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The Vector Dominance Model for the wp-System is an ansatz to state interac-
tions by gauge theories. This report gives first a short introduction into Quan-
tum Field Theory and Perturbation Theory with help of Feynman-Diagrams.
The main part is to calculate the first order contribution to the self-energy of

the p-meson in this model.

1 Introduction

In this report! the relativistic formulation of
physical theories (especially Quantum Field
Theory) is needed. For a short review of this
see: [8] or (more detailed) [4].

1.1 Quantum Field Theory

As in Classical Mechanics the Field Theory
starts with the Variation Principle of the La-
grangian .Z, which only depends on the field
¢ and its first derivative d,¢. The action func-
tional is defined as

St = [ ez 1)

So the variational principle becomes:
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! some conventions: all expressions are to be read in

natural units (A = ¢ = 1), also the Einstein convention
is used: sum over all equal indices in one expression
(zpx* = zux?). The metric tensor is

~0 2)

This leads to the so called Euler-Lagrange
equations:
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From this the equations of motion can be
derived. Another important topic in QFT
are the so called global symmetry transfor-
mations.
do not depend on the space-time-coordinates
(if a transformation is not independent of the
space-time-coordinate it is called a local sym-
metry transformation, see 1.2) and do not
change the Lagrangian .Z. It can be shown
(Noether’s Theorem) that to each generator of
a global symmetry group there belongs a con-
served Noether current which is equivalent to
a local formulation of a conservation law. In-
tegrating the currents over a space-like hyper
surface (especially over the space coordiantes
of an arbitrary reference frame) gives a con-
served Noether charge.

These are transformations, which

Now let us have a look at the free Klein-
Gordon equation (O+m?)¢ = 0, which is the
first candidate for a relativistic formulation
of Quantum Theory for free particles. The
Lagrangian therefore reads:

1 m?
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1 Introduction

By using the Hamiltonian theory by introduc-
ing canonical momentum densities II = %=

one finds the fundamental Poisson-brackets 2

{o(t,D),1(t,5)} =*@-9 (5)
{H(t,f),n(t,gj)} =0 (6)
{o(t,7),0(t,7)} =0 (7)

The next step is to change the fields into op-
erators: ®,1I; with this eq. (5) becomes?:

(t,7)0D(t,) = i°(@F—§)  (8)
By using a Fourier decomposition and the
so called Feynman-Stueckelberg interpreta-
tion, which interprets negative energy eigen-
values as positive eigenvalues of an antiparti-
cle, the field can be written in the following

way':

b(x) = %[a@e—iwmf(mew]@)

with: w(p) = \/p? + m?

po = w(p)

By using the commutator relations, one can
show that @ and b are the annihilation oper-
ators for different particles and af, bt are the
corresponding creation operators. So every
operator can be built up from these creation
and annihilation operators. In the further dis-
cussion it is useful to renormalize the expecta-
tion value of the vacuum state by introducing
the so called normal-ordering product : ... :,
which means, that all annihalation operators
are ordered to the right side and all creation
operators to the left?.

1.2 Gauge Theory

In the previous section (1.1) global symmetry
transformations were mentioned. There also

{4, B} = [ &7 5455 - 5192]

*fog = fog—(0f)g
Ye.g.: :aatbbatvt . = atatbrabd

Fig. 1. Potential for the Higgs-Mechanism

exist local symmetry transformations, mean-
ing that the behaviour of the transformation
depends on the space-time coordinates, e.g.:

A(z) — A'(2)) = U@)AU(z)x)

To leave the Lagrangian invariant under this
kind of transformation, one has to use the so
called covariant derivative D, instead of d,,:
Oy — D, = 0y +irA, (10)
The new vector field A, is an isometry and
sometimes called a connection, it creates in-
teraction terms in the Lagrangian, and A is
the coupling constant for that interaction.
This is a very convenient way to introduce
interactions in QFT (e.g. in Quantum Elec-
trodynamics). For details see [11] and [3].
The so introduced gauge bosons in these lo-
cal gauge theories are always massless. To get
rid of this, one can use the so called Higgs-
mechanism, which deals with a spontaneous
breaking of the symmetry of the ground state.
The general idea is, that the ground state does
not obey the symmetry of the Lagrangian
(this also implies that the groundstate is de-
generated). An example for this is the poten-
tial (see also fig. 1))

V(®) = —";@*@ + 2(@*@)2 (11)

which is used to construct the wp-System (see

[7]) discussed below (3).



