T_T & &t:(rT) for NR ()
T & 51D for UR
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Fluidity vs the aplicability of hydrodynamics

@ The applicability of hydrodynamics requires that the effective mean
free path be much smaller compared to the size of the system.

@ The concept of fluidity of a substance can only be meaningful if the
fluidity is defined exclusively in terms of the properties of the
substance itself, i.e > the mean free path vs inter particle distance
(density-density correlation length).

5J. Liao & V. Koch, 2010
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Kinematic Viscosity

From Bjorken expansion (141 D)

@:_€+P—4775/(37'):_£<1_éﬁi>’ (8)
dr T T 3sTr
Enthalpy is given as follows:
wp = e+p=Ts+ pupn; [r=pUNR+ My
In general,
w = Ts+ un+mn; (9)

The kinematic viscosity reads as®

P

E(Relativistic) ~ Non-Relativistic) ~ &(General) (10)
S w

Landau, Fluid Mechanics
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Methods to calculate transport coefficients

In the hadronic system produced in relativistic heavy-ions collisions, there
are different approximations/methods to calculate transport coefficients:

@ The Chapman-Enskog approximation
@ The relaxation time approximation

@ The Gree-Kubo method.
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The Chapman-Enskog approximation |

“For small deviation from equilibrium, the distribution function can be
expressed in terms of hydrodynamic variables and their gradients.
Transport coefficients such as shear and bulk viscosities are calculable
from kinetic theory.””

f(z,p) = f° 1+ ¢(z,p)]; ¢(x,p) = deviation function (11)

1 [e%
fOz,p) = @nh) exp m p(x) Zj{gau (z) equilibrium dist. function(12)

where

wu(x) is the chemical potential,
u(x) is the flow velocity and
T is the temperature.

"van Leeuween
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The Chapman-Enskog approximation Il

The general form of the deviation function:

¢(z,p) = A0 U“ (Bulk Viscosity)
+ BAup’AYP (TOsT + C'_2DU5) (Heat Conductivity)
+  C(paps)(d°UP) (Shear Viscosity) (13)

By using kinetic theory

o o d’p
0 —C/p P’ flep) (14)

and a little bit of math8

8Details can be found in A.Wiranata, PRC 2012
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The Chapman-Enskog approximation Ill

The working expression

r—1 r—1
1 Y
o= — (kTP D emYm: Y cWemn=—"—; (n=0,1,---,r—1) (15
77 10 ( ) m:()c ’y ? mzocm & ka ) (n ) 7r ) ( )

r is the order of approximation.

1 2

ns]y, = —kT X 1st order approximation (16)
10 Coo
1 2e1n — 2 : 2c

Msly, = —kT Toen 7071(‘0124— 7100 2nd order (17)
10 CooC11 — €y
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The Chapman-Enskog approximation 1V
Shear Viscosity (first order approximation)
], = —kr20 0. No=—10h; h=
1 10 Coo ’ KQ(Z) ’

where z = m/T is the relativity parameter.

1 1
coo = 16 <w§2) — ;wj@ + gw((f)) ; wgs) = Rel. Omega Integral (19)
Relativistic Omega Integral:

2723 2mz°c

wl@ = / drp sinh” 1 cosh ) K;(2z cosh)

X / df sinf o (1), 0)(1 — cos? ), (20)
0

where relative momentum g = mesinh ¢, total momentum P = 2mc cosh ),
differential cross section o (1,6) and j = 5/2 + (—1)?/2.

Anton Wiranata (LBNL & CCNU ) 06/06/2013 14 / 46



Relaxation time approximation
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Relaxation time approximation

The effect of collisions is always to bring the perturbed distribution function
close to the equilibrium distribution function. In other words, the effect of
collisions is to restore local the equilibrium distribution function exponentially
with the relaxation time 7(p) which is of order the time required between
collisions.

f(xap) - gq(xvp)

V=%

Shear viscosity (for a 4+ b — ¢ + d) is given by ?

1 [ d&pa |pa|* 1 (
s = = —— f 22
. 15T _/” (2m)3 E2 u‘(,(Eu)f/ (22)

The collision frequency, w,(E,) is given by 10

" Bpy s(s —4m?> .
wa(Ey) = : vor, N
W < ) /0 (2’/’T)~g QE(IQED fb o ( )

where o1 is the total cross section.
°F. Reif, Fund. of Statistical, J. Kapusta (2010) & S. Gavin(1985)

IV.VA 0__AA [aYat Kol
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The Green-Kubo method |
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The Green-Kubo method |

The Green-Kubo method enables us to extract transport coefficients in terms of
the correlation functions of fluctuations in the stress-energy tensor for the
system!!. Shear viscosity is given by

= / i / (T (0,0) (7, 1)), (24)

where T is the temperature, T%Y is the the shear component of the stress
energy tensor. The averaging symbol refers to the Gibbs grand canonical
average.

