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Abstract

This report summarizes the work of the EMMI Rapid Reaction Task Force on “Real and Virtual
Photon Production at Ultra-Low Transverse Momentum and Low Mass at the LHC”. We provide
an overview of the soft-photon puzzle, i.e., of the long-standing discrepancy between experimental
data and predictions based on Low’s soft-photon theorem, also referred to as “anomalous” soft
photon production, and we review the current theoretical understanding of soft radiation and soft
theorems. We also focus on low-mass dileptons as a tool for determining the electrical conductivity
of the medium produced in high-energy nucleus-nucleus collisions. We discuss how both topics can
be addressed with the planned ALICE 3 detector at the LHC.
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1. Introduction

The measurement of low-energy real and virtual photons in high-energy collisions of hadrons
and nuclei provides access to fundamental physics questions. In this report we focus on soft-photon
production and tests of the range of validity of Low’s soft photon theorem as well as on the extraction
of the electrical conductivity of the medium created in nucleus-nucleus collisions with the aid of soft
virtual photons. In experimental tests of Low’s theorem, striking discrepancies between predictions
and data were found. No agreement exists on their possible origin, despite more than 40 years of
research. On the theory side, there is a considerable interest in soft theorems as they are related to
symmetries reflecting the infrared structure of gravity and gauge theory. The electrical conductivity
is a key property that characterizes the produced quark-gluon plasma and the hadron gas. The
production rate of low-energy virtual photons, measurable as e+e− pairs in the experiment, is
sensitive to the electrical conductivity. However, extracting this electrical conductivity is challenging
and so far few experimental constraints exist. The planned ALICE 3 detector at the LHC provides
the opportunity to quantitatively address both questions. We summarize the current theoretical
understanding of the two topics and discuss experimental opportunities and challenges.

2. The soft-photon puzzle

2.1. Introduction
Bremsstrahlung produced in scattering processes can be attributed to accelerated charges be-

tween the incoming initial-state and outgoing final-state charged particles, as well as to accelerations
happening in the short-lived intermediate state. However, bremsstrahlung photons with a suffi-
ciently long wavelength cannot resolve the intermediate state and consequently their production is
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solely determined by the overall change of currents from the initial to the final state. Photons which
satisfy this long-wavelength criterion are called soft photons. For inelastic hadronic interactions,
the order of magnitude for the spatial extent of the intermediate state and its lifetime are usually
estimated to be ∆x ≈ 1 fm and ∆t ≈ 1 fm/c, respectively. The wavelength of a 100 MeV photon
is about 12 fm. Thus, photons with energies less than 10–100MeV are expected to qualify as soft
photons for inelastic hadronic interactions.

Particle production in hadronic collisions at high energies is often modeled as the fragmentation
of a QCD string spanned along the beam axis. The various string fragments can be viewed as
particle sources that move along the beam direction with different velocities. Following an old
argument by Gribov [1], for such systems the transverse momentum with respect to the beam
axis has been traditionally used to characterize the softness of a produced photon. As the mean
transverse momentum of pions is in the order of pπT ≈ 300–500MeV/c, soft photons are often defined
as photons whose transverse momentum kT satisfies kT ≪ pπT .

In 1958 Francis Low wrote a seminal paper on how to relate the production of soft photons
with the production of charged particles involved in a scattering process [2]. Low considered 2-to-2
scattering processes plus an additional photon in the final state and based on a quantum mechanical
treatment, he provided expressions for σ0 and σ1 in the power expansion

σ =
σ0
ωk

+ σ1 + ωkσ2 + . . . (1)

of the cross section where ωk is the photon energy corresponding to a four-momentum k. A gen-
eralized expression for the leading-power term for n-to-m scattering processes is tested in various
hadronic scattering experiments. Surprisingly, some of the experiments found a significant excess
of low-energy photons compared to the expectation from the leading term σ0 in Low’s theorem.
The ratio of measured-over-expected photons is in the range between 4–8, see Tab. 1. Moreover, an
excess by a factor of four is also found by the DELPHI experiment in e+e− → n jets collisions. This
is now referred to as the soft-photon puzzle, and one refers to the excess as anomalous soft-photon
production. The experimental situation, however, is unsatisfactory, as some experiments did not
observe an excess above the expectation from Low’s theorem. Previous reviews of this subject and
the existing measurements can be found in [3–9].

2.1.1. Overview of soft-photon measurements
Here we give a brief overview of data on soft-photon production in high-energy collisions, and

we highlight selected results. Important results are summarized in Tab. 1. To study the soft-photon
signal, all experiments subtract the background photons coming from the decay of hadrons, which
is dominated by the decay π0 → γγ. A remaining serious experimental background for the inner-
bremsstrahlung signal as calculated with Low’s formula then is external bremsstrahlung created by
electrons and positrons in the detector material.

Early bubble-chamber experiments gave conflicting results on soft-photon production. While
no excess above the expected inner-bremsstrahlung signal is found in π−p collisions with a beam
momentum of 10.5 GeV/c at the Stanford Linear Accelerator Center (SLAC) [10], a strong en-
hancement is found by the WA27 collaboration in 70GeV/c K+p collisions using the Big European
Bubble Chamber (BEBC) at the CERN Super Proton Synchrotron (SPS) [11]. A few years later,
anomalous soft-photon production was reported at higher energies in π+p and K+p collisions at
250 GeV/c by the EHS-NA22 collaboration using the Rapid Cycling Bubble Chamber (RCBC) [12].
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A first confirmation of a photon excess from an experiment not using a bubble chamber came
from the SOPHIE/WA83 experiment at CERN’s Omega spectrometer. Employing electromagnetic
calorimeters, this experiment found a significant low-pT excess in π−p collisions at 280 GeV/c beam
momentum [13]. However, a few years later, Antos et al. did not find a significant excess above
the expected hadronic inner bremsstrahlung in p–Be collisions at 450 GeV/c in two independent
measurements, one based on the photon conversion method and the other based on a barium-
fluoride calorimeter [14]. Using also barium-fluoride calorimeters, the same conclusion was reached
by Tincknell et al. for p–Be and p–W collisions at 18 GeV/c [15].

Figure 1: Left panel: Setup of the WA102 experiment, located at CERN’s Omega spectrometer. Photons from p–p
collisions in a liquid hydrogen target are measured by reconstructing e+e− tracks resulting from photon conversions
in a 1mm thick lead converter [6]. Right panel: The left-hand figure shows the measured photon pT spectrum along
with the expected background photons (BG, open circles) and inner-bremsstrahlung signal (Brems, open triangles).
The background photons comprise the photons from hadron decays and secondary photons. Secondary photons are
external bremsstrahlung photons, resulting from electrons and positrons produced in a photon conversion. The right-
hand figure shows the measured photon yield after the subtraction of the background. The excess above the inner
bremsstrahlung signal has approximately the same shape as the inner bremsstrahlung spectrum.

In a series of measurements at CERN’s Omega spectrometer, again, a significant photon excess
was observed [6, 16, 17]. These measurements were based on the photon-conversion method, allowing
the reconstruction of the photons’ line of flight. This made it possible to suppress background of
photons not coming from the target region. An excess above the expected inner-bremsstrahlung
signal of a factor of about 4–5 was observed in these experiments in π−p collisions at 280GeV/c
and pp collisions at 450 GeV/c. A first publication quoted an even larger excess, however, later a
problem in the calculation of the bremsstrahlung signal was identified [17].

An important addition to the set of soft-photon measurements was made by the DELPHI ex-
periment in e+e− → jets reactions at the Z pole (

√
s = 91GeV) [7]. At relatively small transverse

momenta with respect to the jet axis (pT < 80MeV/c), an excess of photons above the inner-
bremsstrahlung signal of about a factor 4 was observed. In e+e− → µ+µ− collisions, however,
the measured photon signal agreed with the calculated inner-bremsstrahlung signal [7], see Fig. 2.
In particular, the dependence of the photon yield on the angle θ between the radiating muon
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Figure 2: DELPHI results on soft-photon production in e+e− → n jets (upper panels) and e+e− → µ+µ− (lower pan-
els) at

√
s = 91GeV as a function of the transverse momentum pT and the angle θ relative to the reconstructed jet axis

or muon direction, respectively [7, 18]. The measured photon yield shows an excess above the inner-bremsstrahlung
signal, as calculated based on Low’s theorem in e+e− → n jets. In e+e− → µ+µ−, a suppression of photons with
angles θ ≲ mµ/Eµ ≈ 0.0023 due to the dead-cone effect is visible.

and the emitted photon exhibited an expected depletion at small angles θ ≲ mµ/Eµ known as
dead-cone effect, see Sec. 2.2.1. These findings suggest that the anomalous soft-photon produc-
tion is related to the production of hadrons. Studying the characteristics of the photon excess in
e+e− → jets, DELPHI found that the ratio γmeas/γbrems of the measured signal over the expected
inner-bremsstrahlungs signal was constant as a function of the charged-particle multiplicity within
a jet. The neutral-particle multiplicity of a jet (dominated by the number π0’s) was estimated
based on the number of clusters reconstructed in the electromagnetic calorimeter and the number of
reconstructed conversions of photons with energies above 1 GeV. Somewhat surprisingly, the ratio
γmeas/γbrems was found to strongly increase with the multiplicity of neutral particles of a jet, reach-
ing an excess up to about a factor 15 or larger for large neutral-particle multiplicities [19]. This is
illustrated in Fig. 3.

In Ref. 3, the DELPHI collaboration stresses that the dependence of the photon excess on the
multiplicity of neutral particles of a jet is a particular challenge for most model approaches. As
explained in this paper, this feature of the data might point to a general picture, where the extra
radiation results from dipole radiation of qq̄ quark pairs formed in the fragmentation process. The
dipole moment of a neutral qq̄ pair is larger than the one of a qq̄ pair with electric charge of ±1. As
dipole radiation scales with the square of the dipole moment, the radiation strength of a neutral qq̄
pair can be up to almost an order of magnitude higher than for a charged qq̄ pair. DELPHI also
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Figure 3: Photon yield per jet and the ratio γmeas/γbrems as a function of the charged (Nch) and neutral (Nneu)
multiplicity of the jets in e+e− → n jets events, as measured by DELPHI [19]. Nneu is calculated based on the
number of showers in the electromagnetic calorimeter and the number of converted photons, and is defined in a way
that it approximates the number of π0’s in the jet.

points out that soft-photon production associated with qq̄ production built upon the space-time
structure of the Lund string fragmentation model is not strong enough to describe the data [20].

We close this section by mentioning further measurements that are interesting with regard to
Low’s theorem. Yu. M. Antipov et. al. studied pion radiative scattering (π−p → π−pγ) at the
Serpukhov accelerator [21]. In this experiment, 43GeV/c π− impinged on a liquid-hydrogen target.
The scattered pion was deflected by a magnetic field, and the photon energy was measured in
the forward direction with a lead glass calorimeter. Calculations based on the Low theorem were
found to agree with the data up to photon energies of 40GeV. The results were interpreted as
a confirmation of Gribov’s prediction of an extended range of applicability of Low’s theorem [1].
The WA93 collaboration measured inclusive photons in 200GeV/nucleon 32S + Au collisions with
a small-acceptance BGO detector [22]. In the first bin of the kT spectrum (kT ≲ 68MeV/c),
an excess above the expected decay-photon yield was observed. Experimental background and
hadronic bremsstrahlung were not sufficient to explain the excess [23]. Finally, we note that inner
bremsstrahlung was also studied in radiative decays of the neutron (n → pe−ν̄eγ). The sudden
acceleration of the electron in the electromagnetic field of the proton gives rise to bremsstrahlung
which can be calculated within quantum electrodynamics (QED). The energy spectrum of the
electron has a maximum at around 200 keV and an endpoint energy of 782 keV [24]. Bremsstrahlung
photons were measured from 0.4 keV up to the endpoint energy [25]. No deviations from a QED
calculation were found [26]. The rather low lower-energy limit of the measurement of 0.4 keV appears
to suggest that Low’s theorem holds for radiative neutron decays.
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Exp. year pbeam or
√
s photon kT γmeas/γbrems method Ref.

π+p 1979 10.5GeV/c pT < 20MeV/c 1.25± 0.25
bubble
chamber

Goshaw et al.
[10]

K+p
WA27, CERN 1984 70 GeV/c kT < 60MeV/c 4.0± 0.8

bubble
chamber
(BEBC)

Chliap-
nikov et al. [11]

π+p
CERN, EHS,
NA22

1991 250 GeV/c kT < 40MeV/c 6.4± 1.6
bubble
chamber
(RCBC)

Botterweck et al.
[12]

K+p
CERN, EHS,
NA22

1991 250 GeV/c kT < 40MeV/c 6.9± 1.3
bubble
chamber
(RCBC)

Botterweck et al.
[12]

π−p
CERN, WA83,
OMEGA

1993 280 GeV/c kT < 10MeV/c
(0.2 < Eγ < 1GeV) 7.9± 1.4 calorimeter Banerjee et al.

[13]

p–Be 1993 450 GeV/c kT < 20MeV/c < 2
pair
conversion,
calorimeter

Antos et al. [14]

p–Be, p–W 1996 18GeV/c kT < 50MeV/c < 2.65 calorimeter Tincknell et al.
[15]

π−p
CERN, WA91,
OMEGA

1997 280 GeV/c kT < 20MeV/c
(0.2 < Eγ < 1GeV) 7.8± 1.5

pair
conversion

Belogianni at al.
[16]

π−p
CERN, WA91,
OMEGA

2002 280 GeV/c kT < 20MeV/c
(0.2 < Eγ < 1GeV) 5.3± 1.0

pair
conversion

Belogianni at al.
[17]

pp
CERN, WA102,
OMEGA

2002 450 GeV/c kT < 20MeV/c
(0.2 < Eγ < 1GeV) 4.1± 0.8

pair
conversion

Belogianni at al.
[6]

e+e− → n jets
CERN,
DELPHI

2006 91 GeV (
√
s) kT < 80MeV/c

(0.2 < Eγ < 1GeV) 4.0±0.3±1.0
pair
conversion DELPHI [7, 19]

e+e− → µ+µ−

CERN,
DELPHI

2008 91 GeV (
√
s) kT < 80MeV/c

(0.2 < Eγ < 1GeV) ∼ 1
pair
conversion DELPHI [18]

Table 1: Overview of soft-photon measurements. The column “γmeas/γbrems” shows the ratio of the measured photon
yield over the inner-bremsstrahlung yield calculated based on Low’s theorem. The column “pbeam or

√
s” lists the

momentum of the beam for fixed-targets experiments and the center-of-mass energy for the DELPHI measurements.

2.1.2. Attempts from theory
Various attempts were made to explain the observed excess of soft photons, see, e.g., [3, 27–34].

Most models introduce an additional source of soft-photon production. The authors of the latter
references point out that the DELPHI results suggest an additional mechanism for soft-photon
production due to non-perturbative QCD evolution and the dynamics of hadronization. However,
while the proposed processes may be relevant when approaching the Low region they generally
vanish as kT → 0.

Presently, no agreement exists on the possible origin of the observed excess in soft-photon-
production. Clearly, this calls for a new effort in measuring ultra-soft-photon production in hadronic
collisions in a systematic way.
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Paper by Barshay. In Ref. [27], S. Barshay argues that the approach to a transient phase of coherent
pion condensation could, through the modification of the dispersion relation for pions in such a
phase, induce an enhanced production of photons in the low-momentum regime.

Papers by Shuryak. In refs. [28, 35], E. Shuryak discusses a model for a “pion liquid” that could form
in hadronic collisions. Here, charged pions undergo several random collisions inside the medium.
For photon frequencies that are small compared to the lifetime of this liquid the usual Low-theorem
result is recovered while an enhancement is observed at somewhat larger frequencies where the
in-medium collisions can be resolved.

Papers by Lichard and Van Hove. In Ref. [29], P. Lichard and L. Van Hove discuss a model that
goes back to earlier work of Van Hove [36] where photons are emitted from supposedly rather
long-lived “globs” of very soft partons. As they argue, such blobs of “cold quark-gluon plasma”
could need much time to hadronize, and, during this hadronization process, could produce photons
at intermediate frequencies. A more detailed analysis of this model is presented together with a
discussion of experimental data in a later paper [3].

Paper by Czyż and Florkowski. In Ref. [30], the authors investigate photon production from a
boost-invariant model for fragmenting color-flux tubes described as classical color strings between
quarks that are themselves created by Schwinger pair production from the color fields. Since this
fragmentation dynamics extends in time and space, one finds an enhancement over the leading Low
formula at intermediate photon frequencies.

Paper by Botz, Haberl and Nachtmann. In Ref. [31], the authors propose synchroton radiation
of quarks in hadron-hadron collisions. When quarks and antiquarks in a hadron move through
the QCD vacuum, they are under the influence of chromoelectric and chromomagnetic vacuum
fields. The chromomagnetic Lorentz force causes deflections of the electrically charged quarks and
antiquarks leading to the emission of synchroton radiation with photon energies below 300 MeV in
the center-of-mass system of the collision in addition of hadron bremsstrahlung.