2.1 Perturbation Theory

2 Peturbation Theory and Feynman
Diagrams

2.1 Perturbation Theory

In perturbation theory one looks at a La-
grangian which can be interpreted as a free
Lagrangian with a small interaction term,
called the perturbation:

L =L + ZLper (12)
A good example for this is the ¢*-Theory,
where Zer = —%gb‘l. In the following we will
have a look at the Hamiltonian, which also

can be splitted in a free one and a perturba-
tion term

H = I+ V (13)
Hy = /d?’f:ﬁaoé—,%:
1% :—/d%:zper:

The most interesting quantity addressed

in perturbation theory is the S-matrix
(scattering-matrix) Sp; which is the transi-
tion matrix between an initial state ¢ and a
final state f. These initial and final states are
supposed to be asymptotically free states, i.e.
eigenstates for ¢ — oo respectively, of 4.
As in ordinary quantum mechanics the time
evolution reads:’

li,t) = T.exp —z’/dﬂ?(T) li,to)  (14)

to
So S becomes:
S = T.exp —i/dﬂN/(T) (15)

5 The operator T. means the time-ordering operator,
for this only is meant to be a short introduction for
details look at [12]

This term can be expanded in a power series,
e.g. in ¢*-theory:

- 1/ in\"

Tc/d4x1...d4xn cotwy) Lt (a)

(16)

By using the creation and annihilation oper-
ators (see 1.1) to express the initial and final
states the matrix element Sy; can be written
as the following;:

nyg n;
St = (Ol TJa@)s [[at@) o) (7
j=1 k=1

Now there are some useful formulas about
time-ordered products of normal ordered op-
The first is the so called LSZ Re-
duction Formula®, with help of the n-point
Greens-function, which can be seen as propa-
gator which connects the n space-time points,

erators.

iG™ (zq,. .. 0| To®(x1) ... B(x,) |0)

(18)

7$n) =

and the assumption that in the remote past
and future the fields are asymptotically free,
it can be found after some calculations (see

[8]) that

. . n+l k l
Spi =dise. + ()" [ 1 o5, 00 1 eq, )

k I
Hl(Dyk +m?) dnl(ﬂyﬁm%i@(k“) (Y150 YR @150 TY)
o= =

(19)

where ¢ means a free state solution of the
Hamiltonian, Z is a constant for normaliza-
tion and disc. means disconnected parts, that
is the situation if one or more particles are not
scattered (because of this is not interesting, it
is not written out here).

The next useful formula is the so called
Dyson-Wick Series, which tells one how to

6 derived by Lehmann, Symanzik and Zimmermann
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change from the Heisenberg picture (time in-
dependent wave functions, operators time de-
pendent) to the interaction picture (for details

see [12] or [6)):
_[ -

(0] §10) iG™
= (0| Teo(a1) - -

The last theorem we need for the follow-
ing discussion is Wick’s Theorem, which al-
lows us to calculate the time ordered product
operators. For this a field operator will be
split into a creation and an annihilation part:
b= q~5+ + ¢_. Furthermore we introduce the
contraction of two operators (signed by a star
right to them) by

TCUV =

(1. ,2p)

P e

UV: +UxVx (21)

It can be calculated that”
0* ‘N/* = 0(t1 — tg) [(54_(1'1)(5_ (1‘2)}

+0(t2 — t1) {%(902)55— (fvl)]

= iAF(.%'l — 1‘2) (22)

This term is called the Feynman-propagator
and can be calculated by using the Fourier
transformation. It can be proved by complete
induction that

! s e nd sum over all
TA..Z= A...Z: +: .
possible contractions

(23) o

2.2 Feynman Diagrams

Now one only has to apply eq. (16) to eq.
(20):
iGM™ (21, an) (0] 5]0) =
=(0|T.®(x1).. @(xn)ki()%(_%)k
/ Y1 dyp:d? (y1):: 0% (yg):[0) (24)
" here () is the step-function:0(z) = { (1) ; ; 8
AB

eg T.ABC = :ABC: + :AxBxC: +:

.7

a) b)
Fig. 2: Feynman-graphs in ¢*-theory: a) outer

|oint, b) inner point (4-vertex)
(20)

The next step is to apply Wick’s Theorem (eq.
(23)) and to keep in mind that the expectation
values with respect to the vacuum state of not
fully contracted operators always vanish. Now
to find all contractions the Feynman diagrams
are introduced: one draws a point with one
leg for every outer space-time point (such as
®(x1)) and a 4-vertex for every inner point
(the number of inner points determines the
order of the contribution in terms A¥). With
further calculations it can be shown, that only
such diagrams contribute to the result, which
do not contain any disconnected parts®. With
help of the so called Feynman-rules one can
read off the expression from these diagrams.
For example here are the Feynman-rules for
¢*-theory in momentum-representation:

e for each vertex write a factor —Z—’}

e cach propagator line carries an internal
or external momentum p; and represents
a factor iDp(p;) = T

the total external momentum has to be

conserved, also at every vertex momen-

tum conservation has to be fulfilled.

e multiply with a symmetry factor!?

e integrate over all internal momenta not
fixed due to momentum conservation:

4
f(dk

Now there is a problem in calculating these
integrals: In almost all cases if they contain so

9 that means parts which have no connection to an
outer point

10 this factor takes care of various permutations of con-
tractions for one diagram giving the same result



3.1 Calculation of the first order contributions

called “loops” (see fig. 3): they are divergent!
To handle this problem one can assume that
the parameters entering in the Lagrangian are
so called bare parameters which cannot be ob-
served. The observed physical parameters are
different from them. So one has to add so
called counter-terms to the Lagrangian, which
are of the same form as the given ones, to
make the integrals non-divergent. This is
called renormalization. At first this may look
a little bit arbitrary, but think of the normal-
ization constants in quantum theory: one al-
ways renormalizes the expectation value for
the whole volume to 1! The main idea is
the existence of the bare parameters and that
these cannot be measured, because there are
always interactions between particles. So one
can never observe a free particle with the bare
parameter, just interacting particles can be
observed and they show the physical parame-
ter.

