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Abstract

The diffusion of heavy quarks through the quark-gluon plasma (QGP) as produced in high-energy heavy-ion collisions
has long been recognized as an excellent probe of its transport properties. In addition, the experimentally observed
heavy-flavor hadrons carry valuable information about the hadronization process of the transported quarks. Here we
review recent progress in the theoretical developments of heavy-quark interactions in the QGP and how they relate to
the nonperturbative hadronization process, and discuss the recent status of the pertinent phenomenology in heavy-ion
collisions at the RHIC and the LHC. The interactions of heavy quarks in the QGP also constitute a central building
block in the description of the heavy quarkonia which controls their transport parameters as well. We will thus focus on
theoretical approaches that aim for a unified description of open and hidden heavy-flavor particles in medium, and discuss
how they can be constrained by lattice QCD “data” and utilized to deduce fundamental properties of the microscopic
interactions and emerging spectral properties of the strongly coupled QGP.
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1. Introduction
The theory of the strong nuclear force, Quantum Chromodyanics (QCD), is anchored in a remarkably compact Lagrangian
density,

LQCD = q̄(iDµγ
µ −mq)q +

1

4
GµνGµν , (1.1)

formulated in terms of spin-1/2 quark fields, q, with bare masses mq, interacting via massless bosonic gluon fields, Aµ,
encoded in Dµ = ∂µ − igAµ with coupling strength g. Contrary to Quantum Electrodynamics (QED), the quark fields
come in three color-charges, and the gluons carry color-charge as well, implying a self-interaction which is encoded in
the field strength tensor, Gµν . This leads to a running coupling constant, αs = g2/4π, that increases with decreasing
momentum transfer. As a consequence, nonperturbative phenomena emerge at scales of 1GeV and below, most notably
the confinement of quarks and gluons into hadrons, and a spontaneous breaking of chiral symmetry causing a mass
splitting of about 0.5 GeV in chiral multiplets of the light hadronic spectrum. These phenomena are intimately related
to the phase structure of QCD matter. Lattice-discretized computations of the finite-temperature partition function of
QCD have demonstrated that the spontaneously broken chiral symmetry is gradually restored around a pseudo-critical
temperature of Tpc ≃ 155MeV [1, 2]. In the same temperature regime, the thermodynamic bulk properties indicate a
transition from hadronic to quark-gluon degrees of freedom. However, the nature of the quark-gluon plasma (QGP), i.e.,
its spectral and transport properties, remains under intense debate. High-energy heavy-ion collisions conducted at the
Relativistic Heavy-Ion Collider (RHIC) and the Large Hadron Collider (LHC) have revealed that the hot QCD medium
formed in these reactions is strongly coupled as deduced from the success of relativistic hydrodynamics. The latter require
a rapid local thermalization of the medium with little friction losses in the subsequent fireball expansion, implying a very
small value for the ratio of shear viscosity to entropy density, close to a conjectured quantum lower bound. A key question
is how this phenomenon emerges from the underlying QCD interactions, and which probes in heavy-ion collisions can
help to unravel them.

In the vicinity of the phase transition and at the temperatures typically reached in heavy-ion collisions (up to
ca. 500MeV at the LHC), the QCD medium is essentially made of the light up, down and strange quarks (q=u,d,s),
antiquarks and gluons, and/or their composites. In this regime, the heavy charm and bottom quarks (Q = c, b) turn out
to be excellent probes of the interaction strength in the QGP, and thus its transport properties(top quarks, with a lifetime
of ∼0.15 fm/c, are too short-lived for this purpose). When immersed into a QGP, heavy quarks exert a Brownian motion
where the pertinent diffusion coefficient gives direct information about their interactions with their environment [3, 4].
This idea works surprisingly well, in momentum space, in the context of heavy-ion collisions: Heavy quarks are produced
very early on in the collision, with reasonably well-defined initial momentum spectra (which are substantially harder
than the asymptotic limit of thermalized spectra). Most of these quarks are produced at relatively small momenta, and
through multiple soft elastic scatterings their spectra are driven toward thermalization. Their thermal relaxation rate, γQ,
is suppressed relative to the light partonic degrees of freedom by a factor of T/mQ, where mQ is the heavy-quark (HQ)
mass. Current estimates of the typical scale of the thermal relaxation time, τQ = 1/γQ, indicate that it is comparable to
the lifetime of the QGP fireball of τQGP ≃ 5 − 10 fm/c, presumably somewhat smaller for charm, but larger for bottom
quarks. Thus, the finally observed spectra of heavy-flavor hadrons containing a c or b quark, carry a memory of their
interaction history, rendering them quantitative gauges of their interaction strength with the medium [5, 6, 7]. Further-
more, the collective flow of the expanding medium (including azimuthal-angular modulations, most notably a so-called
“elliptic flow”) exerts an additional drag on the diffusing quarks, which can lead to the development of a characteristic
maximum structure in the heavy-quark (HQ) spectrum reflecting the radial-flow velocity of the fireball.