Paper by Hatta and Ueda. In Ref. [32], the authors determine an analog of the inclusive cross
section for photon production in electron-positron annihilation in N = 4 supersymmetric Yang-
Mills theory. The calculation is done both perturbatively and, at leading order in the large-N limit,
from holography. They find a contribution with similar kinematic dependence as bremsstrahlung
photons, and speculate that this might help to resolve the soft-photon puzzle. Since the particle
content of N = 4 supersymmetric Yang-Mills theory differs substantially from the real world (it
has many massless charged particles and is non-confining), it is difficult to judge whether the found
mechanism is universal enough or not.

Paper by Wong. In Ref. [33], Wong constructs a two-dimensional model with the gauge group
SU(3) × U(1), and finds a way to map it to a scalar quantum field theory which contains mesons,
but also a massive photon. He then argues that the non-equilibrium dynamics of this model, which
features hadronization through meson production in its strong sector, can describe anomalous soft-
photon-production.
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Paper by Kharzeev and Loshaj. In Ref. [34], D. E. Kharzeev and F. Loshaj describe a mechanism
for photon production from the oscillating electromagnetic currents that arise during the process of
string fragmentation. When a pair of highly energetic quarks separates, the QCD string between
them pulls additional quark-antiquark pairs from the vacuum which screen the original color fields
but also generate additional ones, leading to a multistaged process of particle production. This
results in oscillating electromagnetic currents, which in turn act as sources for electromagnetic fields
or photons. The constructed model leads to an enhanced production of photons at intermediate
frequencies with the energy scale set by the QCD string tension, and the width of a neutral isoscalar
resonance. The latter is taken as a fit parameter by Kharzeev and Loshaj, and they arrive thus at
a model which describes the photon yields found by the DELPHI Collaboration in hadronic events
as a function of the jet momentum, reasonably well.

Attempts from perturbative QCD. Useful information in the calculation of soft-photon spectra has
been brought by analyses in perturbative QCD with massless quarks. Specifically, Ma, Sterman,
and Venkata [37] computed a three-loop correction of order α3

s/ω to the leading power form of
Low’s theorem. Similarly, other authors [38, 39] pointed out that the next-to-leading power term in
the soft expansion receives a one-loop correction which is logarithmic in the soft momentum (i.e.,
schematically of order αs log(ω)), and thus might be enhanced for small momenta. However, it
still remains an open question how these perturbative results can be linked to the non-perturbative
regime.

Conclusion from different theory attempts. Overall, none of the proposed approaches can convinc-
ingly explain the experimentally observed excess of soft photon production. However, this soft-
photon puzzle might hint at non-perturbative QCD physics, specifically hadronization. When the
duration ∆τ of the collision, i.e., the time between the moment of collision and the formation of
final-state momenta is prolonged by the hadronization dynamics, the effective expansion parameter
of the soft expansion ω∆τ increases which implies that the strict regime of validity of the soft
expansion is shifted to much smaller photon momenta. Accordingly, if the considered momentum
range is kept fixed, subleading terms in the expansion might become sizeable, which would lead to
an apparent deviation from the soft theorem. Although the contribution of these subleading terms
near the Low divergence should be negligible, it would be interesting to measure them. Such an
estimate would give access to effects that so far have not been quantified in soft photon spectra,
such as the spin and the recoil of the charge emitter, the role of collinear effects and the dependence
of the soft spectrum on the strong coupling constant.

2.2. Soft radiation and soft theorems
2.2.1. Low’s leading soft theorem: classical bremsstrahlung

The phenomenology of soft-photon radiation is closely related to the problem of infrared diver-
gences in QED and to the long-range nature of the electromagnetic interaction, i.e., the vanishing
mass of the photon as dictated by the underlying Abelian gauge symmetry. In contradistinction
to the problem of ultraviolet (UV) divergences in the perturbative evaluation of higher-order cor-
rections, the IR problem has been addressed as early as in 1937 by Bloch and Nordsieck [40] on
the level of cross sections for transitions including the emission of arbitrary numbers of low-energy
photons. They showed that in the soft photon limit the total probability for an electron transition
is unaffected by the emission of an infinite number of low-energy photons while the total energy
emitted remains finite, thus recovering the well-known result from classical electrodynamics. The
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modern interpretation and solution to this IR problem can be attributed to Yennie, Frautschi and
Suura [41] and to Weinberg [42] who showed that by considering the finite energy resolution of
detectors — where an arbitrary number of “soft photons” with energies below this resolution can es-
cape undetected — the cross sections for e.g., elastic scattering, in addition to radiative corrections
to all orders of perturbation theory, are IR finite.

From a more physical point of view, the infrared (IR) problems are due to the long-range nature
of the electromagnetic interaction and thus to the inadequacy of naive Fock charged-particle states
as the asymptotic states of scattering theory. Rather, the true asymptotic state is a charged particle
surrounded by its own electromagnetic field. Formally, these asymptotic states are given by so-called
“infra-particle states”, i.e., states describing a charged particle together with a photon-coherent state.
As shown in [40, 43–46], indeed when using the correct infra-particle states with the usual QED
scattering operator, all IR divergences cancel, and the corresponding cross sections coincide with
those obtained in the more conventional Bloch-Nordsieck approach. For a recent review, including
the relation to asymptotic or large gauge symmetries, see [47].

Low’s soft theorem [2] states that the amplitude of emission or absorption of very low-energy
quanta in any given transition with charged particles can always be expressed as a soft factor times
the amplitude of the transition without the emission or absorption of the very low-energy quanta.
Low obtained this result for spin-0 particles using the Ward identity, giving expressions for the
leading and next-to-leading terms in the multipole or soft expansion of cross sections in Eq. (1). The
extension for particles of spin 1/2 is due to Burnett and Kroll [48]. The generalization for particles
of arbitrary spin has been given by Bell and Van Royen [49]. The modern treatment of Low’s
theorem is due to Weinberg [42], who demonstrated the universal behavior of this soft factorization
for all Abelian theories as well as gravity, and showed the exact cancellation of IR divergences of
cross sections between unobserved real and virtual low-energy bosons in these theories to all orders
in perturbation theory. This section presents a comprehensive introduction to Low’s theorem and
the general features of classical soft-photon radiation.

xμ(τ) = pμ
i

m
τ

xμ(τ) = pμ
f

m
τ

Qi, pi Qf , pf

Figure 4: A classical depiction of a single-particle transition experiment where a charge Qi is prepared with initial
momentum pi and goes out with charge Qf = Qi and final momentum pf after undergoing an unspecified interaction
in a localized region of space-time, illustrated by a blob.

Before introducing Low’s theorem, let us consider the classic radiation scenario of a single
charged-particle transition like the one depicted in Fig. 4. There, a particle carrying charge Qi in
units of the electron charge e is prepared with initial momentum pi. After an interaction, which
does not need to be further specified, it goes out with final momentum pf and charge Qf = Qi = Q.
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The classical photon field induced by this charge during the process is easily obtained from the
solution to the Maxwell equations, namely

Aµ(x) =

∫
d4yDµν(x− y)Jν(y) =

∫
d4k

(2π)4
e−ik·x

{
− gµν
k2 + i0+

+ (1− ξ)
kµkν

(k2 + i0+)2

}
J̃ν(k) (2)

where Dµν(x − y) is the photon propagator and Jµ(x) ≡
(
ρ(x), j(x)

)
the classical current density

induced by the charged particle along its path xµ(τ) in the transition

Jµ(x) = Qe

∫ ∞

−∞
dτẋµ(τ)δ4(x− x(τ)) . (3)

Here τ is the particle’s proper time, and Q its electric charge in units of e. In the last step in
Eq. (2) we Fourier transformed to momentum space, where kµ is the momentum of the photon,
µ = 0, 1, 2, 3, k2 = kµk

µ, ξ the gauge fixing parameter, and the small imaginary part i0+ ensures
that positive and negative energy modes of the gauge field propagate forward and backward in
time, respectively. We are interested in computing the form of this photon field at low momentum
k or, equivalently, at large distances x. At large x, the particle follows the classical straight-line
trajectory of Fig. 4 given by

xµ(τ) =
pµi
m
τ for τ < 0 , xµ(τ) =

pµf
m
τ for τ > 0 , (4)

where m is the mass of the charged particle. Using Eq. (4), the current at large x can now be easily
obtained as

Jµ(x) ≃
∫ ∞

0
dτ

[
Qfe

pµf
m

]
δ4
(
x− pf

m
τ
)
+

∫ 0

−∞
dτ

[
Qie

pµi
m

]
δ4
(
x− pi

m
τ
)
, (5)

and its Fourier transform then reads

J̃µ(k) =

∫
d4xeik·xJµ(x) =

∫ ∞

0
dτ

[
Qfe

pµf
m

]
ei

k·pf
m

τ +

∫ 0

−∞
dτ

[
Qie

pµi
m

]
ei

k·pi
m

τ

= ie

{
Qf

pµf
k · pf

−Qi
pµi
k · pi

}
,

(6)

where in the last step we integrated in τ and neglected the boundary terms at plus and minus
infinity. When substituting now Eq. (6) into Eq. (2) we see that the gauge-dependent terms —
those proportional to kµkν within the photon propagator in Eq. (2) — will vanish due to charge
conservation ∂µJµ(x) = 0, namely they will give rise to terms

kµJ̃
µ(k) = ie(Qf −Qi) = 0 . (7)

Thus, plugging Eq. (6) into Eq. (2) and setting Qf = Qi = Q yields

Aµ(x) = iQe

∫
d4k

(2π)4
e−ik·x

−gµν
k2 + i0+

{
pνf
k · pf

− pνi
k · pi

}
. (8)
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The integral in k0 in this expression can easily be performed by using complex analysis. Defining
the k0 integration contour for (t > 0) in the lower half complex plane, enclosing the k0 = ωk − i0+

pole, where ωk = |k| is the frequency of an on-shell photon, simply gives1

Aµ(x) = Qe

∫
d3k

(2π)3
e−iωkt+ik·x−gµν

2ωk

{
pνf
k · pf

− pνi
k · pi

}
, for t > 0 . (9)

It remains to determine the amplitude of finding within this field an on-shell photon mode of
momentum k = (ωk,k) and polarization λ. This can easily be done by noticing that the sum over
physical photon polarizations can be expressed as∑

λ=1,2

εµ(k, λ)ε
∗
ν(k, λ) = −gµν −

kµkν
(k · n)2 +

kµnν + kνnµ
(k · n) , (10)

where nµ = (1,0) is a normalized time-like vector. Substituting then −gµν in Eq. (9) with Eq. (10)
and noticing once again that the kµkν , kµην and kνηµ terms can be neglected because they vanish
due to charge conservation, one can rewrite Eq. (9) as

Aµ(x) =

∫
d3k

(2π)3
1√
2ωk

ϵµ(k, λ)e
−iωkt+ik·xM(pf ; k, λ | pi) , (11)

which is an infinite superposition of normalized free plane waves of a photon with on-shell momentum
k = (ωk,k) and polarization λ,

Afree
µ (x) =

1√
2ωk

ϵµ(k, λ)e
−iωkt+ik·x , (12)

with amplitude denoted M(pf ; k, λ | pi) given by

M(pf ; k, λ | pi) =
Qe√
2ωk

ϵ∗µ(k, λ)

{
pµf
k · pf

− pµi
k · pi

}
. (13)

This is the well-known result from classical electrodynamics for the amplitude of emitting a soft
photon with momentum k = (ωk,k) and polarization λ from an accelerated charge that goes from
initial momentum pi to final momentum pf due to some interaction.

Let us compare now this classical result with the full prediction from quantum electrodynamics,
and introduce to this end Low’s theorem. In the following, we summarize the treatment by Weinberg
[50]. The Feynman diagrams for the soft-photon emission in a single charged-particle transition are
depicted in Fig. 5. For concreteness, we analyze the first diagram (a) in Fig. 5, where the photon
is emitted after the interaction, assuming the charged particle to be a spin-1/2 particle with final
charge Qf , momentum pf , spin sf and mass m.

According to the usual Feynman rules, the diagram (a) of Fig. 5 requires changing the spinor
ū(pf , sf ) for the outgoing charged fermion to

Qfeū(pf , sf )(−i)γµ
i(/pf + /k +m)

(pf + k)2 −m2 + i0+
ϵ∗µ(k, λ)√

2ωk
. (14)

1We neglected the absorptive mode of the photon field for t < 0 corresponding to the k0 = −ωk + iε pole, and the
two Lienard-Wiechert fields at large distances, corresponding to the Coulomb field always present in the presence of
the charge, as we are interested in computing the probability of emitting an on-shell photon.
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M0
fipi

pf + k
pf

k

(a)

M0
fi

pi pi − k pf

k

(b)

Figure 5: Feynman diagrams for the emission of a photon from a single charged-particle transition. The initial state
is prepared with a particle of charge Qi with momentum pi and spin si. An arbitrary interaction is denoted with a
blob with amplitude M0

fi in the absence of emission of a soft-photon. The experiment measures the final momentum
pf , spin sf and charge Qf of the particle after the interaction, and the momentum and polarization of the soft-photon
emitted.

For k = (ωk,k) with ωk = |k| → 0 we can neglect /k in the numerator and use

ū(pf , sf )γ
µ(/pf +m) = ū(pf , sf )

[
{γµ, /pf} − (/pf −m)γµ

]
= ū(pf , sf )2p

µ
f . (15)

Further, using the on-shell conditions p2f = m2 and k2 = 0, we finally get

Ma(pf , sf ; k, λ|pi, si) =
Qfe√
2ωk

ϵ∗(k, λ) · pf
pf · k

M0
fi(pf , sf ; pi, si) +O(ω0

k). (16)

This shows that in the limit |k| → 0 for the soft photon emitted from the outgoing charged-particle
line, the amplitude is given by the product of the amplitude for the process without the emission
of this soft photon multiplied with a factor which is of order O(1/ωk). If the soft photon is emitted
from the incoming charged particle line instead like in (b) of Fig. 5, in the corresponding fermion
propagator we will have pi − k and thus the sign changes compared to Eq. (16) which results in

Mb(pf , sf ; k, λ|pi, si) = − Qie√
2ωk

ϵ∗(k, λ) · pi
pi · k

M0
fi(pf , sf ; pi, si) +O(ω0

k). (17)

If the soft photon is radiated from an inner charged-particle line of a diagram, i.e., from any internal
line within the blob in Fig. 5, there is no divergence for ωk → 0, and thus for the leading-order
soft-photon amplitude O(1/ωk) the amplitude is given by the sum of diagrams (a) and (b) of Fig. 5
in Eqs. (16) and (17),

M(pf , sf ; k, λ | pi, si) =Ma+Mb =
Qe√
2ωk

ϵ∗µ(k, λ)

{
pµf
k · pf

− pµi
k · pi

}
M0
fi(pf , sf | pi, si)+O(ω0

k), (18)

where we used Qf = Qi = Q.
Equation (18) is Low’s theorem for the special case of the emission of a single soft photon in

a 1 → 1 transition of a spin-1/2 particle. We see that the soft factor does neither depend on
the particular features of the transition nor on the spin dimensions of the charged particle, and
it completely agrees with the classical amplitude of soft-photon emission we obtained in Eq. (13).
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The only difference that appears is the presence of the non-radiative transition amplitude M0
fi, i.e.,

without the emission of any photon. Indeed, in a classical calculation there is not such an amplitude
for a charged particle to go from pi to pf , the final momentum pf is completely determined by the
knowledge of the initial condition pi and the classical equations of motion.

p f
Nf

, Q f
Nf

p f
1, Q f

1

S0
αβ

. . .

k, λ

M0
fiM1

fi = + + + ⋯

p f
n, Q f

n

. . .. . .

pi
Ni

, Qi
Nipi1, Qi1 pi

n, Qi
n

. . .

p f
Nf

, Q f
Nf

p f
1, Q f

1

S0
αβ

. . .

k, λ

M0
fi

p f
n, Q f

n

. . .. . .

pi
Ni

, Qi
Nipi1, Qi1 pi

n, Qi
n

. . .

p f
Nf

, Q f
Nf

p f
1, Q f

1

S0
αβ

. . .

k, λ

M0
fi

p f
n, Q f

n

. . .. . .

pi
Ni

, Qi
Nipi1, Qi1 pi

n, Qi
n

. . .

Figure 6: Set of real soft-photon diagrams - one for each external charged particle line of the transition - contributing
to the total amplitude M1

fi of emitting a soft real photon of momentum k and polarization λ in any given i → f
transition.

The previous calculation can easily be extended to the case in which the transition involves not
one but many charged particles, like the one depicted in Fig. 6. Using the shorthand notation

M1
fi ≡M(pf1 , s

f
1 , . . . , p

f
Nf
, sfNf

; k, λ | pi1, si1, . . . , piNi
, siNi

) ,

M0
fi ≡M(pf1 , s

f
1 , . . . , p

f
Nf
, sfNf

| pi1, si1, . . . , piNi
, siNi

) ,
(19)

for the amplitude of the i → f transition with and without the emission of the real soft photon,
Low’s theorem for arbitrary transitions reads

M1
fi =

e√
2ωk

Ni+Nf∑
n=1

ηnQn
ϵ∗(k, λ) · pn

k · pn
M0
fi +O(ω0

k) , (20)

where the sum over n runs over initial and final particles and ηn = +1 or ηn = −1 if the charged
particle is outgoing or incoming, respectively.