First one has to give the integrals a proper
meaning of all which is called regularization.
One way to do this is to use dimensional reg-
ularization!! (see [8]). Here one introduces
the dimension of space-time as a parameter
2w, calculates the integrals which are diver-
gent for 2w — 4 and then handles them as
analytic functions in the complex w-plane and
expands them around the pole 2w = 4. This
will not be shown in detail in this short report,
only the final results will be discussed. The
reason for choosing this renormalization tech-
nique is the fact, that symmetries and most
importantly gauge invariance are preserved by
applying dimensional regularization. Another
reason is practical convenience. But the first
is much more important, because the interac-
tions are stated by symmetries.

3 Self-Energies

In the following a model of the mp-system is
treated as discussed in [7]. By using dimen-

M first it is convenient to apply so called Wick’s rota-
tion to change to an Euclidean field theory (see [8])

sional regularization, the one-loop contribu-
tion (see fig. 3) to the mass parameter is cal-
culated for the mp-System.

3.1 Calculation of the first order
contributions

For calculating the first order contributions
(see fig. 3) to the self energies of the p-
meson the following propagators and vertices
are needed (see fig. 4):

S A

12—m2+tie

m-propagator iG.(l) =

prr-vertex'? iTyrr(p,q) = —ig(pu + qu)

pprm-vertex il porn = ig>gh”

Using this one can calculate the following ex-
pressions with help of the dimensional regu-
larization technique.

2w
/% (irpnw(l,l+p)>2

iG(1)iGx (1 +p) (25)

d>1
tad-pole = Q/Wirppﬂﬂ'iGﬂ’(l)(26)

one-loop

Doing all the calculations one gets the final
result (sum of eq.(25) and eq.(26)):

—ill(s) (B2~ g,,) (27)
with: s = p? and
> M3
II(s) = ¢ 6—777; + Cys

2 2
98 —4mz _Amz

t9 2472 ‘ s |
arcoth 1— 4m2" s<0

s

2
X arccot( 4”;77 71) 0§s§4m%(28)

2
artanh( 1— dmy ) S>4mg‘.

s

2 from now on the coupling constant is called g (do
not mix this with the metric tensor g*”



6 3 Self-Energies
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Fig. 5: Electron Form Factor (ratio of these
y ,‘Gzyzg%m y two diagrams)
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Fig. 3: One-loop contributions to the p- 125

selfenergy (one-loop, tad pole
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Fig. 4: Diagrams needed for the calculation
(m-propagator, prm-vertex, ppmwm-vertex)

The infinite part is contained in C, which
reads'?

5 S 1 N 1 L m2 1
= _— _— e _——nNn-- —-
T\ w8 T8 2T 18

(29)

Cu

In eq. (28) it has already been taken into ac-
count by an analytic expansion, that there ex-
ists a pole in the complex s-plane at s = 4m?.
That is just the energy needed to produce the
two m-mesons.

Now to get rid of the infinity one has to
add this as a counter term to the Lagrangian
and therefore gets the renormalized mass of
the p-meson

(30)

3.2 Experimental Data

To compare the (first order) corrections to the
mass parameter derived by the renormaliza-
tion ansatz, it is usefull to look at scatter-
ing processes of pions, like the elastic scat-

tering 7+ + 7~ — @ + 7, with the

13 ~ is Euler’s constant, u is an energy scale
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Fig. 6: Scattering Phase

first order contribution of the intermediate p-
vectormeson. Herefore one has to look at the
transfer matrix'* for this process. The isospin
in this process is fixed to J = 1 (charged
particles) and it its convenient to look at
the channel with angular momentum fixed to
I = 1 because in this energy range the p-
mesons are dominant (otherwise one has to
take into account the mixing of the state with
w-mesons). The complete evaluation of the
scattering phase can be looked up in [7]. In
figure 6 the data'® are plotted and compared
to the theoretical evaluation.

Another attempt to test the theoretical val-
ues is the examination of the electromagnetic
form factor of the pion, which is defined by
the ratio between the real pvy-Vertex, where
a p-meson occurs and a vertex in which the
interaction is direct. (see fig. 5). An experi-
mental test could be made by examining the
7t + 7 — et 4+ e scattering process.
The data'® and the fitted values are shown in
fig. 7.

14

in principle the same as a scattering matrix, but one
uses “transfer” because in the end you stay with the
same particles

5 measured by C.D. Frogatt, J.L. Petersen see [5]

6 measured by S. Amendolia et al., see [1] and L.M.
Barkov et al., see [2]
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