Pioneering data of the PHENIX collaboration, which indirectly measured heavy-flavor (HF) spectra in Au-Au colli-
sions through their semi-leptonic decay electrons, showed large modifications relative to expectations from proton-proton
collisions [8]. It soon became clear that these modifications cannot be reconciled with perturbative-QCD (pQCD) calcu-
lations, but require nonperturbative heavy-quark (HQ) interactions in the QGP and/or in the hadronization process. To
date these findings have been thoroughly corroborated, quantified and expanded through a wealth of high-quality experi-
mental data, especially for charm hadrons (D, Ds and Λc ) from the Relativistic Heavy-Ion Collider (RHIC) and the Large
Hadron Collider (LHC). Recent accounts of these developments, together with the main theoretical and phenomenolog-
ical developments, have been given in several recent review articles [5, 6, 7]. Specifically, the description of D-meson
observables in Pb-Pb(5 TeV) and Au-Au(0.2 TeV) collisions has put substantial constraints on the (temperature-scaled)
charm-quark diffusion coefficient in the QGP, to values of Ds(2πT )≃ 2-4 in the vicinity of the transition temperature.
This is about a factor of 10 smaller than leading-order pQCD calculations [3] and not far from the conjectured quantum
lower bound of one [9]. One of the main objectives we aim to discuss in this review is the progress that has been made in
understanding the microscopic interactions that are responsible for the remarkable coupling strength in the QGP. Also
in this context, the large HQ mass provides valuable benefits. In a typical elastic scattering process of a heavy quark
on light thermal partons, the energy transfer, q0 ≃ q2/mQ, is parametrically suppressed relative to the three-momentum
transfer, q, thus justifying the notion of potential interactions which facilitate the theoretical description in terms of three-
dimensional scattering equations. In addition, high quality lattice-QCD (lQCD) results are available for static quantities
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Figure 1.1: Schematic representation of how the interactions of an individual heavy quark (left panel) are related to dissociation processes of
quarkonia (right panel) in the QGP.

such as the HQ free energy, which is closely related to an in-medium HQ potential.
Elastic scattering of a heavy quark in the QGP is closely related to the dissociation reactions of heavy quarkonia, Q

where the same scattering occurs except that the incoming heavy quark is off-shell due to its binding in a bound state, cf.
Fig. 1.1. The process has been referred to as “quasi-free" dissociation [10] and becomes the dominant process (as compared
to, e.g., gluo-absorption, g +Q → Q+ Q̄ [11, 12], if the binding energy of the quarkonium is of order of the temperature
or less. Even for larger binding energies, where interference effects between the scattering off the quark and the antiquark
become relevant [13, 14], quasi-free dissociation can still be numerically large [15]. In quantum many-body language,
dissociation processes of quarkonia are encoded in the selfenergies of the individual heavy quarks in the bound state.
Therefore, a microscopic description of HQ diffusion directly manifests itself in the in-medium quarkonium properties,
and as such can be further tested against lQCD data including euclidean and spatial correlation functions, as well as
experimental observables. Also in this sector, rather extensive recent reviews are available [16, 17], and therefore we will
focus here on the connections to the open HF sector.

Our article is organized as follows. In Chap. 2 we discuss microscopic models for HQ interactions in the QGP, including
pQCD calculations (Sec. 2.1) and a thermodynamic T -matrix approach (Sec. 2.2), constraints from lQCD and pertinent
HQ and quarkonium spectral functions (Sec. 2.3), consequences for and the role of the ambient QCD medium (Sec. 2.4),
and diffusion in hadronic matter (Sec. 2.5). Chapter 3 is dedicated to transport parameters, specifically the friction and
momentum diffusion coefficients of heavy quarks (Sec. 3.1), their implications for quarkonium dissociation (Sec. 3.2), and
the HF spatial diffusion coefficient and relations to the shear viscosity (Sec. 3.3). In Chap. 4 we review key features of open
HF transport approaches in heavy-ion collisions (Sec. 4.1) and give a critical discussion of the current phenomenology at
RHIC and the LHC (Sec. 4.2). In Chap. 5, we briefly introduce pertinent transport approaches as well (Sec. 5.1) and then
review recent developments in the interpretation of data for charmonia, bottomonia and “exotic” states with an emphasis
on connections to the open HF sector (Sec. 5.2). A brief summary and future perspectives are given in Chap. 6.
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Figure 2.1: Tree-level diagrams for HQ scattering off gluons in the s-, t- and u-channel (from left to right), and off light quarks where only the
t-channel is available.