The amplitude M1
fi for the production of a soft photon then factorizes into M0

fi, the Feyn-
man amplitude for the production of charged particles only (non-radiative) and the soft-photon
production factor,

e√
2ωk

Ni+Nf∑
n=1

ηnQn
ϵ∗(k, λ) · pn

k · pn
. (21)

It should be noted that the process can of course be accompanied by the production of neutral
particles which are in general not detected.

We remark that, from Eq. (20), the soft-photon production factor arises from the interference of
photon production from incoming and outgoing charged particles. Importantly, one should recognize
that in this soft-photon limit all Feynman diagrams where the soft-photon line is connected to
an internal line corresponding to a virtual charged particle yield a non-diverging and, therefore,
negligible contribution to the soft-photon production cross section. It is then not necessary to
evaluate the contribution of all possible internal loops to the cross section: Low’s leading term is
“tree-level correct”.
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The photon production amplitude in Eq. (21) has a pole whenever p ·k vanishes (in any reference
frame). In the rest frame of the photon emitting charged particle, this implies that the photon energy
must be much smaller than the mass of the charged particle to approach the Low limit.

Generally we have
k · p = ω(E − |p| cos θ), (22)

where E is the energy of the charged particle, |p| the magnitude of its momentum, and θ the opening
angle between the photon and the charged particle. Here, all quantities are evaluated either in the
frame of the radiating particle (particle frame) or in a frame with z-direction along the direction of
the colliding beams (beam frame).

To start with, we consider in the particle frame ultra-relativistic particles (E ≈ |p|) and not too
large angles θ. This results in

k · p ≈ ωE(1− cos θ) ≈ ωE
θ2

2
= kTE

θ

2
, (23)

explicitly exhibiting the connection between k · p and the photon transverse momentum kT . More
generally, the photon energy ω can, in the particle frame or in the beam frame, always be expressed
as ω = kT cosh yk with photon rapidity yk and transverse momentum kT , both in the respective
frame. Clearly, k · p vanishes for ω → 0, leading to the “Low” pole. Note that strictly speaking the
expression (E − |p| cos θ) is always positive, since there exist no massless charged particles. The
above considerations demonstrate that the divergence in the photon energy ω manifests itself as a
divergence in the transverse momentum kT . This was first considered in [1] with the conclusion that
the applicability of the Low theorem might reach well beyond the region originally investigated by
Low.

In collider experiments, the beam frame is used. Then the Low divergence can be measured as
a divergence in the kT of the photons with respect to the beam axis. This is the approach that
will be taken in the ALICE 3 project. The first steps in ALICE 3 will be to test for inclusive
and exclusive reactions the leading order predictions based on Low’s original result with precision
measurements of the associated charged particle distributions. The obvious next steps will be to
extend with ALICE 3 the measurements into higher photon kT regions until π0 decay background
becomes prohibitive.

The generalization of Low’s theorem in Eq. (20) to the emission of many very low-energy photons
of momentum {kr} and polarization {λr}, with r = 1, . . . , Nγ , is given by multiplying the amplitude
of the transition i → f by Nγ soft factors like the one in Eq. (20), one for each low-energy photon
accompanying the transition,

M
Nγ

fi =

Nγ∏
r=1

{
ϵ∗µ(kr, λr)√

2ωk
e

Ni+Nf∑
n=1

ηnQn
pµn

kr · pn

}
M0
fi +O(ω0

k) , (24)

where we analogously abbreviated the radiative amplitude as

M
Nγ

fi ≡M(pf1 , s
f
1 , . . . , p

f
Nf
, sfNf

, k1, λ1, . . . , kNγ , λNγ | pi1, si1, . . . , piNi
, siNi

) . (25)

Equation (24) describes the emission of Nγ very low-energy photons as mutually independent
processes and also insensitive to the particular details of the interactions described by the non-
radiative transition amplitude M0

fi. The soft factor in Eq. (20) continues to exhibit the same
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features as the classical radiation induced by a system of Ni charges coming in from the far past in
uniform motion with momenta {pin}, interacting then in some complicated way that does not need
to be specified to go into a system of Nf charges going out to the far future in uniform motion as well
with shifted momenta {pfn}. Note that charge is conserved, but Nf can be different from Ni. The
leading term in Low’s soft theorem then just reflects the fact that photons with very low momenta
k → 0 radiated during the transition are sensitive only to very large regions of the space-time xµ,
kµx

µ ∼ 1, such that the transition from the initial to the final state becomes for them effectively
instantaneous.

The relevant parameter for the soft approximation is the dimensionless quantity ωT /Λ where ωT
is the total energy radiated in the form of very low-energy photons during the transition and Λ the
infrared (IR) region of soft photons in which the leading term of the soft expansion in Eq. (24) is
strictly valid. To estimate Λ we note that in deriving Eq. (24) we assumed that the total energy ωT
emitted through the Nγ soft photons shall be negligible compared with the energy of the charged
particles in the initial and final states,

ωT = ω1 + . . .+ ωNγ ≪ Ef,in . (26)

According to Weinberg [42], a good strategy is to set Λ equal to m, the typical mass of the external
charged particles and define the IR region of soft photons as those satisfying

ωT
Λ

< 1 , with Λ ≃ m. (27)

However, while the condition in Eq. (27) is necessary to take the soft-photon limit in any of the
external charged-particle lines of the transition it might not be sufficient as the previous calculation
ignored soft photons emitted from the inner charged particle lines. Eventually if the typical time
extent ∆τ of the interactions is sufficiently large — like in processes involving high-multiplicity
events long-lived virtual charged particles and/or interactions with extended matter2 — the cor-
responding IR scale Λ ≃ 1/∆τ for which internal line emissions can be safely ignored can be in
fact much smaller than the condition in Eq. (27). As a consequence, the choice of Λ will generally
be process dependent. For instance, if the transition involves the production of an intermediate
10 GeV J/ψ — with typical decay width of 90 keV and mean life-time of 7 pm/c in the center of
mass frame — the IR region of soft photons emitted by the charged pair decays will be of the order
ω ≲ Λ = 1/∆τ ∼ 30 keV.

We turn now to analyze the general features of the observed soft-photon radiation, considering
for simplicity the emission of a single soft photon in Eq. (20). The generalization to many soft
photons is straightforward. The probability density dI of finding one very-low energy photon of
frequency ω < Λ and momentum k in a volume d3k around k accompanying the transition in Fig. 6
is given by taking the absolute square of the leading term in the soft-photon approximation in

2The limit of applicability of Low’s theorem in the Bethe-Heitler cross section in the presence of matter is the
well-known Landau-Pomeranchuk-Migdal (LPM) effect [51, 52]. The IR region Λ ≃ 1/∆τ in this case can be of the
order of a few MeV, as measured by the SLAC E-146 collaboration [53]. The QCD analog of the LPM effect plays a
fundamental role in describing the physics of jets in ultra-relativistic heavy-ion collisions.
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Eq. (20) and summing over the two possible photon polarizations

dI =
d3k

(2π)3

∑
λ=±1

|M1
fi|2 =

d3k

(2π)3
e2

2ωk

∑
λ=±1

ϵ∗µ(k, λ)ϵν(k, λ)

Ni+Nf∑
n,m=1

ηnQnηmQm
pµnpνm

k · pnk · pm
|M0

fi|2 ,

(28)
where |M0

fi|2 is the differential cross section for the transition without the emission of the very low-
energy photon. To discuss the angular distribution of soft radiation we write k = (ωk,k) = ωk(1, k̂)
and pn = (En,pn) = En(1,βn) and therefore

k · pn = ωkEn(1− βn · k̂) , k · pm = ωkEm(1− βm · k̂) , (29)

where βn = (1,βn) and βm = (1,βm). We can also re-write the polarization sum in Eq. (30) more
conveniently as∑

λ=±1

ϵ∗µ(k, λ)ϵν(k, λ)p
µ
np

ν
m = pn · pm − (k · pn)(k · pm)

ω2
= EnEm

(
βn × k̂

)
·
(
βm × k̂

)
. (30)

Noticing d3k = ω2
kdωkdΩk, where Ωk is the soft-photon solid angle, this leads to

dI = α
dωk
ωk

dΩk

(2π)2

Ni+Nf∑
n,m=1

ηnQnηmQm

(
βn × k̂

)
·
(
βm × k̂

)
(1− βn · k̂)(1− βm · k̂)

|M0
fi|2 , (31)

where α = e2/4π. Due to the dωk/ωk term, the differential spectrum is logarithmically divergent
in the infrared limit when ωk → 0. In addition, the angular distribution of radiation has peaks
orthogonal to the direction of the charged particles in the far past and far future if these are non-
relativistic |βn| → 0, or mostly forward along a small cone of angle θn ∼ 1/γn, where θn is the
angle between k and βn, if these are relativistic |βn| → 1. A direct consequence of the particular
form of the angular distribution in Eq. (31) is the emergence of collinear divergences when the
emitting particle is ultrarelativistic and the dead cone of soft-photon radiation when the emitting
particle is massive. In order to see these two related phenomena, we assume for simplicity that all
charged particles in the transition go in different directions, and therefore their radiation is resolved
angularly for each particle. We focus on the angular distribution of soft photon radiation around a
single charged particle in Eq. (31), with charge Q, mass m and energy E and then

dI = αQ2dωk
ωk

dΩk
(2π)2

|β|2 sin2 θ
(1− |β| cos θ)2 |M

0
fi|2 , (32)

where θ is the angle between the charged particle and the soft photon. If a charged particle would
be propagating along the light cone, i.e., with m = 0 and |β| = 1, in addition to the IR divergence
1/ωk, another divergence from the collinear emission at θ = 0 would occur, in which soft photons
are emitted in the same exact direction as the massless charged particle. In contrast, if the charged
particle is massive, there is instead a suppression of soft-photon radiation around θ = 0, commonly
called the “dead cone”. The width of this dead cone can be obtained from the denominator in
Eq. (32) that can be rewritten as

1− |β| cos θ = (1− cos θ) + (1− |β|) cos θ , (33)
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with the first term corresponding to the massless charged-particle case, with |β| = 1, and the second
to a mass dependent correction. Assuming the massive charged particle is relativistic, then γ ≫ 1
and θ ≪ 1, and we can expand

|β| =
√

1− 1

γ2
= 1− 1

2γ2
+ · · · , cos θ = 1− θ2/2 + · · · , sin θ = θ + · · · , (34)

so that Eq. (32) becomes

dI = αQ2dωk
ωk

dθ

2π

4θ3[
θ2 + θ20

]2 |M0
fi|2, (35)

with θ0 = 1/γ. This well-known suppression of small-angle soft radiation in the dead cone, θ ≲
θ0, has a number of phenomenological implications in heavy-ion collisions and finds immediate
application in the perturbative calculations of heavy-quark fragmentation functions [54]. From the
previous equation, small-angle soft radiation reaches a maximum when

d

dθ

θ3

(θ2 + θ20)
2

∣∣∣∣
θ=θmax

=
θ2max(3θ

2
0 − θ2max)

(θ2max + θ20)
3

= 0 , (36)

this is, at an angle θmax =
√
3θ0 =

√
3/γ with respect to the emitting ultra-relativistic charged

particle. The heavy-to-light ratio of soft radiation off an ultra-relativistic heavy particle (HP) and
off a massless particle (LP) is often expressed as

dIHP

dILP
=

β2 sin2 θ[(
1− cos θ) + (1− |β|) cos θ

]2 (1− cos θ)2

sin2 θ
≃
{
1 +

1

γ2θ2

}−2

=

{
1 +

θ20
θ2

}−2

. (37)

Coming back to the differential spectrum in Eq. (31), it can be integrated over all emission
angles to obtain the differential rate of emission of a soft photon with a frequency between ωk and
ωk+dωk. To perform this integration it is however convenient to go one step back and use the form
in Eq. (28) and the polarization sum in Eq. (10) to find

dI =
α

(2π)2
d3k

ωk

Ni+Nf∑
n,m=1

ηnQnηmQm
−pn · pm

(k · pn)(k · pm)
|M0

fi|2. (38)

We note that Eq. (38) constitutes a coherent sum over all emitting charged particles and thus
interference is implicitly included. This is demonstrated in Fig. 7 that shows the intensity of photon
emission of four charged particles in pseudorapidity η and azimuth ϕ. Suppression of photon emission
along the direction of motion of the emitting particle is visible (dead cone) as well as an interference
pattern bridging the region between charged particles.

Integrating Eq. (38) in the soft-photon solid angle one then gets

dI

dωk
= |M0

fi|2
1

ωk

α

2π

Ni+Nf∑
n,m=1

ηnQnηmQm
1

vnm
log

1 + vnm
1− vnm

, with vnm =

√
1− m2

nm
2
m

(pn · pm)2
, (39)

where vnm is the relative velocity of each charge n in the rest frame of another charge m. The
above result is sometimes expressed in terms of four-dimensional pairwise cusp angles γnm between
charged particles as

dI

dωk
= |M0

fi|2
1

ωk

α

π

Ni+Nf∑
n,m=1

ηnQnηmQmγnm coth γnm , with cosh γnm =
pn · pm
mnmm

. (40)
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Figure 7: Intensity of photon emission of four charged particles in pseudorapidity η and azimuth ϕ according to
Eq. (38). The direction of the particles is given by the dots, with blue and red signifying opposite values of ηnQn.
This example shows an increased emission between particles of equal charge, and suppressed emission between particles
of opposite charge.

The total probability for emission of a soft photon in the IR region ωk < Λ logarithmically diverges
in the low-frequency limit as

I = |M0
fi|2

α

π

Ni+Nf∑
n,m=1

ηnQnηmQmγnm coth γnm

∫ Λ

λ

dωk
ωk

, (41)

where λ is the IR cut-off and hence the number of emitted photons in the IR region is effectively
infinite. However, the total emitted energy is still finite since the quantity ωkdI/dωk is well-behaved
in the λ→ 0 limit. As it is well known these IR divergences always appear in cross sections due to the
emission of arbitrary numbers of soft real photons and cancel exactly to all-orders in perturbation
theory with the IR divergences introduced by the existence also of arbitrary numbers of virtual soft
photons accompanying any transition.

2.2.2. Low’s leading soft theorem: symmetry considerations
As shown in the previous section using either classical or quantum mechanical arguments, in-

variant S-matrix elements for the amplitude of emission of soft photons during a transition relate
to leading power in the 1/ω expansion where ω is the emitted photon energy to S-matrix elements
for the transitions to take place without the emission of the soft photon. In this section, we will
show how this very general result can be traced back to very fundamental aspects of the gauge
interactions, ultimately related to Lorentz and gauge invariance and the massless nature of gauge
bosons.

Gauge interactions are typically described on a very fundamental level with Quantum Field
Theories (QFTs). In these formulations, both particles and forces are described on equal footing
through local field operators in space-time. The analogous mechanism of the classical “action at
a distance” or force between any two “particles” is hence described by the propagation of a gauge
field from one space-time point to another. In order to make this propagation and the underlying
theory fully compatible with the (special) relativistic structure of space-time, i.e., consistent with
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the limiting speed of light one introduces a microcausality principle according to which any two
local observables in nature must necessarily commute for space-like separated coordinates,

[Ô1(x), Ô2(y)] = 0 for (x− y)2 < 0. (42)

These local observables can always be expressed in terms of local quantized field operators. The
latter are constructed by finding irreducible representations of the proper orthochronous Poincaré
group, i.e., the group generated by space-time translations, Lorentz boosts, and spatial rotations
[50, 55]. Any irreducible representation can be constructed by first considering the momentum
eigenstates. Since p2 = m2 is a Casimir operator of the Poincaré group, it is one of the parameters
characterizing any irreducible representation. Accordingly, only representations with m2 > 0 (lead-
ing to the description of massive particles) or m2 = 0 (leading to massless particles) are consistent
with the microcausality principle for interacting fields in Eq. (42).

Let us now discuss these two possible situations separately. For an irreducible representation
with m2 > 0, any momentum eigenstate |p, α⟩ can be obtained through a Lorentz boost of the
zero-momentum eigenstate |p = 0, σ⟩. The possible degeneracy of this state is then characterized
by the action of the Poincaré subgroup, which leaves p = 0 invariant. This is the spatial rotation
group SO(3) or, in quantum theory, its covering group SU(2). In other words, |p = 0, σ⟩ must span
an irreducible representation of SU(2). The corresponding Casimir operator s2 defines the spin s
of the particle, with s ∈ {0, 1/2, 1, 3/2, . . .}, corresponding to the eigenvalue s(s + 1) for s2 and
sz ∈ {−s,−s + 1, . . . , s − 1, s}. This SU(2) is known as the little group of the massive irreducible
representation of the Poincare group.