The stress-energy tensor is given by

. Fov .,
T (7, 1) = / B 7, (25)

where f(7,p,t) is the distribution function of the system.

115 G. Brush, Kinetic Theory,1972
TR



The Green-Kubo methods Il

In the case of point particles (monte-carlo simulations & lattice calculations),
the distribution function and stress energy tensor of the system can be written
as follows?:

Npart Npart T ( .

L1 I~ ey L p*()pY ()
f('f',ﬁj - V ]Z:; 5(3)(p_p])7 ™= % ]z:; p()(j) (26)

and then the shear viscosity reads as

T > Ty Ty
n=g [ aroT) (27)

Requires knowledge of all components of the stress energy-momentum tensor for
all times. This entails dynamical simulations, often termed as molecular
dynamical calculations with specified force laws and equation of motions.

2Demir & Bass, PRL 2009
TR



Interactions

Interactions enter the calculation of shear viscosity through the scattering cross
section (s, 0).
Shear Viscosity:

n R H#- b , differential cross section
O't(T)
1 > dp, |pa|4 1 q :
s = -1, total t
n 5T ), @0 B2 wa(By'e otal cross section
T oo
o= 3 / dt (T*¥(0) T*¥(t)), total cross section
0

Cross-Sections from:
©® Phase shifts parameterization (M.Prakash, et.al, 1993).
© Breit-Wigner parameterization (Bass, et.al, 1999).
© K-Matrix formalism (This work).
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m — m phase shifts parameterization

Diff. Cross-section (7 — 7 — Mpr — 7™ — 7):
Parameterization from Bertsch

o = 24 (%SinQ 8 + gsin? & + %sin2 5}) et.al, PRD 37 (1988) 1202.
qcm N . . i
Phase-shifts: 3}
0 S €— Mg =§ 1
dole) = 5 + arctan( /2 ) & o
7T €E—m . ) -
0 () = < +arctan < p) o 200 400 600 800
1 2 Fp/2 Qcm. (MeV)
0
59 = 1
2(€) -
Decay widths:

. q/my
I, = 009%¢q|—"——= - . - -
1 + (g/m,)” 0.4 0.8 1.2 1.6
Ecm. (GeV)

" — 906«
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Breit-Wigner parameterization

Tot. Cross-section (mesons-baryons):

o Z<7 mg,j m ||] m > QSR +1
t = IBsMByJMsMM||JR, TR
Res (255 +1)(25,, + 1)
m IF'r—nm,B ot 10
2 2
Pems (]\JR — \/E>2 + % sk
6F
Decay widths: E
aF
20+1
(v = rigMe (pi(Vs) ® o
v " \/E pi’j(MR) of : g;'rvnatrix formalism
1.2 5 . . .
(3 207 0.4 0.6 0.8 1 1.2
1402 (F4675) Ecm. (GeV)

N Parameterization from Bass
where Mp is the resonance mass, '}y is the et.al, 1999
decay width at the pole and [ is the angular
momentum of the exit channel.
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K-Matrix cross section | (Why another cross section 77)

This formalism was introduced by Wigner and Eisenbud for the study of
resonances in nuclear reactions in order to maintain unitarity of the T-matrix!3
The scattering operator, S, can be decomposed as

S =1+2iT; I(Indentity operator); T — matrix (Interaction terms) (28)

The K operator is introduced as follows:
K*l'=7"14+il, K=K, (29)

The K-matrix is symmetric and real.
We can write the 1" matrix into its real and imaginary parts as follows:
ReT = (I+K*) 'K=KUI+K?*™!
ImT = (I+K?)'K?=K*I+K?*™', T=¢%sind  (30)

Details of calculations for hadronic resonances can be found in A. Wiranata et.al
(In progress)
BWigner & Eisenbud,1946 & 1947
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K-Matrix cross section |l

In the case of resonances, the K —matrix can be written as follows:

M Fai
K = E —— 5, «= Resonances
— mg —m

where the partial decay width is given by:

iy
3
M m 2 =
Pai(m) = FO (ﬁ) <qq(§n}z)> (Bfm(qcha)) -]
oF -- K-matrix fFormalism
and the B-factor is — BW
-2 L 1 L
Fi(q) 0.4 0.6 0.8 1 1.2
B! (q,q.) = 1 Ecm. (GeV
i (¢ 4a) Fia) (31) cm. (GeV)

details of f-factor can be found in A. Wiranata
(in progress).
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Single resonances