2. Heavy-Flavor Interactions in QCD Matter
The basic building block in a quantum many-body description of HQ systems in the QGP is the two-body scattering
amplitude of a heavy quark on the constituents of the thermal bath, for both on-shell kinematics (e.g., in the semi-classical
transport treatment), or off-shell when embedded into bound states. We will discuss these amplitudes from the pQCD
perspective in Sec. 2.1 and in nonperturbative approaches with focus on the thermodynamic T -matrix approach in Sec. 2.2 .
Since we expect very high collision rates in a strongly coupled quark-gluon plasma (sQGP), with transport properties close
to pertinent quantum lower bounds, the spectral functions of the thermal-medium partons will acquire large collisional
widths, comparable to their masses. This suggests that off-shell treatments are also needed in the calculations of in-
medium selfenergies and transport coefficients. Even for charm quarks, the widths may not be negligible relative to their
mass, while for quarkonium properties the relevant scale is the in-medium binding energy which may quickly be exceeded
by the collisional width as temperature increases, leading to a melting of the bound state. In a nonperturbative system,
it is therefore essential to constrain the calculated spectral functions with information from lQCD as much as possible.
This will be addressed in Sec. 2.3, followed in Sec. 2.4 by a discussion of the QCD medium properties that may emerge
and have to be fed back into the HQ interactions. We end this chapter with a brief survey on the investigation of HF
diffusion in hadronic matter in Sec. 2.5.

2.1. Perturbative QCD
The basic entity for evaluating HQ interactions in the QGP is the two-body amplitude for elastic scattering off the
thermal partons in the heat bath. To leading order in the strong coupling constant, αs, the pertinent Feynman diagrams
encompass s-, t- and u-channels for HQ-gluon scattering, as well as a t-channel for HQ scattering off up, down and
strange quarks (q = u, d and s, respectively). Since the s and u-channel amplitudes are suppressed by the HQ mass in the
intermediate HQ propagator, the dominant contributions arise from the two t-channel diagrams, specifically HQ-gluon
scattering due to the larger color-charge factor the three-gluon vertex. In vacuum, both diagrams exhibit an infrared
singularity for forward scattering, which is, however, naturally regularized through the appearance of a Debye screening
mass, µD ∼ gT , in the t-channel gluon exchange propagator. When utilizing these diagrams to compute the thermal
relaxation time of charm quarks in the QGP [3, 18, 19, 20], one finds rather long thermalization times, τc ≥ 20fm/c, for
temperatures T ≤ 300MeV and a strong coupling constant of αs=0.3-0.4. The results also depend on the precise value
of the charm-quark mass in the medium, since in leading order one expects τc to be proportional to mc. Converting the
relaxation time into a spatial diffusion coefficient, Ds = τc(mQ/T ), and normalizing it to the thermal wavelength, 1/2πT ,
one finds values of Ds(2πT ) ≃ 35.

A complete next-to-leading order (NLO) calculation has been carried out in Ref. [21], requiring various types of
resummations including corrections from very soft HQ momenta, p ≃ µB , that lead to a non-analytic behavior in the
strong coupling constant. The final result shows that NLO corrections to the LO result are very large, even at relatively
small coupling, e.g., more than a factor of 5 for αs=0.2. This implies that the perturbative series is not under control
and cannot be used to assess meaningful corrections to the leading-order result.

Other corrections to the leading-order Born diagrams have been investigated. In Refs. [22, 23] the energy-momentum
dependent polarization tensors have been inserted into the t-channel gluon propagators in hard-thermal-loop approxima-
tion. A sizable increase in the interaction strength has been found, which can decrease the HQ diffusion coefficient by a
factor of ∼2-3 or more , (see, e.g., Fig. 4 in Ref. [5]) and also affects the momentum dependence of the relaxation rate,
relative to the LO results. In Refs. [24, 25] the running of the QCD coupling constant has been introduced not only as
a function of temperature, but also as a function of the momentum transfer, Q2 of the exchanged gluon, reaching values
of close to 1 in the limit of Q2 → 0. In addition, it has been argued that a selfconsistent determination of the Debye
mass, µ̃2

D ∼ αs(µ̃
2
D)T

2, leads to much reduced values of about a factor ∼2.5 relative to the usual µD ∼ gT with a fixed
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coupling. Put together, these effects lead to a reduction the spatial diffusion coefficient down to values of Ds(2πT ) ≃ 3-4.
The interested reader may find more detailed discussions on these approaches in previous review articles [4, 5].