On the other hand, for m = 0, one has instead p2 = (p0)2 − p2 = 0. Here one can choose
an arbitrary light-like “standard momentum” vector p = (κ, 0, 0, κ), and the little group in this
case is the Lorentz subgroup which leaves this light-like four-vector invariant, i.e., either rotations
around the z-axis or “null rotations”. Altogether, one finds that the little group is isomorphic to the
symmetry group of the Euclidean plane, ISO(2). Now, given that the “translations” in this group
lead to continuous eigenvalues of the corresponding generators, this would physically imply the
existence of a continuous spin/polarization of the massless particles described by the theory. Since
this has never been observed in nature, this implies that the null rotations must be represented
trivially so that only the rotations around the z axis can lead to non-trivial operations on the fields.
Since for the z-rotations the possible spin values are {0, 1/2, 1, . . .}, then the representation of the
Poincaré group constructed in this way leads to the right representation of the spatial rotations.

The crucial observation to be made is that the previously mentioned triviality of the null ro-
tations can only be achieved within a local QFT by assuming gauge invariance in our theory. For
instance, for Abelian gauge bosons with s = 1 in quantum electrodynamics (QED), the standard
way to realize the representation of the Poincaré group is to use a four-vector field Aµ(x) represent-
ing the photon. The massless nature of this particle is then expressed as □Aµ = 0, and the triviality
of the null rotations is then achieved by assuming that for any scalar field χ, the transformed field
A′
µ = Aµ+ ∂µχ describes the same physical scenario and therefore the theory is gauge invariant. It

immediately follows that only two polarization states for the photon are physical corresponding to
the helicity values h = p · s/|p| ∈ {s,−s} (for photons s = 1, i.e., h ∈ {1,−1}).

To describe the interactions of such a massless gauge field with the matter fields, for instance,
electrons and positrons in QED, the Lagrangian, and equations of motion must be also gauge
invariant. The local gauge transformations for the matter fields read ψ → exp(−iqχ)ψ, ψ̄ →
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exp(+iqχ)ψ̄. In QED the gauge invariant field-strength tensor is given by

Fµν = ∂µAν − ∂νAµ, ∂µF
µν = Jν , (43)

such that necessarily
∂µJ

µ = ∂tJ
0 +∇ · J = 0, (44)

which implies the conservation of the electric charge,

Q =

∫
R3

d3xj0(x). (45)

We already found how this classical charge conservation in Eq. (7) is precisely a Ward identity
ensuring the gauge invariance of all radiative S-matrix elements and constraining their exact form
in the soft-photon k → 0 limit, namely Low’s soft theorem. The previous equivalence between soft
theorems and Ward identities was first noted by Weinberg in [56, 57] who showed that conservation
of charge in QED and Einstein’s equivalence principle in gravity — the equality of gravitational and
inertial mass — follow directly from Lorentz invariance the existence of massless particles of spins
s = 1 and s = 2 called photons and gravitons and the pole structure of the scattering amplitudes.
In short, charge and gravitational mass are soft photon and graviton coupling constants, hence if a
process violates charge conservation then the same process with inner-bremsstrahlung of an extra
soft photon (or graviton) would violate Low’s soft theorem and hence Lorentz invariance. Indeed, as
noted by Weinberg the S-matrix element for the emission of a photon or graviton can be written as
the product of a photon field polarization “vector” ϵµ or “tensor” ϵµϵν , respectively, with a Lorentz
covariant vector or tensor amplitude. The “vector” ϵµ(q, λ) is not a four-vector but under a Lorentz
transformation goes to ϵµ(q, λ) → ϵµ(q

′, λ) + Cq′µ, where the additional term, ∝ q′, corresponds
to an additional gauge transformation. Since observables must be Lorentz covariant and gauge
independent, the S-matrix element for the emission of a photon can only be Lorentz invariant and
gauge independent if this “gauge contribution” ∝ q cancels. This means that the S-matrix element
must vanish if any ϵµ gets replaced by the emitted photon momentum qµ. Using Eq. (20), in the
soft-photon limit this statement necessarily leads to Low’s form of the soft theorem and to charge
conservation in any given transition,

Ni+Nf∑
n=1

ηnQn = 0. (46)

More generally, the deep implications of gauge invariance of S-matrix amplitudes were first analyzed
by Dirac in [58]. He showed around the same time as Low that a manifestly invariant formulation
of QED under general gauge transformations prevents one from defining electron states as free field
solutions without including their interactions with the photon field. In this treatment, fermions
appear always accompanied by dynamical Coulomb fields around them with free field solutions Ψ(x)
replaced then by dressed states Ψ(x)eC(x), and each choice of C(x) corresponding to a choice of the
electric field around the charged fermion. Building on previous work by Dollard [59], Chung [60]
and Kibble [43–46], Faddeev and Kulish [61] realized that when these Coulomb fields — encoded
as coherent states of infinitely many soft photons dressing the incoming and outgoing vacuum
states and encoding all pairwise interactions at asymptotic space-time distances in the transition
— are considered in scattering problems then real and virtual IR divergences systematically cancel
from all QED amplitudes. Conversely, in the conventional treatment of scattering problems in
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field perturbation theory it is assumed that the gauge interactions vanish at very large space-time
distances so that Fock vacuum states can be effectively represented by free field solutions. As a
result, real and virtual IR divergences in Low’s theorem cancel only at the cross section level [40–
42, 62, 63]. A comprehensive introduction to the Faddeev-Kulish S-matrix can be found in the
Supplement S4 of the classic textbook of Jauch and Rohrlich [63]. More modern discussions of the
Faddeev-Kulish S-matrix and soft theorems in the context of Soft Collinear Effective Field Theory
(SCET) and worldline formulations can be found in [39, 64–66].

Besides the intrinsic interest of the Faddeev-Kulish S-matrix formulation in practical calculations
for the treatment of the IR divergences in Low’s theorem the Faddeev-Kulish picture of dressed
vacuum coherent states is of fundamental importance for the discussion of asymptotic symmetries
and general gauge invariance. In the context of gravity, Bondi, Van der Burg, Metzner, and Sachs
[67, 68] showed a long time ago that degenerate vacua having different numbers of soft gravitons
are connected by supertranslations of the infinite-dimensional BMS group of asymptotic space-time
symmetries. Armed with this insight, Strominger and collaborators [69] showed that in QED and
likely QCD one can in principle construct the analog of the BMS group as the group of large gauge
transformations at every point on the celestial sphere at null infinity. Large gauge transformations
are those satisfying Aµ → Aµ + ∂µχ, with χ a function which does not die down at spatial infinity.
They showed how soft theorems in QED and gravity can be directly related to the Ward identities for
the infinite dimensional symmetry group of large U(1) gauge transformations [70] and the BMS group
[71], respectively, approaching angle dependent constants defined through the corresponding cusp
anomalous dimensions in the celestial sphere [72]. We refer the reader to [73] for a comprehensive
introduction. The spontaneous breaking of this asymptotic symmetry leads to an infinite number
of degenerate vacua characterized by different numbers of soft photons and gravitons allowing thus
a suggestive interpretation of soft photons and gravitons as Goldstone modes of the theory for the
transition between such different vacua. The charges of the broken generators satisfy a Kac-Moody
algebra on the two-dimensional celestial sphere at null infinity.

A direct phenomenological implication of the existence of the Faddeev-Kulish soft-photon clouds
can be found in the equivalence between soft theorems and gravitational [74] and electromagnetic
[75] displacement (or memory) effects. In gravity, the clock times of an array of detectors will differ
before and after the passage of a gravitational-wave pulse by a BMS supertranslation [74]. An
analogous experiment in QED to measure this electromagnetic memory effect has been proposed by
Susskind in [76]. Likewise, the striking similarities between the spontaneous breaking of Poincaré
invariance in highly occupied systems of soft gravitons and gluons has been proposed as a possible
correspondence between the IR sector of quantum chromodynamics and gravity and hence of the
dynamics of gluon condensates in relativistic nucleus-nucleus collisions and that of black holes [77].

The discussion above focused on computing and describing the main features of the soft radiation
encoded in the leading power term O(ω−1

k ) of the multipole or soft expansion of cross sections in
Eq. (1). As previously emphasized, this term agrees with the classical power spectrum of the
transition and thus far has provided the main theoretical reference for experimental analysis [7, 18,
19]. In the next section we will address the problem of computing the sub-leading power corrections
of O(ω0

k) in this soft expansion.

2.2.3. Expansion scheme: Leading order, Derivative operators versus momentum shifts in next-to-
leading order

The extension of the factorization picture described above at subleading power in the soft ex-
pansion has been investigated since the time of Low in the 1950s and the 1960s [2, 48, 49, 78] and
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has continued to attract interest until recent years both in QCD phenomenology [79–89] and in
more formal investigations on the structure of scattering amplitudes [69, 90]. More specifically, at
Next-to-Leading-Power (NLP) in the soft expansion, Low, Burnett and Kroll (LBK) derived a tree-
level theorem which yields an ω0

k correction to the power spectrum. In the language used in modern
literature, these theorems at the amplitude level are dubbed next-to-soft theorems. Let us consider
first for simplicity the emission of a single real soft photon during a transition i→ f involving two
charged particles of momenta p1 and p2 either on the initial or final state. The next-to-soft theorem
generalizes Eq. (20) to

M1
fi(p1, p2, k) = (SLP + SNLP)M

0
fi(p1, p2), (47)

where the leading power (LP) and next-to-leading power (NLP) soft factors are given by

SLP = e

2∑
n=1

Qnηn
pn · ϵ(k)
pn · k

, SNLP = e

2∑
n=1

Qnηn
ikνJ

µνϵµ(k)

pn · k
. (48)

Here, Jµν represents the total angular momentum operator of the hard emitting particle. More
precisely, it is the sum of the orbital angular momentum generator

Lµνn = i

(
pµn

∂

∂pnν
− pνn

∂

∂pnµ

)
(49)

and the spin generator Sµνn of the Lorentz group. It is clear that SNLP in Eq. (47) is not a multi-
plicative factor but an operator acting on the non-radiative amplitude. For instance, in the case of
an amplitude with only two charged particles of spin 1/2 in the initial state, the spin generator is
Sµν = i

4 [γ
µ, γν ] and Eq. (47) can be written explicitly as

M1
fi(p1, p2, k)

= e

2∑
n=1

ηnQn
pn · ϵ(k)
pn · k

v̄(p2)H(p1, p2)u(p1)− ϵµ(k)e

2∑
n=1

ηnQn v̄(p2)G
µν
n

∂H(p1, p2)

∂pνn
u(p1)

− eη1Q1 v̄(p2)
ikνS

µνϵµ(k)

p1 · k
H(p1, p2)u(p1)− eη2Q2 v̄(p2)H(p1, p2)

ikνS
µνϵµ(k)

p2 · k
u(p1) ,

(50)

where we defined
Gµνn ≡ gµν − (2pn − k)µkν

2pn · k
= gµν − pµnkν

pn · k
+O(k) . (51)

Note in particular that derivatives contained in Eq. (49) act on the hard subdiagram H(p1, p2) only,
i.e., the non-radiative amplitude M0

fi(p1, p2) stripped off the external spinors. This is a consequence
of the way the soft expansion is performed. Specifically, Eq. (50) can be derived by assuming that
momentum conservation in the form p1 + p2 + k = 0 is imposed after expanding the full radiative
process M1

fi(p1, p2, k) in powers of the soft momentum k. This is in analogy with the original work
of Low [2] for 2 → 2 scattering of scalar particles.

An alternative approach that has been recently proposed in the literature [91–94] consists of
expanding the radiative amplitude on the momentum conservation surface by implicitly inserting a
dependence over k in the momenta p1 and p2 (and consequently also in the spinors, if necessary).
Even in the scalar case, the resulting expression for the expanded radiative amplitude is then differ-
ent from the original result by Low (see [94] for a detailed discussion on this point). However, one
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should note that once momentum conservation is enforced, the difference between the two expres-
sions is only sub-subleading (i.e. NNLP) and thus beyond the accuracy of Low’s theorem [95, 96].
More generally, the freedom to choose the functional dependence of the non-radiative amplitude
leads to many forms of Low’s theorem, which are all formally equivalent after momentum conserva-
tion is imposed up to NNLP corrections. However, one should bear in mind that in photon spectra
where the soft momentum k is necessarily non-vanishing these NNLP effects do bring numerical
differences that might be sizable for sufficiently large values of ωk. Therefore, some formulation
might be more versatile and efficient than others.

Despite the slightly intricate structure at the amplitude level, soft emissions at NLP acquire a
remarkably simple form for unpolarized cross sections. In fact, as originally observed by Burnett
and Kroll, by summing over the polarizations and neglecting next-to-next-to-leading power (NNLP)
terms the analogue of Eq. (24) for the bremsstrahlung cross section of a single soft photon to NLP
in a transition i→ f involving N particles of arbitrary spin is given by

|M1
fi(p1, . . . , pN , k)|2 = e2

N∑
n,m=1

(−ηnQnηmQm)
{

pn · pm
pn · k pm · k +

(pn)µ
pn · k

Gµνm
∂

∂pνm

}
|M0

fi(p1, . . . , pN )|2 .

(52)
Note in particular that both the spin and the orbital contributions of eq. (48) are represented by
the term proportional to the derivative of the non-radiative process due to the unpolarized nature
of the cross section.

In analogy with Eq. (50), the NLP term in Eq. (52) contains derivatives acting on a non-radiative
amplitude M0

fi(p1, . . . , pN ) that is evaluated for a configuration where momentum is not conserved
since p1+. . .+pN = −k ̸= 0. While this is not a problem in the strict k → 0 limit, the finiteness of k
at NLP makes the amplitude on the r.h.s. of Eq. (52) non-physical. Several possibilities to overcome
this issue have been recently put forward [39, 91–95, 97]. Reference [39] in particular, building on
previous studies in the context of gluon resummation [98], proposed to rewrite the non-radiative
amplitude in terms of shifted kinematics as

|M1
fi(p1, . . . , pN , k)|2 = e2

 N∑
n,m=1

−ηnQnηmQm
pn · pm

pn · k pm · k

 |M0
fi(p1+δp1, . . . , pN+δpN )|2 , (53)

where the shift on the ℓ-th momentum pℓ is defined at NLP as

δpµℓ =

 N∑
n,m=1

ηnQnηmQm
pn · pm

pn · k pm · k

−1
N∑
k=1

(
ηkQkηℓQℓ

(pk)νG
νµ
ℓ

pk · k

)
. (54)

For the simple case of two external charged particle legs these become

δpµ1 =
1

2

(
− p2 · k
p1 · p2

pµ1 +
p1 · k
p1 · p2

pµ2 − kµ
)
, δpµ2 =

1

2

(
p2 · k
p1 · p2

pµ1 − p1 · k
p1 · p2

pµ2 − kµ
)
, (55)

from which one can readily see that δpµ1 + δpµ2 = −kµ, thus restoring momentum conservation in
the non-radiative amplitude M0

fi(p1, . . . , pN ). Note that the cross section in Eq. (53) contains the
same soft factor as the LP approximation for the cross section in Eq. (24), and therefore can be
analogously implemented in the photon spectrum.
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At this point it should be noted that while the shifted kinematics restore momentum conservation
to all-order in the soft expansion, the on-shell condition is fulfilled only at NLP, i.e. (pi + δpi)

2 =
m2
i +O(k2), but it is violated at NNLP. Although legitimate within the range of validity of Low’s

theorem, this feature might be problematic for numerical implementations. The solution to this
problem exploits the fact that it is possible to add spurious NNLP terms without invalidating Low’s
theorem. Specifically, one can modify the shifts δpi so that they fulfil the on-shell condition and
momentum conservation to all orders in the soft expansion. A specific form for these modified shifts
has been recently provided [95] and reads

δpµi = AQi

N∑
j=1

ηjQj
k · pj

pjνG
νµ
i +

1

2

A2Q2
iB

pi · k
kµ , (56)

where

A =
1

χ

(√
1− 2χ

B
− 1

)
, B = −

N∑
ij=1

ηiηjQiQj
pi · pj

(pi · k)(pj · k)
, χ =

N∑
i=1

ηiQ
2
i

pi · k
. (57)

One can easily verify that δpi in Eq. (56) reduces to Eq. (54) by expanding it in k at NLP (thus
fulfilling Eq. (53)) and that the momenta pi+δpi are both on-shell and fulfill momentum conservation
to all orders in k.

2.2.4. Loop corrections
The infrared structure of QED with massive particles to all orders in perturbation theory is

rather simple as can be seen by looking at the structure of diagrams contributing to the exponent
of the soft function [41]. One important consequence is that Low’s theorem at leading power (i.e.
1/ω) remains unchanged at the loop level. Things are different for the subleading term in the soft
expansion and, when the massless limit is considered also for the leading term. Let us consider the
massive and massless case separately, both in QED and QCD.

