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Rate equations for particle numbers in heavy-ion collisions

confinement: at low temperatures/densities quarks and gluons bound in hadrons

describe transition between hot “partonic” to later “hadronic” stages of fireball evolution

here: abundances of quarks, gluons, and hadrons

A j ∈ {g , u , ū , d , d̄ , s , s̄ ;π, K, K̄, N, N̄, Y, Ȳ, . . .}

radially exanding fireball with vr ≈ 0.5c in globel thermal and pressure equilibrium

off-chemical equilibrium: chemical potentials for each particle µ j (t )
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Rate equations for particle numbers in heavy-ion collisions

reaction formulae for various reactions, i
∑

j

li ( j )A j↔
∑

j

ri ( j )A j

rate equations (“detailed balance”)

ẏi = 〈forward rate〉
�

1−exp[(µr −µl )/T ]
	

,

Ṅj =
∑

i

[ri ( j )− li ( j )] ẏi

guarantees validity of H-theorem (increasing entropy)

correct equilibrium limit
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Reactions

QGP: g + g↔ q q̄ , q1+ q̄1↔ q2q̄2 (pQCD cross sections)

QGP↔hadrons: String fragmentation model

forward rate∝〈λ〉 (length of string) and∝ #strings; backward rate: detailed balance
∝ exp[(µr −µl )/T ]

hadrons (Boltzmann Eq. with empirical cross sections [P. Koch, B. Müller, J. Rafelski, Phys. Rept. 142, 167])
ππ↔KK , . . .
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Equations of state

QGP: bag-model equation of state pQGP = pg +pq +pq̄ −B , bag constant B = (235 Mev)1/4

hadronic equation of state: Walecka model; in-medium masses
Gibbs conditions for chemical potentials, temperature, and pressure⇒ 1st-order phase transition

Tc ≃ 160 MeV (!)
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Solution of rate equations

fireball volume: V (t ) =V0(1+ t /t0)n

T (t ) and β (t ) =Vhad(t )/V (t ): energy conservation, pressure equilibrium

hadron abundances determined close to phase transition!

Hendrik van Hees (GU Frankfurt/FIAS) From QFT to Transport Theory September 06, 2022 9 / 27



Today: Thermal-hadronization model

from lattice-QCD: at µB = 0 cross-over transition, Tpc ≃ 157 MeV

thermal-hadronization model: hadron abundances determined at chemical freeze-out

temperature Tpc ≃ 158 MeV [A. Andronic, P. Braun-Munzinger, K. Redlich, J. Stachel, Nature 561, 218 (2018)]
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Motivation

heavy-collision “fireball” often described with transport models
uses “cross sections” as in vacuum; f (x , p⃗ ) phase-space distribution
fulfills conservation laws for energy, momentum, particle number,...
entropy always increasing with time (“H-theorem”)⇒ equilibrium is maximum-entropy state
equilibrium limit: Fermi-Dirac/Bose-Einstein distributions
heavy-ion collisions: strongly interacting hot and dense matter
⇒ particles⇒ “broad resonances”⇒ need “off-shell description”

[R. Rapp, J. Wambach, Eur. Phys. J. A 6, 415 (1999)]

see also [HvH., K. Knoll, Nucl. Phys. A 683, 369 (2001)]
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Φ-derivable approximations: Diagrams

Feynman diagrams applicable to vacuum, equilibrium, non-equilibrium situations
generating functional for mean fields and self-energies (lines = full propagators!)

+ + · · ·+++iΓ[ϕ,G] = iS[ϕ]+

iΦ

mean-field equation of motion δΓ/δφ(x ) = 0 (take off 1 “sticker”)

+
x + · · ·+i(✷+m2)ϕ =

self-energy: Σ12∝δΓ/δG21 (open one propagator line)

+ +−iΣ12 =

+= −iΣ

−iΣ= + + . . .−iΣ −iΣ

+ · · ·
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Properties of Φ-derivable approximations