2.2. Thermodynamic T -matrix
The problems or perturbative calculations to produce an interaction strength of heavy quarks in the QGP needed to
account for the experimentally observed spectra of heavy-flavor particles in heavy-ion collisions has led to several devel-
opments of nonperturbative approaches. In the following we briefly review some of the older ones and then turn our focus
on the thermodynamic T -matrix approach that has a number of appealing features and is still actively pursued.

The first nonperturbative approach to HQ diffusion in the QGP was based on the conjecture that D-meson resonances
survive at temperatures above the critical one [26]. The presence of hadronic states in the QGP is not uncommon in
the light-flavor sector [27, 28] and has also been put forward early on in the charmonium sector as an interpretation
of lQCD data for euclidean correlation functions [29]. In the QGP, D-mesons have been utilized as resonant states in
HQ scattering off thermal anti/quarks [26], which was found to reduce the LO pQCD estimates of the HQ diffusion
coefficient by about a factor of five, down to Ds(2πT ) ≃ 5-6 for charm quarks. In addition, this model provides a natural
pathway for color neutralization as the system transits from quark to hadronic degrees of freedom. The HQ diffusion
coefficient has also been computed in the strong-coupling limit for a scale-invariant gauge theory utilizing the conjectured
equivalence between a weakly coupled gravitational and conformal field theory (AdS/CFT correspondence) [30, 31, 32].
The resulting HQ diffusion coefficient, Ds = 2/πT

√
λ still has a weak dependence on the ’t Hooft coupling constant,

λ = g2Nc, as opposed to pQCD where Ds ∝ 1/α2
sT . This renders the HQ diffusion coefficient parametrically smaller

compared to the AdS/CFT result for the specific shear viscosity, η/s ≃ 1/4π. A mapping of the AdS/CFT result to
the QGP depends on the identification of the equivalent temperature and coupling constant in the QGP, and produces a
range of Ds(2πT ) ≃ 0.9-3 [32] (which is implicitly assuming that the QCD plasma is driven by the color-Coulomb force).

Next, we turn to the thermodynamic T -matrix approach [33, 20, 34], which is a rigorous quantum many-body frame-
work for a selfconsistent solution of the one- and two-body correlation functions in medium. Starting point is the scattering
equation for the interactions of a heavy quark with thermal partons (i=q, q̄, g) in the QGP,

T aQi(E,p,p
′) = V aQi +

∫
d3k

(2π)3
VQi(p,k)G

0
Qi(E,k)T

a
Qi(E,k,p

′) , (2.1)

where p,p′ and k denote the three-momenta of the heavy quark in the incoming, outgoing and intermediate state,
respectively (and equal opposite for the light parton). The 3D T -matrix equation can be obtained from the 4D Bethe-
Salpeter equation in the limit of small energy transfer, q0, which is satisfied if the heavy quark is sufficiently massive, i.e.,
q0 ∼ q2/mQ ≪ q ∼ T . The driving kernel, VQi, which is the main input to the approach, then becomes amenable to a
potential approximation which opens the way for quantitative constraints from lQCD (this will be elaborated in Sec. 2.3).
However, the dynamic (quantum) information of the propagating quarks, encoded in the finite-temperature two-body
propagator,

G0
iQ(E,k) =

∫
dω1dω2

ρi(ω1,k)ρQ(ω2,k)

E − ω1 − ω2 + iϵ
[1± fi(ω1)− fQ(ω2)] , (2.2)

is retained through the in-medium parton spectral functions, ρi,Q(ω) and pertinent thermal distribution functions, fi,Q
(with the upper and lower sign for bosons or fermions, respectively). The single-particle spectral function is given by the
imaginary part of the pertinent propagator,

GQ = 1/[ω − ωQ(k)− ΣQ(ω, k)] , ρQ = − 1

π
Im GQ (2.3)

(where ωQ(k) =
√
m2
Q + k2 denotes the on-shell energy). The medium effects are encoded in the complex selfenergy,

which, in turn, is computed from the T -matrix summed over all thermal partons (i),