In the presence of massive particles, one expects the corresponding correction to the NLP soft
theorem to involve ratios of scales containing the masses of the charged particles. In fact, these
additional scales introduce an additional quantity whose expression can be read in Eq. (4.41) of [99]
(see Appendix A of [97] for the results for the integrals). Remarkably, this correction to the NLP
soft theorem is just a multiplicative function (unlike the factor SNLP of Eq. (48)) which involves
harmonic polylogarithms. Most importantly, the aforementioned soft function is one-loop exact and
therefore the modified SNLP holds to all orders in the electromagnetic coupling constant.

The massless case is rather different. It is relevant both in QED when one can approximate
the charged particles to be massless and, perhaps more importantly, in the partonic calculations
of perturbative QCD. Specifically, loop corrections affect the LP term SLP, both for soft photons
and soft gluons. However, while the LP soft-gluon current receives corrections already at one-loop
order in QCD [100], the LP factor for a soft-photon emission is modified only starting from three
loops [101, 102]. This effect originates from the coupling of the soft photon to a loop of virtual
massless particles, which yields a correction to SNLP of order α3

s/ω. This analysis has been recently
generalized to all orders for the simple case of quark-antiquark pair creation [37].

The NLP term SNLP also receives loop corrections in the massless case [103]. Specifically, at
the one-loop level, corrections that are non-analytic in the soft momentum modifies SNLP by a
term of order αs log(µ/pn · k), with µ the dimensional regularization scale [39]. The origin of these
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corrections can be traced back to the presence of other small scales, in this case the collinear one
pn ·k that prevents a naive Taylor expansion in the soft momentum k. Diagrammatically, this effect
is due to the soft photon coupling to a subdiagram of collinear lines (hence called radiative jet)
[79, 80, 87, 104, 105].

In conclusion, this recent body of work in perturbative calculations has provided new information
both in the infrared structure of quantum field theories and in the phenomenological implications
of power corrections to the strict soft limit for hadronic physics whenever a perturbative treatment
is possible. However, it is neither clear how these results could provide a solution to the soft-
photon puzzle nor how they relate to the non-perturbative regime. In fact, providing accurate
theoretical predictions for photon spectra in particular kinematical conditions remains an active
field of research, especially for processes with various hadronic final states at very high rapidity.
This aspect is of special relevance also for the planned future measurements discussed in the next
section.

2.3. Experimental consequences and opportunities at the LHC
The ALICE Collaboration intends to install a completely new silicon-based detector (“ALICE 3”)

during the fourth Long Shutdown of the Large Hadron Collider that is presently scheduled for the
years 2032–2033. ALICE 3 will possess a unique pointing resolution over a large pseudorapidity
range (−4 < η < 4), complemented by multiple subdetector systems for particle identification in-
cluding silicon time-of-flight layers, a ring-imaging Cherenkov detector with high-resolution readout,
a muon-identification system and an electromagnetic calorimeter [106].

A dedicated soft-photon measurement at the LHC leveraging high collision rates and improve-
ments in detector technology could be key to resolving the soft-photon puzzle. In particular, the
energy dependence of the excess above the inner bremsstrahlung expectation as calculated by Low’s
leading-power expression could point to the origin of the puzzle. The production of hadrons in a
non-diffractive proton-proton collision at high energies is sometimes described as the fragmentation
of two “beam jets” pointing in opposite directions along the beam axis. The DELPHI experiment
considered the transverse momentum of soft photons with respect to the jet axis. This is based
on an argument by Gribov [1] about an extended range of applicability of Low’s theorem. For
non-diffractive proton-proton collisions at colliders, a low transverse momentum relative to most
produced particles would imply measuring in the forward direction and at transverse momenta
of kT ≲ mπ relative to the beam axis. The background of photons from decays of neutral pi-
ons and η mesons is a major experimental challenge. However, for photon transverse momenta of
kT ≲ 5MeV/c the expected soft-photon signal becomes larger than the decay-photon background
owing to the rest mass of the neutral pion. Therefore, the photon transverse momentum region
1 ≲ kT ≲ 5MeV/c is a very promising range for studying Low’s theorem at the LHC.

The clean photon identification as well as the good momentum and pointing resolution at low
momenta make the photon conversion method a natural choice for the measurement of low kT
photons. We consider this option in the following. Reconstructing photons through conversion
into e+e− pairs becomes possible for photon energies above Eγ,min ≈ 50MeV. For lower energies,
multiple scattering of the electrons and positrons in the detector material makes the momentum
reconstruction difficult. In addition, Compton scattering becomes relevant for Eγ ≲ 50MeV/c. The
photon transverse momentum is given by kT,γ = Eγ/ cosh η. To measure low-kT photons with kT ≲
5MeV/c therefore requires measuring at large pseudorapidities making use of the forward boost.
The planned ALICE 3 detector has a solenoid magnet creating a magnetic field in the direction
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of the beam axis. To achieve reasonable momentum resolution for electrons and positrons from
photon conversions at forward pseudorapidities, these particles need to be tracked in a dipole field
which gives a much larger lever arm for the momentum reconstruction. These basic considerations
were followed in the design of the Forward Conversion Tracker (FCT) of ALICE 3 as detailed in the
ALICE 3 letter of intent [106].

From the relation between Feynman amplitudes and cross sections and starting from Eq. (38),
the leading-power expression for the invariant yield of inner-bremsstrahlung photons from, e.g.,
colliding e+e− (initial state radiation) and from final state µ+µ− pairs can be calculated as

dNγ

d2kT dη dϕ
=

α

(2π)2

∫
d3pµ+d

3pµ−

4∑
n,m=1

ηnQnηmQm
−(pn · pm)

(pn · k)(pm · k)
dNµ+µ−

d3pµ+d
3pµ−

. (58)

The pn and pn denote the four and three momenta of the incoming electron and positron, and the
outgoing muons; pµ+ and pµ− are the three momentum of the muons, k and k denote the four and
three momentum of the photon (Eγ = ωk = |k|). As defined previously (cf. Eq. (20)), the factors
ηn are ηn = 1 for the outgoing particles (the muons) and ηn = −1 for the incoming particles (the e+

and the e−). Note that this definition of η differs from the one used by the DELPHI collaboration,
where the charge of the particles Qn in units of the elementary charge e is included in the definition
of ηn [7, 18]. The total number of charged particles is N , i.e., the sum of the number of charged
particles in the initial state (Ni) and the final state (Nf ). Here, Ni = 2 (electrons) and Nf = 2
(muons). The last factor in the sum is the differential production rate of the produced muons.
Eq. (58) is expressed in terms of the photon production rate per muon.

The invariant yield of inner-bremsstrahlung photons for a reaction with two incoming particles
with fixed momenta and Nf charged hadrons in the final state, i.e., N = Nf + 2, is given by

dNγ

d2kT dη dϕ
=

α

(2π)2

∫
d3p1 . . . d

3pNf

N∑
n,m=1

ηnQnηmQm
−(pn · pm)

(pn · k)(pm · k)
dNhadrons

d3p1 . . . d3pNf

(59)

≡ −α
(2π)2

∫
d3p1 . . . d

3pNf

(
N∑
n=1

ηnQn
pn
pn · k

)2
dNhadrons

d3p1 . . . d3pNf

, (60)

where, again, k and k denote the four and three momentum of the photon, pn and pn denote the
four and three momenta of the incoming and outgoing charged particles; d3p1 . . . d

3pNf
are the

three momenta of the Nf produced charged hadrons; as above, η = −1 for the incoming particles
and η = +1 for the outgoing charged hadrons. Eqs. (58) and (59) were used by DELPHI [18]
and other experiments, and, in general, are evaluated on an event-by-event basis, either from real
data or event generators that were tuned to data. In terms of computing time, Eq. (60) can be
advantageous compared to Eq. (59). We note that the expression of Eq. (60) given in parentheses
squared is necessarily negative. Through the factors ηn and Qn, the sum constitutes a difference of
four-momentum vectors, with its square always being negative. This holds for an arbitrary number
of charged particles due to the conservation of charge and four-momentum.

Even with e+, e− beams, where the initial state radiation is much more intense than with hadron
beams, the contribution from initial state radiation amounts to only about 1% in the kinematic range
covered by the experiment [18] and is thus negligible. In collider mode, photons from initial state
radiation are emitted at small polar angles with respect to the beam axis. The angular distribution
is suppressed in the regions θ < 1/γ (dead cone) and has a maximum around θ =

√
3/γ, where γ
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the Lorentz factor of the beam, see Eq. (36). Thus, only a tiny fraction of the photons are in the
range of the central barrel.

Factoring out the energy of the charged particles in Eq. (60) replaces the four-momentum pi by
the vector (1,βi), i.e., the soft-photon production depends explicitly on the velocities of the charged
particles (cf. Eq. (31)). A detector for a soft-photon measurement should therefore be complemented
with a detector for charged-particle identification, e.g., a Ring Imaging Cherenkov Detector (RICH)
extending the FCT design described in the ALICE 3 letter of intent [106].

Identifying all charged particles contributing to soft-photon production in a given acceptance
can be challenging. Many of the previous soft-photon experiments listed in Tab. 1 therefore used
event generators to determine the input for Eq. (60). For instance, the DELPHI experiment used
JETSET 7.3, and WA83, WA91 and WA102 used tuned versions of the FRITIOF event generator
that were validated with data. In the measurements by Goshaw et al. and by WA27, on the other
hand, the input for the calculation of the inner bremsstrahlung was derived from measurement. In
the paper by WA27, it is noted that the calculation of the inner bremsstrahlung was found to be
rather insensitive to the structure of the hadronic cross section.

Experimental background of bremsstrahlung photons produced in the detector material, i.e.,
external bremsstrahlung, poses a formidable challenge to soft-photon measurements. This is illus-
trated in Fig. 8. The background stems mostly from secondary electrons which are produced through
photon conversions in the detector material. In addition, background bremsstrahlung photons can
also be created by electrons and positrons from π0 Dalitz decays. The bremsstrahlung background
produced in the detector material follows the same 1/kT form as that from internal bremsstrahlung.
Since particles at forward rapidities cross material such as the beam pipe at shallow angles, they are
exposed to an increased effective material budget. For example, a beryllium beam pipe of 500µm
in thickness corresponds to a radiation length of 0.14% and 10% at η = 0 and η = 5, respectively.

π0

π0

γ
e±

X
π±

e+

e–
γ

γ

γ

γ

Photon
detection

passive
material

Figure 8: Illustration of background photons for a measurement of the inner-bremsstrahlung signal. Shown is the
contribution from decay photons, from external bremsstrahlung created by electrons and positrons, from photon
conversions, from external bremsstrahlung created by primary electrons and positrons (e.g. from π0 Dalitz decays),
and from decays of π0’s produced in secondary interactions with the detector material.

The background from external bremsstrahlung can be estimated analytically. We consider a
photon detector at forward pseudorapidity with a passive material of x/X0 in units of radiations
lengths in front of the detector. Due to the forward boost, the electrons and positrons from photon
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conversions have large enough energies so that we use the approximation

dN ext. brems
γ

dωk
=

x

X0

(
4

3

1

ωk
− 4

3

1

Ee
+

k

E2
e

)
≈ 4

3

x

X0

1

ωk
(61)

for the energy spectrum of the bremsstrahlung photons per electron. Here, Ee is the energy of the
electron or positron and ωk is the photon energy. The mean emission angle of the radiated photon is
θ ≈ me/Ee =

√
3/γ, i.e., the photons are emitted in a narrow cone around the electron or positron.

A photon, e.g., from a π0 decay, converts in the passive material with a probability of 7/9x/X0.
For a pseudorapidity density dNdecay

γ /dη of the decay photons, the transverse momentum spectrum
of the external bremsstrahlung can be estimated as

dN ext. brems
γ

dkTdη
=

28

27

dNdecay
γ

dη

(
x

X0

)2 1

kT
. (62)

Here, it is assumed that the electrons and positrons from photon conversions traverse on aver-
age half of the passive material in front of the photon detector. For proton-proton collisions at√
s = 13.6TeV we choose dNdecay

γ /dη ≈ 4 [107]. For a passive material corresponding to 10% of a
radiation length, we then obtain a background-photon spectrum of dN/dkTdη ≈ 0.04/kT. Evalu-
ating Eq. (60) for proton-proton collisions simulated with PYTHIA, we obtain for the signal of the
inner bremsstrahlung dN inner brems

γ /dkTdη ≈ 0.017/kT. This simple estimate shows that for 10%
of a radiation length of material in front of the photon detector, the signal-to-background ratio is
already less than 1/2. We thus consider this an upper limit of the maximum allowable material
budget.

An elegant experimental technique for measuring bremsstrahlung photons is to bend the charged
particles by which the photons are emitted out of the acceptance of the photon detector. This
approach was used by the SLAC E-146 collaboration for the measurement of bremsstrahlung created
by electrons in various targets [53]. This experiment disentangled the soft photon from the radiating
charged particle by bending the scattered electron by a dipole magnet and detecting it in a high-
resolution spectrometer, while the soft photon is detected in beam direction by a BGO crystal
calorimeter. A similar idea was used by the WA91 and the WA102 experiments. An isolation
cut around the detected photons was applied to suppress external bremsstrahlung produced in the
photon converter. This cut made use of the fact that the charged particle that emitted an inner
bremsstrahlung photon was bent away by the magnet dipole field of the experiment. In the case of
the ALICE 3 setup with a solenoidal field in front of the photon detector, such an isolation cut is
less straightforward.

An essential aspect of the DELPHI measurement of soft photons in e+e− → n jets was the
rejection of jets which contained an identified electron or positron track. DELPHI systematically
studied the effect of changing the electron selection procedure resulting in an increased electron
identification efficiency. No effect on the signal rate was found. The hypothesis that an extra
amount of external bremsstrahlung produced an apparent excess was therefore rejected. For a
measurement of ultra-soft photons in proton-proton collisions at the LHC, it will also be necessary
to reject events containing an electron or positron track in the acceptance of the forward photon
detector. Another essential ingredient is likely to be a specially shaped beam pipe to minimize the
crossing of electrons and positrons at shallow angles. These two aspects are studied in detail with
the aid of GEANT simulations in the following section.
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Figure 9: A schematic layout of the Forward Conversion Tracker (in magenta), a proposed soft-photon detector for
ALICE 3, with a conical beam pipe (in blue) to allow for a reduced effective material path length of particles emitted
in the pseudorapidity range 4 < η < 5 (in red).

In order to address the soft-photon puzzle at the LHC, measurements in different reaction
systems are required. Exclusive proton-proton reactions, e.g. pp → pp + J/ψ(→ µ+µ−γ) or
pp → ppπ+π−γ serve as a baseline where no deviations between the data and the expected in-
ner bremsstrahlung signal are likely to be found. In addition, ultra-peripheral Pb–Pb collisions
offer a unique opportunity. Jet production in ultra-peripheral Pb–Pb collisions might be useful
to study the production of ultra-soft photons in jets similar to the DELPHI measurement with
little background from an underlying event. The central measurement, however, would be in non-
diffractive proton-proton collisions. Studying in particular the dependence of soft-photon radiation
on the multiplicity of the event can provide insights into the source of a possible excess.

2.3.1. Measuring the forward soft-photon spectrum with the Forward Conversion Tracker of AL-
ICE 3

The Forward Conversion Tracker planned for ALICE 3 is a detector that focuses on the mea-
surement of soft-photons in the forward direction via the tracking of conversion e+e− pairs. The
vacuum vessel around the collision point of ALICE 3 will have a larger radius than the beam pipe
to house its vertex locator, as described in the ALICE 3 letter of intent [106]. A slight modification
of this design allows for a conical window in the beam pipe, such that particles emitted at pseu-
dorapidity 4 < η < 5 will pass through less effective material in comparison to a straight beam
pipe. The design including such a window together with the Forward Conversion Tracker are shown
in Fig. 9. The FCT consists of 11 circular silicon disks which subtend the pseudorapidity region
4 < η < 5. The beam pipe and the window were constructed of beryllium with a thickness of 800
µm, with a radius of the beam pipe of 1.8 cm and a radius of 3.7 cm for the vacuum vessel. The
inner radius of the disks of the FCT was kept the same at 5 cm, and the outer radius varied from 17
to 19 cm in steps of 1 cm. With this design, simulation studies to investigate the magnitude of the
signal photons in comparison to background photons were carried out. Two options are considered:
the inclusion of a particle identification detector behind the FCT (not included in the figure) to
distinguish electrons and veto the events which contain an electron/positron, and the inclusion of
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the conical window in the beam pipe. All combinations of including and/or excluding these two
options make up the four scenarios examined.