Φ: all closed two-particle irreducible diagrams (can’t disconnect any diagram by cutting 2 lines)

provides self-consistent equations for mean field and self-energy

conservation laws from symmetries (energy-momentum conservation, charge conservation,...);
Noether theorem

in equilibrium ρ̂ = exp(−Ĥ /T )/Tr exp(−Ĥ /T )
thermodynamic potential: Ω(T ) =−T Γ [ϕ,G ]with ϕ, G solutions of equations of motion
⇒ Φ-derivable approximations are thermodynamically consistent
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Nucl. Phys. A 672, 313 (2000)

Hendrik van Hees (GU Frankfurt/FIAS) From QFT to Transport Theory September 06, 2022 15 / 27



Collision terms

Wigner transform: G (x1, x2)→G (X , p ); (extended) phase-space description
A: spectral function, f phase-space distribution

F (X , p ) = A(X , p ) f (X , p ) =∓iG −+(X , p ), F̃ (X , p ) = A(X , p )(1∓ f (X , p ) = iG +−(X , p )

example fromφ4/Fermi-liquid theory

only two-point part contributes to collision term
self-energy diagram contains no internal points⇒ “local self-energy” exact, i.e., all propagators
G ±∓ at same point X = (x1+ x2)/2
collision term of usual “Boltzmann-Uehling-Uhlenbeck type”
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Collision terms (memory effects)

local part

additional non-local/memory correction from diagrams involving internal point in self-energy
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Diagram rules to calculate memory contributions

“local” diagrams: usual rules with all G ’s taken at one point X

1st-order gradient corrections for G (X ′, p )with X ′ ̸= X

memory contributions to two-point functions

M ′(12, 34) =∓ ∂M (12)
iδG (3,4)

apply this to all propagators connecting to a point ̸= x1, x2
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Diagrams for one-point functions

for energy-momentum tensor, currents of conserved charges

exactly conserved energy-momentum tensor:

exactly conserved charge current
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Conclusion: Off-shell transport

starting from quantum field theory

using the Φ-functional formalism

⇒ Kadanoff-Baym equations for full Green’s functions (and mean fields)

“particles”⇒ broad spectral functions (“off-shell”)

via systematic gradient expansion for Wigner functions
⇒ kinetic/transport equations for “off-shell particles”/resonances

conservation laws fulfilled for conserved Noether charges of symmetries: charges, energy, momentum
definition of off-equilibrium entropy; H-theorem valid at least close to thermal equilibrium
thermodynamical consistency: Φ functional defines thermodynamic potential in equilibrium
⇒ thermodynamic relations fulfilled
off-equilibrium entropy⇒ equivalent to thermodynamic entropy in equilibrium
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Example: Tadpole inφ4-model

−iΣ =iΦ = ⇒
Temperature dependent mass

M 2 =m 2+Σren

Eq. of motion⇒ Resummation of “Daisy” and
“super-Daisy” diagrams: + + + · · ·

Expand Green’s function in vacuum part and temperature part

Dyson equation: G =Gv +GvΣGv + . . .

Subtract vacuum divergences and subdivergences only

Counterterms: Vacuum-mass and coupling-constant counterterm

− −−iΣren =

λ
2Gv(l)

λ
2G(l) λ

2G
2
v(l)Σren

=
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Renormalization of general approximations

The same strategy as in the tadpole example

Renormalize vacuum first

power counting is the same as for perturbative diagrams

The temperature part of the self-energy is of power 0

the asymptotic behavior is governed by the vacuum part alone

expand Green’s function due to Dyson equation

G = Gv
︸︷︷︸

δ=−2

+GvΣT Gv
︸ ︷︷ ︸

δ=−4

+ Gr
︸︷︷︸

δ=−6

coupling constant renormalization more difficult than for tadpole

can be solved due to the 2PI properties of the Φ-functional!
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Conclusion: Renormalization of Φ-derivable approximations

at finite temperature: Φ-derivable approximations renormalizable with vacuum counter-terms

parameters (masses, coupling constants) defined in vacuum

medium modifications follow from dynamics at finite temperature

thermodynamically consistent

problem: symmetries violated on the propagator level although conservation laws
(“one-point-function level”) fulfilled

symmetries restored for effective 1PI propagators
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