T—T—=p—T—T

L] L I L} L} L] I L} L L I L L L I L L} L I
120 fp= -
—
'E 80 i Bertsch
R parameterization
b - -
40 K-Matrix & BW 7
0

0.4 0.6 0.8 1 1.2
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Two and more resonances

T—m— Mp,Mpy > 7 —m7

4 T T T T

- K-matrix

3k — BW Formalism

-0.5 1 1 1 1 1
0.8 1 1.2 14 16 1.8
Ecm. (GeV)
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1
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0
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— K-matrix Formalism
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ReT
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Two and more resonances

T—7— Mpi,Mpo >m—7

sE Breit-Wigner
~4F l
0
E st
~
o

I

K-Matrix Formalism

0.8 1 1.2 14

16 1.8 2

Ecm. (GeV)
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Take home points

© Experimental phase shifts for all resonances not available.

© Breit-Wigner/UrQMD parameterizations only “good” for a single
resonance and not overlapping resonances.

© K-matrix can include higher resonances and maintain unitarity at
the same time even for overlapping resonances.
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Methods to calculate equation of state

© Non-interacting hadrons gas: Pressure, energy density and entropy density
of the system are sums of individual pressure, energy density and entropy
density of particles.

@ Cluster-expansion:'* Pressure, energy density and entropy density of the
system can be calculated from virial expansion.!®

(3]
P L [ K S0 )
= 3 23 - ee” Ky(e ”911
1 e I
&= i) de 8 [Ks(eB) + Ko(eB)] ;9151 (33)
s = 27T3/ de € Ko(eB) 291151 (34)

“Kahn & Uhlenbeck, 1938; Batx & Uhlenbeck
®Dashen, Ma, & Bernstein & R. Venugopalan &M. Prakash, 1992
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Results
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The ratio of 75/s an interacting pion gas

Table: List of resonances in the case of m — 7 interaction.

Particle Mass Width T—T
(Mev) (MeV)

P 774 150 1
w 782 8 0.02
fo 980 100 0.7
Jo2 1370 200 0.1
s 1270 185 0.5
f 1525 76 0.01
P2 1465 310 0.5
p3 1700 235 0.1

Anton Wiranata (LBNL & CCNU )
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The ratio of 75/s of an interacting pion gas

Shear viscosity of pion gas

n(GeV fm?¢c”)

1 1
80 100 120 140

T (MeV)
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200

Entropy density of pion gas

an—>all->nr -
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— < n—>p—>nn
T
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80

1 1
100 120 140 160
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Interaction measure (comparison with hadron resonance
gas)

Interaction measure is I = (¢ — 3P)/T*.

Table: List of
resonances in the case 4 ; ; . T .
of m — K interaction.

w
T
1

mw =T
prw, fo, foz,
fa .\ fa P2, p3
Tm— K
K*, K, Ko,
Ky, K3
K-K
o, ¢' fE)k' 80 ul)o 1;0 1:10 1(;0 1;30 200

az,92, 3 T (MeV)

N

Interaction Measure

o
T
—
1
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Resonances in the m — K — n — N mixture

T—T
7 ™=
p, w, fo, fo2, f2 . fa. p2. p3 a0 & a5 - 2 resonances
8 resonances
% w-N
p—
— — A(1232 —1950) - 10 resonances
K7 Ko, Ko, Ky K N*(1440 — 1990) - 11 resonances
5 resonances N
K- K _
. A* (1520 — 1890) - 9 resonances
(]’Oy (/)r f()r (]’21 (/)21 ¢3 ( )

¥*(1440 — 1940) - 6 resonances
6 resonances
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Interaction Measure (comparison with lattice results)

@ Interaction
measure is
I=(e—3P)/T*

@ 3 quarks
(nf=2+1)and
my, = 135 MeV,
BMW
collaboration 2012.