For these simulation studies, PYTHIA 8.3 was used to generate proton-proton collisions at√
s = 14TeV. The internal bremsstrahlung spectrum at 4 < η < 5 was then generated according

to Eq. (60) using a dedicated generator that takes the particle stack from PYTHIA. The generated
particles (including soft photons) are then propagated through the detector setup with GEANT4
using the FTFP_BERT_EMV and G4OpticalPhoton physics lists. The simulated photon spec-
trum, separated in four different channels, measured at the first layer of the FCT, is illustrated in
Fig. 10 for the four distinct scenarios. For the ALICE 3 letter of intent [106], a simulation was
done which showed that the pointing angle resolution of the FCT for photons was good enough
such that those with a pointing angle above 25 mrad could be rejected. This rejection substantially
reduced the contribution from the decay of secondary particles. The contribution from external
bremsstrahlung was reduced as well but remains very significant in comparison to the signal pho-
tons as can be seen in the top left figure in Fig. 10. From these figures it becomes clear that the
inclusion of a conical window substantially reduces the external bremsstrahlung contribution, but
the signal (inner bremsstrahlung) to background (all the other contributions) ratio in the region of
1 < kT < 5 MeV/c is not yet satisfactory. The signal-to-background ratio in the region of interest
increases to about unity with the inclusion of a veto on events containing electrons/positrons, and
increases even further when a conical window in the beam pipe is included.

Exp. year pbeam or
√
s photon kT γmeas/γbrems γbrems/γbkg Ref.

π+p 1979 10.5GeV/c kT < 20MeV/c 1.25± 0.25 0.67 Goshaw et al.
[10]

π−p
CERN, WA91,
OMEGA

2002 280GeV/c kT < 20MeV/c
(0.2 < Eγ < 1GeV) 5.3± 1.0 0.47 Belogianni at

al. [17]

pp
CERN, WA102,
OMEGA

2002 450GeV/c kT < 20MeV/c
(0.2 < Eγ < 1GeV) 4.1± 0.8 0.38 Belogianni at

al. [6]

e+e− → n jets
CERN, DELPHI 2006 91 GeV (

√
s) kT < 80MeV/c

(0.2 < Eγ < 1GeV) 4.0±0.3±1.0 0.036–0.013 DELPHI
[7, 19]

pp
ALICE 3
no w., no e± veto

>2034 14TeV (
√
s) 1 < kT < 5MeV/c

(0.1 < Eγ < 0.4GeV) ? 0.07–0.12 ALICE 3
[106]

pp
ALICE 3
e± veto

>2034 14TeV (
√
s) 1 < kT < 5MeV/c

(0.1 < Eγ < 0.4GeV) ? 0.3–1.8 ALICE 3
[106]

pp
ALICE 3
window

>2034 14TeV (
√
s) 1 < kT < 5MeV/c

(0.1 < Eγ < 0.4GeV) ? 0.2–0.3 ALICE 3
[106]

pp
ALICE 3
window, e± veto

>2034 14TeV (
√
s) 1 < kT < 5MeV/c

(0.1 < Eγ < 0.4GeV) ? 0.33–2.5 ALICE 3
[106]

Table 2: Overview of the predicted signal (γbrems) over background (γbkg) at various soft-photon measurements done
in the past, as well as for a potential measurement at ALICE 3. In these past experiments the variable that was used
to express photon transverse momentum is pT , but in this paper kT is used for consistency.

It is interesting to compare ALICE 3’s signal-to-background ratio with previous experiments.
This is done in Tab. 2. It should be noted that the calculation of the signal over background

31



0 1 2 3 4 5 6 7 8 9 10
 (MeV/c)Tk

5−10

4−10

3−10

2−10

1−10

1

10-1
 (

M
eV

/c
)

T
 d

N
/d

k
ev

t
1/

N

'sγHadronic decays and direct 
Secondary interactions/decays
External bremsstrahlung
Internal bremsstrahlung

 = 14 TeVspp, 
 < 5η4 < 

 > 50 MeVγE

0 1 2 3 4 5 6 7 8 9 10
 (MeV/c)Tk

5−10

4−10

3−10

2−10

1−10

1

10-1
 (

M
eV

/c
)

T
 d

N
/d

k
ev

t
1/

N

'sγHadronic decays and direct 
Secondary interactions/decays
External bremsstrahlung
Internal bremsstrahlung

 = 14 TeVspp, 
 < 5η4 < 

 > 50 MeVγE
 veto±e

0 1 2 3 4 5 6 7 8 9 10
 (MeV/c)Tk

5−10

4−10

3−10

2−10

1−10

1

10-1
 (

M
eV

/c
)

T
 d

N
/d

k
ev

t
1/

N

'sγHadronic decays and direct 
Secondary interactions/decays
External bremsstrahlung
Internal bremsstrahlung

 = 14 TeVspp, 
 < 5η4 < 

 > 50 MeVγE
Window

0 1 2 3 4 5 6 7 8 9 10
 (MeV/c)Tk

5−10

4−10

3−10

2−10

1−10

1

10-1
 (

M
eV

/c
)

T
 d

N
/d

k
ev

t
1/

N

'sγHadronic decays and direct 
Secondary interactions/decays
External bremsstrahlung
Internal bremsstrahlung

 = 14 TeVspp, 
 < 5η4 < 

 > 50 MeVγE
 veto + Window±e

Figure 10: The photon transverse momentum spectrum for the scenarios: straight beam pipe without electron ID
(top left), straight beam pipe including electron ID (top right), conical window in the beam pipe without electron ID
(bottom left) and conical window in the beam pipe including electron ID (bottom right). The photon spectrum is
divided in four channels: Hadronic decays and direct γ’s (black), which contains direct photons as well as photons from
short-lived particle decays (e.g. π0 → γγ and η → γγ), Secondary interactions/decays (red), which contains photons
from the decay of secondary particles (e.g. K0

s → π0π0 → 4γ) and secondary interactions (e.g. π+ + material →
X + π0 → 2γ), External bremsstrahlung (green), photons which find their origin in charged particle interactions
with material radiating a bremsstrahlung photon, and Internal bremsstrahlung (magenta), which is the predicted
soft-photon spectrum by Low’s formula. The kT of the photons is expressed with respect to the beam axis, which is
used as a proxy for the direction of the charged particles that emitted the photons.
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of the previous experiments is based on the expected inner bremsstrahlung signal, not on the
actually measured soft-photon signal. In the following, the calculation for the predicted signal over
background as depicted in Table 2 will be explained. The kinematic range in question can be
inferred from the same table. For the first entry, the paper [10] mentions that the predicted number
of direct photons was 671. In the same kinematic range, 1006 background photons were measured,
which was inferred by deduction from the reported measured amount of direct photons which was
840 ± 166 accounting for (45.5 ± 8.9)% of the total amount of photons measured. This then gives
the signal over background of 0.67. For the second entry, the paper [17] lists the predicted yields
for various soft photons in its first table, which gives a signal over background of 0.47. For the third
entry, the paper [6] lists the predicted yields for various soft photons in a similar table, its first
table, which gives a predicted signal over background of 0.38. For the fourth entry, it is a little more
cumbersome to calculate the predicted signal over background, as no direct values for the yields were
given. Instead, this paper [7] presents the Real Data (RD), Monte Carlo data (MC) and expected
inner bremsstrahlung (Brems) in graphs that depict the ratio RD/MC, the difference RD−MC and
Brems. The MC data do not include the inner bremsstrahlung photons. To get to the expected
signal over background (i.e. Brems/MC), the RD can be expressed as RD = (MC + A · Brems),
where A is the enhancement of the expected signal which is 4.0 in this case. Combining this with
(RD − MC)/Brems = A gives (RD/MC − 1)/A = Brems/MC, which in the specified kinematic
region is 0.01 to 0.036.

As shown in Tab. 2, the signal-to-background ratio of the previous fixed-target experiments is
significantly smaller than that of the DELPHI measurement in e+e− → n jets. In the fixed-target
experiments, the soft-photon excess is mostly within a 10–20mrad cone around the beam axis [7].
The background of photons from π0 and η decays at the correspondingly small kT with respect to
the beam axis is small. This follows from the decreasing yield of π0 and η decay photons at low
kT . For a vanishing pT of a π0 or η, the decay-photon yield actually peaks at kT = m/2 (“Jacobian
peak”), where m is the mass of the parent particle; for a finite pT , the decay-photon yield still drops
rapidly to low kT . For the jet production at the Z pole studied by DELPHI, the initial direction
of the quark and the antiquark is determined from the reconstructed jet axis. This can be done
with an accuracy of 50–60mrad [7]. As a result, the kT interval where the Low photons dominate
is blurred and the decay-photon background becomes larger.

At the end of this section, we summarize the main results. The range 1 ≲ kT ≲ 5MeV/c
is an optimal region for testing Low’s theorem, since the decay photon background is relatively
small in this range. According to the relation kT = Eγ/ cosh η, photons with very low transverse
momentum can be measured at large pseudorapidities η with the photon conversion method using
the forward boost. The suppression of external bremsstrahlung from electrons and positrons is
the main challenge for measuring the soft inner bremsstrahlung spectrum. If the ALICE 3 FCT is
complemented by a detector that allows to veto events with an electron or positron in the acceptance
of the FCT, a soft photon measurement at the LHC to test Low’s theorem becomes possible. In
addition, a window in the beam pipe to reduce the effective material in front of the FCT greatly
simplifies the measurement. In our view, the ALICE 3 FCT is the best option for resolving the
long-standing soft-photon puzzle in the foreseeable future.
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2.4. Specific examples: Internal bremsstrahlung in decays of J/ψ
2.4.1. Estimates of rates and spectra for J/ψ production in ultraperipheral Pb–Pb collisions with

STARlight
Standard Model predictions for radiative decays of spin-one bosons such as Z, Υ, and J/ψ have

been discussed in [108, 109]. Analytical expressions for single-photon emission that are valid down
to arbitrary photon energies were derived therein. It is photon emission from inner bremsstrahlung
that determines the line shape of these resonances when experimentally reconstructing them from
dileptons only. The first observation of the radiative decay of J/ψ → e+e− + γ with a photon
energy Eγ > 100 MeV was reported in [110]. The relative branching ratio of BR(J/ψ → e+e− +
γ)/BR(J/ψ → e+e−) = (14.7± 2.8)% is in good agreement with expectations.

In ultraperipheral collisions, the two ions interact via their cloud of virtual photons. At LHC
energies, the radial electric field lines of a lead nucleus are Lorentz contracted along the beam
direction and add coherently. As a consequence, cross sections for photonuclear processes are
enhanced quadratically by the atomic number Z2 ≈ 6700 relative to the inelastic hadronic cross
section. Ultraperipheral collisions exhibit a particularly clean event topology, e.g., when a vector
meson such as a J/ψ meson is produced with typically rather low transverse momentum, the two
decay leptons (electrons or muons) are oriented almost back-to-back and perpendicular to the beam
axis with no other signal in the detector. The clean separation between electrons and muons in such
collisions has already been achieved by ALICE in the central barrel [111].

We have used the event generator STARlight [112] to calculate J/ψ meson production and
their non-radiative decay to dileptons in ultraperipheral Pb–Pb collisions as measured with the
present ALICE apparatus which covers a pseudorapidity range (−1 < η < 1), and with the future
ALICE 3 apparatus. Further, we applied Low’s theorem, Eq. (58), to dilepton production from
the non-radiative J/ψ decay. We note that any photon emission by the J/ψ meson is forbidden by
charge-conjugation invariance. This makes this channel unique and might be used as a benchmark.
The soft-photon spectrum is shown in Fig. 11 for decays to a pair of muons (red dashed curve) and

Figure 11: Soft-photon spectrum as predicted by Low’s formula from J/ψ decays into pairs of muons (red dashed curve)
and electrons (blue dashed curve). The experimental background estimated by detailed Monte Carlo simulations with
the present ALICE apparatus is shown by histograms.

electrons (blue dashed curve). Here, the scale for the softness of photons is set by the two-body
decay and thus mJ/ψ/2. The 1/kT pole is clearly visible. The spectrum continues to arbitrarily
large photon energies, where Low’s theorem is not applicable anymore. Compared to the dielectron
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channel, the photon yield in the dimuon channel is only smaller by a factor of about three. This
results from the velocity β explicitly occurring in Eq. (32) with the muon (electron) velocity βµ =
0.9977 (βe ≈ 1) for a J/ψ decaying at rest.

Experimental background from external bremsstrahlung of the decay daughters in the detector
material has been estimated by detailed Monte Carlo simulations and is shown in Fig. 11 by the red
(blue) histograms for muons (electrons). While the large background for electrons seems prohibitive
for such a measurement in the central barrel, the muon channel is essentially background free due to
the much larger mass of the muon, which suppresses the background component by a factor 1/m to
the power of four to six. The lower limit in the photon energy is set by the capability of measuring
the photon via conversion to electron-positron pairs in the detector material in front of the TPC.

We estimate the total number of detected decays of J/ψ mesons to µ+µ− together with a
bremsstrahlung photon of Eγ > 100MeV to be about 1000, making such a measurement possible.
The estimated number of about 1000 detected inner-bremsstrahlung photons might be reduced by
a factor of up to two in case of strong shadowing effects in the gluon distribution of the lead nuclei,
which has not been considered.

Pb–Pb pp Kr–Kr O–O√
sNN = 5.52TeV

√
sNN = 14TeV

√
sNN = 6.46TeV

√
sNN = 7TeV

σ 41.761mb 82.293 nb 2.974 mb 27.49µb
σ · BR(e+e−) 2.494 mb 4.914 nb 0.1776mb 1.641µb
σ · BR(µ+µ−) 2.489 mb 4.905 nb 0.1773mb 1.639µb
Lmonth (nb−1) 5.6 5.1·105 8.4·101 1.6·103
σµ±, |η|<4 2.044 mb 2.836 nb 0.142 mb 1.260µb
Nµ±, |η|<4 11.5 · 106 1.45 · 106 11.9 · 106 2.02 · 106

Nγ, Eγ>100MeV 99 · 103 12 · 103 102 · 103 17 · 103
Nγ, detected 94 12 97 16
σµ±, 4<η<5 0.014 mb 0.07 nb
Nµ±, 4<η<5 76 · 103 35.7 · 103

Nγ, Eγ>100MeV 4.1 ·103 1.9 · 103
Nγ, detected 4 2

Table 3: The total cross section calculated with STARlight, the number of lepton pairs decaying into the pseudora-
pidity range |η| < 4 (central barrel) and 4 < η < 5 (Forward Conversion Tracker) per leptonic J/ψ decay with the
projected integrated luminosities as taken from [106].

Estimates for the cross sections and the number of emitted dileptons and emitted and detected
photons in the pseudorapidity range |η| < 4 (ALICE 3 central barrel) and 4 < η < 5 (ALICE
3, Forward Conversion Tracker) are summarized in Table 3. The reported values for the collision
energies and luminosities are taken from [106]. The acceptance of J/ψ detection in the leptonic
decay channels is increased by a factor of 7 compared to the present ALICE setup. However, the
fraction of photon conversions is reduced by about an order of magnitude due to the substantially
decreased material budget when compared to the present ALICE setup. We assume a lepton tracking
efficiency of 90%, the effective material budget to be 1% in units of radiation lengths resulting in
a photon conversion probability of 0.78%, and a reconstructing efficiency for the electron-positron
pair from photon conversions of 15%, thus an overall probability to detect a dilepton pair together
with an inner-bremsstrahlung photon with energy Eγ > 100MeV to be approximately 0.095%.

The total number of photons generated per leptonic J/ψ decay in the pseudorapidity range of
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Figure 12: Photon-Pomeron (γ-P) fusion mechanism for exclusive J/ψ production in pp collisions with the decay
J/ψ → ℓ+ℓ−γ. There is also the diagram corresponding to the interchange of the two final leptons ℓ+(p+) ↔ ℓ−(p−).

|η| < 4 and an energy range of Eγ ∈ (100MeV, 1.5GeV) is respectively

NJ/ψ→e+e−γ ≈ 0.2284 per J/ψ → e+e− decay

NJ/ψ→µ+µ−γ ≈ 0.0861 per J/ψ → µ+µ− decay.
(63)

This number is larger than for |η| < 1 since, due to the Lorentz boost at larger pseudorapidity, more
photons appear above an energy threshold of Eγ > 100MeV. In the forward direction at 4 < η < 5,
the boost is even larger. However, the limited angular coverage with respect to the flight direction
of the emitting muon overcompensates this increase and the fraction of photon per muon pair is
reduced to 5.39%.

The background signal occurring during the interaction, where the J/ψ is being produced,
has not been taken into account. The dominant contribution is the direct-dimuon production in
ultraperipheral collisions, discussed in further detail in [113] in general and in [111] with respect to
the production of the J/ψ-vector meson. This continuum of non-resonant dimuon production has
an even larger cross section than the J/ψ-to-dimuon-production cross section and might serve as a
complementary measurement for inner bremsstrahlung.

