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Exercise Sheet 8

1. Gauge invariance in QED

Consider the of quantum electrodynamics:

. 1 )
gQED:Sb(l]D—mW_ZFWF# : 1)
withD,=d, +ig4,.
(@) Show that £, is invariant under the gauge transformations

Px) = e (),

©)
A, (x) = A, (x)+ 3, a(x).
(b) Show that only adding a mass term %MA”‘A . for the photon breaks gauge invariance.
(c) Show that adding a free real vector field 6(x) to the theory and adding
1
Dy = 2,0N06) + A3, 6

to the QED Lagrangian restores gauge invariance despite the mass term for A , if one transforms ¢ in
a clever way.

(d) It is commonly said that gauge symmetries reflect “a redundancy in the mathematical description of
the system”. Then why do we demand it to be respected in a physical theory?

2. Polarizations of the photon

(a) From the QED Lagrangian (1), derive the equations of motion for the ¢ and A - How can you connect
the latter with the Maxwell’s equations &, F# = ;” from classical electrodynamics?

(b) The Lorenz gauge fixing condition QMA” =0 is incomplete, that is, we can still make another transfor-
mation

A, (x)— A, (x)+ I, A(x). )
Determine the condition on A for this to be true.

(¢) The wave function for a free photon satisfies the equation
0A“ =0, ®)
which has solutions
Al = et (K)e ** k2 =0. (6)
The polarization vector ¢* has 4 components! How can it describe a spin-1 particle?
(d) Based on your answer to b), choose a convenient gauge parameter to show that physics is unchanged

by the transformation
el et +akt, 7)

for some constant a. In other words, two polarization vectors differing by a multiple of & describe the
same free photon. We can use this freedom to set £ = 0. Then, what happens to the Lorenz condition?