@ Lattice spacing is
N; = 8, BMW
collaboration 2012.

i ®m  BW-Collaboration a L] L

Interaction Measure
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Multi-component mixtures

The coefficient of shear viscosity The coefficient of entropy density

°

n(GeV fm?c™)

°

L L 1 0
80 100 120 140 160 180 200 80 100 120 140 160 180 200
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The ratio of 75/s Mixture

10 T T T T T
~
~
-~
-~
-~
-
-
-~
-
-
-
1F === ennm—>p—>7n —_
N [ =c=l/4n
~
o
01} c §
[ 1 . 1 . 1 i 1 . 1 1

80 100 120 140 160 180 200

T (MeV)
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The ratio of 75/s Mixture

10 T T T T T T B
[ NN ]
N ]
~ 4
b - -, 4
- -~
- -~ )
- -~y
- -~y i
L] o \ -~
L i -y -
1F (= enn—>p—>nn T - ]
L]
N [ = amsalon .. ]
~ L - 4
C | [=c=l/n ® 4
01| ¢ E
[ . 1 . 1 . 1 i 1 . 1 . 1
80 100 120 140 160 180 200

T (MeV)
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The ratio of 75/s Mixture

10 T T T T T
\S\
\ ~\
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N~
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n I > LI ]
0 [ * e gr—all>nn ~ .. ]
c — o K ~ ®
L e o @ | /47 ~ ]
- ]
0.1 & .
[ 1 1 1 1 1 1
80 100 120 140 160 180 200
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The ratio of 75/s Mixture

10R T T T T T T
(PN
D Tl
§~ -~
e, T =
RN o —~
.0 S -
1| == enn—>p-—>nn ‘- i1 . =
Q L= = an>allon \~ e ]
o [ = K A -
L e @ N \\\ ]
| = =1/47 < 4
T

01 F % .
[ 1 . 1 1 i 1 . 1 ]

80 100 120
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The ratio of 75/s Mixture

10

n/s

0.1

T T T T T T
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L \\
-, ~
c§
\§- -~ -~
£ J
J
R
\~\~~~ o ~
~ - -~

& - - -~
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| = =174 N
T

- c =
[ 1 1 1 1 1 1

80

Anton Wiranata (LBNL & CCNU )

100

120

140

160

T (MeV)

180

200

06/06/2013

41 / 46



The ratio of 75/s Mixture

n/s

01|

| o= e 7N
e

- e —>p—>TT
nn—>all->nn

en-K

n-K-n-N
[=o e ]/4n

80
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Summary & Outlook

© Summary:

» It is important to include massive resonances in the shear viscosity and
entropy density calculation, particularly close to T.. The magnitude of
the shear viscosity is controlled by low-mass components of the
mixture. Entropy density recieve contribution also from the high mass
components.

» For nearby resonance, the K —matrix preserve unitarity.

© Outlook:

» Calculations for uy, 15 not equal to zero case to address low energy
scan at RHIC and future experiments.

» The ratio of bulk viscosity to entropy density.

» Hadronic energy loss.
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Bulk Viscosity (Preliminary results)

on Gas n-n Gas
r T 0.02 T
. 0.015F n&all ,//
0
1 0.01fF e
a N nse
< e
0.00s == ]
m
of ) T, ]
L = 160 200
T (MeV)
2
a® (1/3—v3)" +2ab (1/3 - v}) +1’
m = kT ® ’ 9
2wy

where z = m/T, a = —3/2(zh +1), b= —1/2(zh — 4) and h = K3(z)/Ka(z).
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Bulk Viscosity

7w — m — Resonances — 7 — 7

Constant cross section 1 fm”

L L L L L
0.304 rd . "y
3" order approximation 0.0204 3" Approximation
ynd —
025{ 2" order
~ 020 —
3 %5 00154
E o015 " £
3 1 order >
E 0.10 E
& & 0.0104
0.054
0.00 4 0.005
T T T T T
0.1 1 10 0.1 1
"=k, T/mc’ 2" =k, Timc’
z'=k; kg
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Bulk viscosity & speed of sound

a2 (1/3 - v2)* +2ab (1/3 —v2) + b2

2 wéz)

Ny = kT , (36)

where z =m/T, a = —3/2(zh +1), b= —1/2(zh — 4) and h = K3(z)/Ka(z).

Nearly massless particle or very high temperature z < 1.
7 15

asz—>0;zh—>4,a—>—7 and b — 0

225 KT (1 ,\>
”“_?W(g_”) E e
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Bulk viscosity & speed of sound

a2 (1/3 - v2)* +2ab (1/3 —v2) + b2

2 wéz)

Ny = kT , (36)

where z =m/T, a = —3/2(zh +1), b= —1/2(zh — 4) and h = K3(z)/Ka(z).

Nearly massless particle or very high temperature z < 1.

asz—0;zh >4, a— -2 and b= 0

225 KT (1 ,\>
””_?W(g_“) E e

Massive particle or very low temperature z > 1.
asa— —3zand b— —1/22

225 kT (1 )

2
2 _ _
o = 8 @ g_vs> vy =1/3—=ns=0 (38)
0
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