2.4.2. Results for the pp → pp(J/ψ → µ+µ−γ) reaction in a Regge inspired toy model
An interesting process that would permit a rather clean identification of photons is exclusive

production of J/ψ mesons in pp collisions,

pp → pp(J/ψ → µ+µ−γ) . (64)

Due to the negative charge parity of the J/ψ meson the photon-Pomeron fusion shown in Fig. 12 is
the dominant production mechanism. The full amplitude of the reaction (Eq. (64)) is a sum of the
γP and Pγ exchanges.3

The pp → pp(J/ψ → µ+µ−) reaction can be treated in analogy to the pp → pp(ϕ → µ+µ−)
reaction discussed in Sec. III of [116] within the tensor-Pomeron approach. For simplicity, we have
used the b-type coupling in the PJ/ψJ/ψ vertex and the transition γ-J/ψ is made here through the

3A similar process for the pp → ppγ reaction within the tensor-Pomeron approach is discussed in [114]. It is
shown there that the photoproduction contribution wins over the diffractive bremsstrahlung one [92] for the photon
rapidity |y| < 4 and the absolute value of the transverse momentum of the photon kT ≳ 10 MeV. Exclusive diffractive
bremsstrahlung of one and two photons at forward rapidities in proton-proton collisions at the LHC was discussed in
[115].
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vector-meson-dominance model. The values of the intercept and slope parameters of the Pomeron
trajectory, the coupling constants, and the form-factor parameters are determined from a comparison
of the model to the experimental data for the γp → J/ψp reaction measured by ZEUS, H1, LHCb,
and ALICE Collaborations (see Fig. 3 of [117] for reference). It has been checked that the model
supplemented by the absorptive corrections (pp rescattering) describes the LHCb data [118] on
pp → ppJ/ψ at centre-of-mass energy

√
s = 13 TeV. The ratio of full and Born cross sections (the

gap survival factor) is about 0.85–0.9. In the case of Eq. (64) a similar effect can be expected.
For the reaction pp → pp(J/ψ → µ+µ−γ), we have M(2→5) = (ϵµ(k))∗Mµ, where ϵ is the

polarization vector of the photon and Mµ = M(γP)
µ +M(Pγ)

µ . The amplitude M(γP)
µ is obtained as

in Eq. (2.7) of [116] but with iΓ(ϕKK)
κ (p3, p4) replaced by

egJ/ψµ+µ− ū(p−)

(
2p−µ + γµ̸k

2p− · k γκ − γκ
2p+µ+ ̸kγµ
2p+ · k

)
v(p+) . (65)

The coupling parameter gJ/ψµ+µ− = 8.197 × 10−3 is estimated from the decay rate J/ψ → µ+µ−

(neglecting radiative corrections). For the Pγ-exchange we have the same structure with the re-
placements Eq. (2.23) of [116]. The pp → pp(J/ψ → µ+µ−γ) reaction is calculated within exact
2 → 5 kinematics using the event generator GenEx [119].

In the following we shall compare the full decay approach (Eq. (65)) to the soft-photon approx-
imation (SPA) where we keep only the pole terms ∝ ω−1 in the radiative amplitude. The Mµ

amplitude is then expressed by the amplitude without radiation M(pp→pp(J/ψ→µ+µ−)) times the
photon emission factor

Mµ ∝ M(2→4) e

(
p−µ
p− · k − p+µ

p+ · k

)
. (66)

In Tab. 4 we have collected integrated cross sections for the exclusive reactions pp → ppµ+µ−

and pp → ppµ+µ−γ calculated for
√
s = 13 TeV with different acceptance cuts. Both photons and

muons cover the same pseudorapidity range, kT and Eγ are the absolute value of the transverse
momentum and the energy of the photon in the overall c.m. system, respectively. The absorptive
corrections were not included in the calculations. We show the results for the SPA (Eq. (66))
and complete decay (Eq. (65)). Note that the cut on kT significantly reduces the cross section
compared to that of the cut on Eγ , especially at forward photon rapidities. In Fig. 13, we show the
distributions for the pp → ppµ+µ−γ reaction for the complete result and SPA (leading term). One
can see from the top panels that both results are very close to each other. The deviation of the
SPA from the complete result are up to around 5% in the kinematic range considered (3.5 < η < 5,
kT < 0.06 GeV, Eγ < 2 GeV). For soft-photon emission, the leading term dominates. The other
terms have no singularity for k → 0. Our findings are that these are indeed important in a much
larger range of Eγ and kT. From the bottom panels, we see that the deviation increase rapidly with
growing Eγ and kT considering |η| < 4. Here, the accuracy 5% occurs up to Eγ ≃ 0.1 GeV and
kT ≃ 0.05 GeV, and is 10% at Eγ ≃ 0.2 GeV and kT ≃ 0.1 GeV.

3. Electrical conductivity via soft photons and dielectrons from heavy-ion collisions

The soft-photon and dilepton radiation emitted from hot QCD matter close to thermal equilib-
rium is of high interest for various reasons.

First, it is governed by universal physics describable in terms of relativistic fluid dynamics. More
specifically, the fluctuations in electromagnetic currents that produce such soft radiation are in a
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Figure 13: The differential distributions in ω = Eγ , the energy of the photon, and in k⊥ = kT, the transverse
momentum of the photon, for the pp → pp(J/ψ → µ+µ−γ) reaction. The calculations were done for

√
s = 13TeV,

3.5 < η < 5, 1MeV < kT < 100MeV (the top panels) and |η| < 4, Eγ > 100MeV (the bottom panels). The black
solid line corresponds to the complete decay contribution (65), the red dashed line corresponds to SPA (leading term,
see Eq. (66). The ratios of the two contributions are shown in the lower panels.
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pp → pp(J/ψ → µ+µ−) σ (pb)
no cuts 3458.2
|η| < 1 304.5
|η| < 4 2671.5
4 < η < 5 68.8

pp → pp(J/ψ → µ+µ−γ) σ (pb), SPA, Eq. (66) σ (pb), full decay, Eq. (65)
Eγ > 100 MeV, |η| < 1 8.8 12.3
Eγ > 100 MeV, |η| < 4 147.8 188.3
Eγ > 100 MeV, 4 < η < 5 5.9 6.6
10 MeV < Eγ < 1 GeV, |η| < 4 269.4 290.2
k⊥ > 1 MeV, 3.5 < η < 5 18.3 19.8
1 MeV < kT < 10 MeV, 3.5 < η < 5 7.4 7.4
10 MeV < kT < 100 MeV, 3.5 < η < 5 7.0 7.2
100 MeV < kT < 1 GeV, 3.5 < η < 5 3.9 5.2
kT > 100 MeV, |η| < 1 8.1 11.6
kT > 100 MeV, |η| < 4 75.8 113.1

Table 4: The integrated cross sections in pb for the exclusive reactions pp → ppµ+µ− and pp → ppµ+µ−γ via the
photoproduction mechanism. The results have been calculated for

√
s = 13TeV and for some acceptance cuts for

ALICE 3. No absorption (pp rescattering) effects are included here.

close-to-equilibrium situation. These fluctuations are related to electromagnetic response functions
via the fluctuation-dissipation relation. The response functions are in turn governed by the physical
laws for the space-time evolution of electromagnetic currents, and at small frequencies and momenta,
these can be formulated in terms of relativistic fluid dynamics. Interesting fluid properties such as
charge susceptibilities, electric conductivity and an associated relaxation time govern then the shape
of electromagnetic response functions.

One can also aim to constrain these transport properties by studying how electric charges move
during the quark-gluon plasma phase. This would need some knowledge about their initial distri-
bution and a corresponding extension of fluid-dynamical descriptions to propagate electromagnetic
currents, as well as of the freeze-out prescription. One could then compare the constraints obtained
in this way to the information about fluctuating currents obtained via the produced electromagnetic
radiation, and thus test the fluctuation-dissipation relation and the degree of local thermalization
of the quark-gluon plasma. Alternatively, if the fluctuation-dissipation relation is assumed, one
can constrain the electromagnetic transport properties from the electromagnetic radiation and the
dilepton spectra in the soft limit of small frequencies and momenta.

From another viewpoint, electromagnetic (EM) radiation from the locally thermalized medium
produced in high-energy heavy-ion collisions provides unique access to an in-medium spectral func-
tion of strongly interacting matter that encodes, e.g., information about its degrees of freedom and
its strongly-coupled properties. This is apparent from the differential thermal production rate of
lepton pairs, l+l− which is given by

dNll

d4xd4q
=

αEM

12π4M2
nB(ω;T )ρ(ω,M ;T, µB)

(
1 +

2m2

M2

)√
1− 4m2

M2
θ(M2 − 4m2), (67)

where qµ = pµ1 + pµ2 is the momentum of the lepton pair, M the corresponding invariant mass, m
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is the lepton mass, αEM = e2/(4π) is the fine-structure constant, T is the temperature and µB
the baryon chemical potential [120–122]. We also use the frequency in the fluid rest frame ω. The
function nB(ω;T ) = 1/(eω/T − 1) is the Bose-Einstein function, and ρ(ω,M ;T, µB) is the spectral
function associated to the trace of the electromagnetic current-current correlation function.4

In the vacuum, this spectral function is well known from the inverse process of electron-positron
annihilation into hadrons. It can be characterized by three regions which in turn set the stage for
its applications to heavy-ion collisions: In the low-mass region (LMR), M <∼ 1GeV, its strength is
essentially saturated by the light vector mesons ρ, ω and ϕ, highlighting the formation of massive
and confined degrees of freedom as the basic excitations of the chirally broken QCD vacuum. In the
intermediate-mass region (IMR), 1.5GeV<∼M <∼ 3GeV, it is essentially a continuum with a strength
given by perturbative qq̄ production, i.e., a short-distance production process which factorizes from
the subsequent hadronization. A “dip structure” exists in the transition mass region (TMR) from
LMR to IMR, 1GeV <∼M <∼ 1.5 GeV.

In experiment, thermal radiation will be observed as an integral over the entire space-time
evolution of the expanding fireball. However, there are means to characterize the different emission
times. For one, there is a competition between the emitting three-volume and the Bose occupation
factor of the emitted (virtual) photon. The former favors later emission, typically increasing with
a power law ∼ 1/Tm with m ≃ 5 [123], while the latter exponentially favors early emission where
temperatures are higher. Since the exponential dependence on temperature strongly increases with
mass, the IMR is dominated by early (QGP) emission while the LMR receives large contributions
from later (hadronic) emission. The mass variable in the emission rate can further be used in
connection with the collective properties of the fireball: early emission is expected to carry less
transverse and elliptic flow than later emission, which can be detected through the qT spectra in
different mass bins [124].

In the following, we focus on the prospects of dielectron measurements in the very low-mass
region, where the spectral function relates to the electric conductivity of the created medium (σEM).
After motivating the need for experimental constraints on this transport coefficient (Sec. 3.1), we
elaborate on the relation between the mass spectra of e+e− pairs produced thermally in the fireball
and σEM (Sec. 3.2). For this purpose, predictions from the model in [125, 126] are used. Additional
physical background sources of dielectrons are studied in Sec. 3.3 in the case of a measurement with
the ALICE 3 experiment [106] planned at the LHC for 2035. These physical background sources
are compared to the thermal signal in Sec. 3.4, where the main challenges of such measurements
are summarized.

3.1. Electric conductivity
In the low-frequency and -momentum regime, the spectral function ρ(ω,M ;T, µB) in a medium

is dominated by the so-called transport peak and specifically by the electric conductivity σEM. In
the fluid rest frame and for vanishing absolute value of the three-momentum one has

σEM =
1

3
lim
ω→0

ρ(ω,M ;T, µB)

ω
. (68)

For a more detailed discussion, also about the form of the spectral function in the regime of small
frequencies and momenta, where it can be constrained by fluid dynamic considerations, see Ref.

4In this paper the electromagnetic-current operators are defined including the electromagnetic coupling constant,
e =

√
4παEM, i.e., the spectral function ρ(ω,M ;T, µB) contains a factor e2 = 4παEM.

40



[127].
The electric conductivity is one of the key bulk properties of the medium created in heavy-ion

collisions, as fundamental as the shear viscosity or a heavy-flavor diffusion coefficient. Close to
thermal equilibrium, and in the fluid-rest frame, it relates the electric current density with the
electric field,

J = σEME. (69)

In other words, it determines the diffusion of electric charges in the medium and their response to
electric fields. As a consequence, it influences for example the time evolution of electromagnetic fields
generated by spectator protons in non-central heavy-ion collisions [128, 129]. The understanding of
phenomena related to the presence of these strong magnetic fields, like the Chiral Magnetic Effect,
requires precise knowledge of the electric conductivity at the early stage of the collision.

Figure 14: Different theoretical predictions for the electric conductivity (σel = σEM) of the partonic and hadronic
matter [130].

The predicted temperature dependence of the ratio σEM/T is shown in Fig. 14 for different
models employing kinetic approaches [130–137], lattice QCD [138–143], holographic models [144,
145] as well as effective field theory [146]. While the theoretical calculations show a large spread
of the expected temperature dependence below and above Tc = 158MeV, there is no constraint by
measurements until now.

The experimental assessment of σEM will likely require dielectron measurements at masses and
momenta below ∼ 100MeV, which we will refer to as very-low-mass region (vLMR). Different
electric conductivities correspond to different heights and widths of the spectral function near the
zero-energy limit [127, 147] and therefore different predicted yields of thermal e+e− in the vLMR.
A decisive advantage over other transport coefficients is that it directly connects to the microscopic
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physics of low-mass measurements that have progressed substantially over the last two decades [148,
149].

3.2. Thermal radiation signal for two different scenarios
The thermal radiation signal used in the present study is calculated with in-medium spectral

functions that are convoluted over an expanding fireball model [123, 125, 126, 149]. This model is
successful in describing dilepton measurements at SPS energies [124, 150–153] as well as at RHIC
energies [154, 155]. It is also compatible with first e+e− results at the LHC [156], although the
uncertainties of the data are still large. In the QGP, it employs a perturbative dilepton rate based
on qq̄ annihilation that is combined with a transport peak which approximately reproduces the
conductivity computed in current lattice-QCD computations, albeit with very large uncertainties. In
the hot hadronic phase, the thermal emission rate of dielectrons is calculated within hadronic many-
body theory, including an in-medium modified vector-meson spectral function. The production of
dileptons includes processes like annihilation, resonance Dalitz decays, meson-exchange scattering,
and bremsstrahlung. The temperature evolution is determined with an equation of state based
on lattice-QCD results at vanishing net-baryon density coupled to a hadron-resonance gas with
partial chemical equilibrium. The expected yields of thermal radiation from the QGP and from
the hadronic phase as a function of mee, i.e., the invariant mass of the e+e− pairs, are shown in
Fig. 15 for the 5% most central Pb–Pb collisions at

√
sNN = 5.02TeV at midrapidity. Two different
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Figure 15: Predicted thermal e+e− yields from the QGP (green) and from the hadronic matter with (HMππ, blue)
and without (HM, yellow) ππ-bremsstrahlung at midrapidity (|yee| = 0) in the 5% most central Pb–Pb collision at√
sNN = 5.02 TeV [125, 126]. The yields are integrated over pT,ee in the left panel, and for pT,ee < 0.03GeV/c in the

right panel.

versions of the radiation from the hadronic phase are shown, i.e., one including ππ-bremsstrahlung
and one in which it is switched off manually. With ππ-bremsstrahlung the electric conductivity in
the hadronic medium is effectively reduced which then leads to a 50% enhancement of the thermal
e+e− yield at mee ≈ 0.1GeV/c2 integrated over the pair transverse momentum (pT,ee), as shown
in Fig. 15 (left). By selecting pT,ee < 0.03GeV/c, the enhancement of the predicted thermal e+e−

yield from the hadronic matter is even more pronounced as can be seen on the right panel of Fig. 15.
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Figure 16: Double ratio of thermal radiation from the hadronic matter with and without ππ-bremsstrahlung and a
pT,ee cut (pT,ee < 0.03 GeV/c) for the 5% most central Pb–Pb collisions at

√
sNN = 5.02 TeV [125, 126].

The double ratio of the predicted thermal radiation yield from the hadronic matter with and
without ππ-bremsstrahlung is shown in Fig. 16 for pT,ee < 0.03GeV/c and integrated over pT,ee.
It reaches a factor of about two at mee ≈ 0.07GeV/c2, whereas it is still of the order of 1.2 at
mee ≈ 0.15GeV/c2. This suggests measuring dielectrons not only at low mee but also at low pT,ee.
Note that no requirement on the transverse momentum of the electron or positron (pT,e) or on their
pseudorapidity (ηe) is applied, although experimentally the detectors used to track and identify the
particles have a finite acceptance and efficiency. The latter is ignored in this study.

3.3. Physical backgrounds
Thermal radiation from the QGP and the hadronic phase are not the only source of e+e− pairs

at low mee and pT,ee. Hadronic decays, in particular the decays of the π0 and η mesons to γe+e−,
are expected to contribute to the dielectron yield. In addition, the highly Lorentz-contracted lead
nuclei produce extremely strong electromagnetic fields which can be treated as a flux of quasi-real
photons generated coherently, i.e., the charges of the Z protons in the nucleus act coherently leading
to a Z2 dependence of the quasi-real photon flux. Such photons from the two colliding nuclei are
expected to interact via the Breit–Wheeler process [157] to produce dileptons characterized by a
small transverse pair momentum (pT,ee ≤ 0.3GeV/c). In the following, these background sources
will be studied.

