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Exercise Sheet 5

The complex Klein-Gordon field

Consider a complex-valued Lorentz-scalar field. The Lagrangian, defining the free field equations is given by
£ =(3,8)(3"®)—m’®"S. (1)

Obviously the Lagrangian is a Lorentz scalar and thus the action too. The Lagrangian is not explicitly de-
pendent on the space-time coordinates x = (x#), with the fields transforming under both translations and
Lorentz transformations as a scalar field.

1. Derive the equations of motion from the Lagrange equations. The complex scalar field has to be inter-
preted as two real field-degrees of freedom, i.e., you can vary ® and ®* as independent fields, and thus
you have the Euler-Lagrange equations for these two fields,

% % % %
I = , II'* = , dIt=—"/ JII'*= . )
d(d,2) a2 F e K Jo+
Show that the result is the Klein-Gordon equation for both @ and ®*.
2. Use the Fourier ansatz for the field ®
2w)= [ AT espliF D) o)
R
to show that the general solution of the Klein-Gordon equation can be written in the form
o) = | @I+ b Pg(n) @

with the “relativistic plane-wave mode functions”
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and arbitrary (square-integrable) C-valued functions a(p) and b(p)

3. For two scalar fields &, and ®, we define

A d
2 gy ®,= ¢’1gy¢’2 - (QM‘I’O‘I’z ©6)
and the non-definite bilinear form
(Ql,éz):if $xd, 3 0, 7)
R3

Show that for the mode functions (5) and 5,7 € R

(o 1) = 5, u3) =0, (15,3) =~z 5) = SV(F — ). ®)



4. Calculate the canonical energy-momentum tensor,
O =TI PB4+ 1T 3% — L 7

and express the total energy and momentum

pPY = d3x®0v
R3

in terms of the Fourier components a(p) and &(p) defined in {4).

5. From the obvious invariance of the Lagrangian under the phase transformation
®'(x) = exp(—ig@)®(x), 2"(x)=exp(+iga)®"(x),
where o € R is the group parameterl|the corresponding Noether current is given by
. . <>
. =19%" 9, 2.
Show that indeed the continuity equation,
.M_
d,j"=0

holds if ® fulfills the Klein-Gordon equation and calculate the total charge
Q=| &%)
R3

in terms of the Fourier components () and b(p).
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Extra task: Derive the form of this Noether current from the Noether formalism as shown in the pre-

sentation slides of Lect. 5.

"The group is the U(1), i.e., the multiplication of complex numbers z = x +1y (x,y € R with a phase factor, keeping the absolute

value |z| invariant, which is equivalent to the rotations of vectors (x,y)! € R?, i.e., SO(2).