3.3.1. Hadronic decay background
The expected dielectron yield from the decays of known hadrons produced in hadronic Pb–Pb

collisions is calculated with a fast Monte Carlo program taking parametrizations of the pT spectra
of the hadrons as input. For this purpose, the pT-differential yield of π± mesons, measured down
to a pT of 0.1GeV/c in the 5% most central Pb–Pb collisions at

√
sNN = 5.02TeV by ALICE [158],

is parameterised and extrapolated to pT = 0GeV/c with a two-component function [159, 160]. A
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correction to the input π0 parametrization is applied to take into account isospin-violating decays
leading to differences between π0 and π± [161], mainly originating from decays of the η meson. The
effect is assumed to be similar in pp and in central Pb–Pb collisions at the same collision energy. The
pT spectrum of η is computed as the average of the spectra obtained using the parameterizations
retrieved from the η/π0 ratio as a function of pT in pp collisions [162] and from the K±/π± ratio
as a function of pT measured down to pT = 0.3GeV/c in Pb–Pb collisions [158]. The ratio of the
resulting pT spectrum of η to the one of π0 at very low pT (pT ≤ 0.1GeV/c) is in agreement within
uncertainties with the η/π0 ratio measured in hadronic collisions by CERES/TAPS [163].

Other hadrons, ω, η′, ρ, and ϕ, are generated assuming mT-scaling, implying that the spectra
of all light mesons as a function of mT =

√
m2 + p2T follow a universal form and differ only by a

normalization factor.
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Figure 17: Expected dielectron yield from hadronic decays in the 5% most central Pb–Pb collisions at
√
sNN =

5.02TeV. The sum (black), as well as the different hadron decay contributions, are shown.

The resulting expected yields of dielectrons from hadronic decays in the 5% most central Pb–Pb
collisions at

√
sNN = 5.02TeV integrated over pT,ee are shown as a function of mee in Fig. 17. The

Dalitz decay of π0 mesons dominates up to the pion mass (mπ0 ≈ 0.135GeV/c2), whereas above
the η → γe+e− decay channel is the main source of e+e− pairs from hadronic decays.

3.3.2. Electromagnetic background
The highly Lorentz contracted electromagnetic fields generated by the ultra-relativistic lead

ions can manifest themselves in quasi-real photons that in turn can interact via the Breit-Wheeler
process [164] and produce a dilepton pair with small pair transverse momentum.

The γγ → l+l− process has been first observed in ultra-peripheral collisions (UPCs) characterized
by an impact parameter b that is larger than twice the nuclear radius RA, i.e., with no hadronic
overlap [165]. Nevertheless, in recent years, the STAR [166], ATLAS [167, 168], and ALICE [169]
collaborations successfully measured this process in collisions with hadronic overlap (HOCs), i.e.,
with b < 2 × RA, down to the most central Pb–Pb collisions for ATLAS. Medium effects, like
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electromagnetic scatterings of the leptons in the QGP or the presence of magnetic fields trapped in
the emerging QGP, were initially suggested to explain the broader dilepton transverse momentum
pT,ll or acoplanarity distributions observed in such collisions compared to UPCs. However, it turns
out that with more recent calculations the room for such interactions with the medium is significantly
reduced. Nevertheless, the data can be used to map the electromagnetic fields of the nuclei and to
better understand QED phenomena. An extensive review can be found in Ref. [170].
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Figure 18: Invariant mass mee (left) and pair transverse momentum pT,ee (right) distributions of dielectrons originat-
ing from the γγ → e+e− process in ultra-peripheral Pb–Pb collisions and in the 5% most central collisions at midra-
pidity for

√
sNN = 5.02TeV, as prediced by STARlight [112]. The effect of a selection of pairs with pT,ee < 0.03GeV/c

is also shown.

Different models are available to estimate the e+e− yields from γγ interactions, i.e., the STARlight
event generator [112], lowest-order QED calculations [171–174] (LO-QED) or approaches using the
Wigner formalism [175–178]. All of them neglect higher-order corrections in the QED predictions
and assume that the nuclei maintain their velocities to validate the external and coherent field
approximation. The latter may lead to important corrections to the initial electromagnetic fields
in central collisions, where the photon flux is expected to be generated predominantly by the par-
ticipant nucleons, whereas the former could be relevant for both UPCs and HOCs [179, 180]. For
this study, the STARlight generator was used. It has been found to reproduce the measurements
in UPCs reasonably well [181–183], while predicting too narrow pT,ll or acoplanarity distributions
in HOCs [166–169], mostly due to a partial treatment of the impact-parameter dependence. In
this model, the shape of the transverse-momentum distribution of the quasi-real photons is as-
sumed to be impact-parameter independent, in contrast to the broadening of the measured pT,ll or
acoplanarity spectra observed by the PHENIX, STAR, and ALICE collaborations towards central
collisions. This broadening is however qualitatively reproduced by other theoretical approaches
including proper impact-parameter dependences [173, 174, 177, 178]. The pT,ll-integrated cross
sections calculated with STARlight in HOCs are nevertheless in fair agreement with the data.

Using the STARlight [112] event generator the cross sections for UPCs and HOCs were calcu-
lated. For the calculations of the HOC γγ → e+e− process the impact parameter in the event
generation was restricted to 0 < b < 3.5 fm to match the selection of 5% most central Pb-Pb events.
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For UPCs the requirement was the criterion that no hadronic interaction took place by requiring
b > 2RA. The cross section for the γγ → e+e− process at midrapidity (|yee| < 0.5) is about three
orders of magnitude larger in UPCs (19572 b) than in the 5% most central Pb–Pb collisions (10.7 b)
at

√
sNN = 5.02TeV. Both are shown as a function of mee (left) and pT,ee (right) in Fig. 18. The

pT,ee distributions are similar in HOCs and in UPCs, as expected from the model, and peak at very
low pT,ee. The effect of requiring pT,ee < 0.03GeV/c is also shown and reduces the dielectron yields
by less than 5%.

3.3.3. Normalization of the background sources
Contrary to the hadronic decay background (HDB) and the γγ → e+e− process in HOCs

(GHOC), the contribution from dielectrons from γγ interactions in UPCs (GUPC) comes from
a different Pb–Pb collision as the one producing the thermal radiation signal, a so-called pile-up
collision. Pile-up can be categorized into two different types: (I) out-of-bunch pile-up where the
UPC event occurs in a different bunch crossing than the hadronic collision, and (II) in-bunch pile-
up for which the UPC happens in the same bunch crossing as the hadronic collision. Assuming
a timing resolution of the ALICE 3 Time-Of-Flight system in the order of 10 ps [106], i.e., three
orders of magnitude smaller than the bunch spacing at the LHC (10 ns), the type (I) of pile-up
can be neglected for measurements performed with this experiment. This means that only UPCs
happening in a bunch crossing where a central hadronic collision occurs, have to be considered. This
reduces the amount of GUPC by a factor 0.05× µ, where µ is the probability to have one hadronic
collision per bunch crossing (µ = 0.01 for ALICE 3, see Tab. 1 of the ALICE 3 letter of intent [106])
and 0.05 accounts for the centrality selection.

The GUPC background can be further suppressed by requiring that the electron and positron
candidates point to the reconstructed primary vertex of the hadronic collision along the beam axis
(z-direction). The pointing resolution at low pT is expected to be in the order of 100 µm for ALICE
3 [106]. Applying a 5σ selection implies requiring an impact parameter in beam direction for the
reconstructed e± trajectories and the collision vertex between −500 µm and 500 µm. In the following,
the distributions of the hadronic collisions and UPCs along the beam direction are assumed to be
described by a Gaussian distribution with a width of 5 cm, as it is currently the case in ALICE.
The requirement on the impact parameter of the electron and positron candidates is expected to
reduce the GUPC background by at least a factor ϵDCAz with:

ϵDCAz =

∫ 500µm
−500µmG(z)dz∫ 10 cm
−10 cmG(z)dz

= 0.0084, (70)

corresponding to the worst case where the hadronic collision and the UPC happen at the same z
value. Combining the above selection of bunch crossing with a central hadronic collision and the
ϵDCAz suppression factor, the “visible” cross section for the UPC γγ process can be calculated as
19572 b × µ × 0.05 × ϵDCAz = 0.082 b. The background contribution from dielectrons from the
γγ → e+e− process in UPCs is then expected to be smaller than from γγ interactions in HOCs.

3.4. Total dielectron yield
Figure 19 shows the expected total dielectron yield, black with and grey without ππ-bremsstrah-

lung in the hot hadronic phase, as a function of mee in the 5% most central Pb–Pb collisions at√
sNN = 5.02TeV. In the left panel the yields are integrated over pT,ee, whereas in the right panel

they are computed for pT,ee < 0.03GeV/c. The different contributions to the e+e− yield are also
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Figure 19: The expected total dielectron spectrum with its different contributions in the most 0–5% central Pb–Pb
collisions at

√
sNN = 5.02TeV as a function of mee integrated over pT,ee (left) and for pT,ee < 0.03GeV/c. Two

different calculations for thermal radiation, including (HMππ + QGP) or not (HM +QGP) ππ-bremsstrahlung in
the hadronic phase, are shown [126]. The relative contribution of thermal radiation from the QGP and the hadronic
phase is shown on the bottom panels for the two different predictions.

reported separately. Up to around mee = 100MeV/c2 the dielectron yield is dominated by Dalitz
decays of π0 mesons whereas above the η Dalitz decay is the main source of e+e− pairs. According
to the STARlight event generator [112] and the approach explained above, the backgrounds from
the γγ → e+e− process in HOCs and UPCs are negligible, particularly for mee > 100MeV/c2. On
the bottom panels of Fig. 19, the relative contribution from thermal radiation from the QGP and
from the hadronic matter [126] is shown. Above the pole mass of the π0, it amounts to 25–30% and
20–30% of the total e+e− yield, integrated over pT,ee and for pT,ee < 0.03GeV/c, respectively, and
depends on the inclusion or not of ππ-bremsstrahlung in the hot hadronic phase.

To quantify the precision a measurement would need to differentiate between the two different
implementations for thermal radiation produced in the hot hadronic matter, the ratio of the total
expected dielectron yield with and without ππ-bremsstrahlung is calculated. The result is shown
in Fig. 20 for the two different pT,ee selections. Integrated over pT,ee, the relative difference of the
total dielectron yield is in the order 7% for mee larger than mπ0 . This means that a measurement
would need a total uncertainty below 1.5% to reach a 5σ significance in the separation of both
theoretical scenarios. For pT,ee < 0.03GeV/c, the relative difference is larger by up to a factor 1.7
at mee = mπ0 . Total uncertainties of about 2.5% would then be necessary.

According to this study, precise measurements of the dielectron production at low mee would be
needed in order to constrain the electric conductivity in the hot medium. Going to low pT,ee increases
the sensitivity to different σEM. Excellent knowledge of the hadronic background in particular from
the Dalitz decays of η mesons is mandatory. No detector acceptance and efficiencies were considered
so far. They are nevertheless crucial, together with an estimation of the combinatorial background,
in order to quantify the expected uncertainties of a dielectron measurement in this phase space with
ALICE 3.
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Figure 20: Difference between the two predictions for thermal radiation in hot hadronic matter [125, 126] normalized
to the total dielectron yield for pT,ee < 0.03GeV/c, and integrated over pT,ee in the 5% most central Pb–Pb collisions
at

√
sNN = 5.02TeV.

4. Conclusions and Outlook

In this review we have summarized the current status and future opportunities for the experi-
mental investigation of the validity of soft-photon theorems in the ALICE experiment at the LHC.
The emission of soft bremsstrahlung photons is related to fundamental properties of local relativistic
quantum field theories and has been investigated in a variety of approaches over the years. Already
in the early developments of quantum electrodynamics (QED), the presence of infrared divergences
of bremsstrahlung cross sections was an immediate issue which has been resolved in the work by
Bloch and Nordsieck by considering the impossibility to resolve processes with the emission of one
or many “soft photons” from those without these emissions. Taking into account the finite energy
resolution of detectors one obtains a finite effective cross section [40, 62, 63]. Another resolution of
the same IR problems is the analysis of the “true asymptotically free states” of charged particles;
due to the long-ranged nature of the electromagnetic interaction, i.e., the vanishing mass of the
photon, these asymptotically free states are rather represented by “infra-particle states” which can
be interpreted intuitively as the “naive bare-particle state” surrounded by their coherent electromag-
netic field which can be pictured as a “cloud of soft photons” [43–46, 59–61]. Another aspect is the
close connection with the fundamental symmetry of relativistic spacetime and the pertinent theory
of unitary representations of the proper orthochronous Poincaré group in terms of local quantum
fields [50, 55], which together with the locality/microcausality assumption inevitably leads to the
realization of massless particles as gauge bosons with their interactions via couplings to conserved
charges [56]. Similar conclusions can be drawn from S-matrix theory [57]. More recently the soft-
photon theorem has been related to asymptotic symmetries due to invariance under “large gauge
transformations” [69, 70, 72, 73].

Given these truly fundamental arguments for the validity of the related soft-photon theorems,
i.e., the factorization of scattering amplitudes in a universal soft-photon factor and the amplitude
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for the corresponding process without the emission of soft photons at leading power 1/ω in the
photon energy, the soft-photon puzzle, i.e., the excess of observed soft bremsstrahlung photons in
hadronic processes, is of great interest. From a theoretical perspective, progress has been recently
made regarding Low’s theorem. In particular, recent papers addressed the problem of how to
implement the subleading terms in the theorem (which arise from an expansion around ω = 0) in
photon spectra which unavoidably require a non-vanishing soft momentum. In this regard, several
proposals have been put forward on how to deal with the functional dependence of the factorized
non-radiative amplitude and the corresponding ambiguities arising from momentum conservation
constraints [91, 94–96].

In spite of this recent progress, much remains to be investigated. A precise numerical estimation
of next-to-leading power effects is only in its infancy since it has been computed only for a series
of simple cases. For processes with generic hadronic final states and kinematical cuts in analogy
to those that were implemented for the measurements that observed an excess of photons, further
studies are necessary. Another aspect to be carefully examined is the question of non-perturbative
QCD mechanisms of the production processes of hadrons accompanied by soft bremsstrahlung,
particularly the hadronization processes and the involved space-time scales which might be relevant
for an estimation of the energy-momentum scale defining the validity range of the leading-order soft-
photon limit which must hold if the very fundamental properties of local relativistic quantum field
theory are valid and the impact of subleading corrections. It is also worth stressing that the leading
term in Low’s theorem does not receive corrections as long as the photon energy is much smaller
than the masses of the charged particles. When this condition is violated, e.g., for parametrically
small masses and in perturbative QCD with massless partons, Low’s leading theorem receives loop
corrections (as recently computed in [37]). However, the phenomenological implications of these
results for processes where a perturbative description breaks down remain not clear.

Further, we have demonstrated that the ALICE 3 apparatus including the Forward Conversion
Tracker will enable precision measurements of soft photon production in the region of the Low
divergence in inclusive and exclusive processes with pp collisions at top LHC energy. This will settle
the issue of the presence of the anomalous soft photon production and provide an experimental test
of the infrared limit of quantum field theories such as QED and QCD.

Comparing with other LHC experiments, the LHCb apparatus at the Large Hadron Collider
covers the forward pseudorapidity range of the planned Forward Conversion Tracker and has already
demonstrated photon conversion capabilities [184]. However, the relatively large material budget of
the inner vertex tracker of 21.3% in units of radiation lengths [185] and the photon energy threshold
in the few GeV range will make it very difficult to provide a test of the Low theorem within the
framework of LHCb.

With the recent advancement in silicon pixel detector technology that is largely employed in
the ALICE 3 planning it would be intriguing to measure soft photon production at beam rapid-
ity in coincidence with the deflected beam particles by use of Roman pots at LHC [186, 187], a
technique that is well established in experimental particle physics. A next-generation, extremely
high-luminosity electron-positron collider may become available as early as during the next decade
[188, 189]. The clean environment of such collisions with abundantly produced high-energy jets
would provide another precision test of the soft photon theorem in a different setting.

Furthermore, in heavy-ion collisions, the production of real and virtual soft photons from the
locally thermalized medium is linked, at very low masses and momenta, to the electrical conduc-
tivity of this medium. We have summarized the status of the current theoretical predictions for
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σEM. Based on calculations from the model in [125, 126], we have shown that measuring the e+e−

yield not only at low masses (mee of about 0.15GeV/c2) but also at low pair transverse momenta
(pT,ee < 0.03GeV/c) substantially increases the sensitivity to the electrical conductivity. The re-
quired experimental precision of such a dielectron measurement at midrapidity has been estimated
to be of the order of 2% in order to distinguish theoretical scenarios with significantly varying
values for the electrical conductivity in the hadronic phase. Very good knowledge of the hadronic
background, in particular from Dalitz decays of the η meson, is mandatory while the background
resulting from the γγ → e+e− process is expected to be small for the LHC and ALICE 3 setup.
Further studies on the detector acceptance and efficiency at such low momenta will allow a better
quantification of the expected uncertainties of a dielectron measurement in this phase space with
ALICE 3.
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