ΣQ(ω, k) =

∫
d3p2
(2π)3

∫
dω2

∑
i

ρi(ω2, p2)

∫
dE

π

ImT alQi(E,k,p2)

E − ω − ω2 + iϵ
[fi(ω2)∓ f(E)] (2.4)

including all possible color (a), flavor and spin channels, as well as a partial-wave expansion in angular momentum (l),
where l <∼ 5 is safely sufficient for convergence. A suitable ansatz for the two-body interaction is an in-medium screened
Cornell potential,

Va(r) = Ca
αs
r
e−µDT +

σ

µs
(1− e−µsT ) , (2.5)

where Ca denotes a color-factor (e.g., Ca=4/3 in the color-singlet quark-antiquark channel), σ the string tension, and
µD and µs the screening masses of the color-Coulomb and string interaction. This potential recovers the well-established
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Figure 2.2: Left panel: Imaginary part of the scattering amplitude for charm-quark scattering on light antiquarks in the QGP in the color-
singlet S-wave channel, for four different temperatures. Right panel: Charm-quark spectral functions at T=194 and 400MeV (red and blue
lines, respectively) for three-momenta of 0 and 2GeV (solid and dashed lines, respectively).

quarkonium spectroscopy in the vacuum (also for heavy-light mesons). Quantitative determinations of the in-medium
screening parameters based on lQCD “data" will be discussed in the following section. After subtracting the infinite-
distance part, V̄a(r) ≡ Va(r) − Va(∞), this potential can be straightforwardly Fourier-transformed and partial-wave
expanded for use in a one-dimensional T -matrix equation (which can solved numerically in each al channel through a
matrix inversion of the momentum-discretized integral). To recover the correct perturbative behavior at short distance (or
high parton momenta), one needs to account for relativistic corrections to the color-Coulomb interaction [35, 20], which
essentially correspond to color-magnetic interactions arising from the vector-current coupling of one-gluon exchange and
ensure that the potential is Ponicaré invariant. For simplicity, the string interaction has been assumed to be a Lorentz
scalar (there are, however, arguments that this characterization might not be complete [36, 37, 38]). From the T matrices
one computes the in-medium selfenergies and vice versa, which can be rendered selfconsistent through numerical iteration.
In addition to the selfenergies, the HQ masses receive a contribution from the (real) Fock term of the Coulomb and string
potentials, ∆mQ = 1

2 (−
4
3αs+σ/µs). Examples of the resulting charm-light quark scattering amplitude and charm-quark

spectral functions are shown in Fig. 2.2. As the temperature is reduced, a broad D-meson resonance develops in the
color-singlet cq̄ channel (strictly speaking, they are bound states, as their peak mass is below the “nominal" heavy-light
mass threshold). Its mass is close to the vacuum D-meson mass (in the absence of hyperfine interactions, the spin-0 and
spin-1 states are degenerate), a consequence of the vacuum benchmark of the potential, mostly driven by the confining
part of the interaction. In this way “hadronization" of the QGP at low temperatures is not a separate phenomenon, but
emerges dynamically from the quantum many-body theory with an in-medium Cornell potential. The pertinent c-quark
spectral functions carry rather large collisional widths, of about 500-700 MeV, which slightly increase with decreasing
temperature, i.e., the reduction in degrees of freedom in the heat bath (which is about an order of magnitude from
T=400 MeV to 194 MeV), is overcompensated by the increasing interaction strength provided by the resonances (which
also form in the color antitriplet (diquark) channel, as a building block of charm baryons). The c-quark widths decrease
with increasing three-momentum, indicating a gradual transition to a more weakly coupled regime. On the other hand,
at T=194 MeV and vanishing three-momentum, the c-quark spectral function develops a low-energy shoulder, which is a
consequence of low-energy (off-mass shell) c-quark scattering with thermal antiquarks into a D-meson resonance.

2.3. Constraints from Lattice QCD
A pivotal ingredient in constructing reliable nonperturbative interactions are constraints from lQCD computations. The
latter are difficult to perform for timelike quantities (such as spectral functions), but they provide precision “data" on
spacelike ones. These, in turn, can be readily calculated from model results for spectral functions. In the context of
in-medium HQ physics, the most prominent quantities are the free energy of a static QQ̄ pair, FQQ̄(r;T ) as a function of
the relative distance, r , and euclidean-time correlation functions of quarkonia, as well as quark-number susceptibilities
including charm.

The HQ free energy computed in lQCD is defined as the difference in the free energies of the QCD heat bath with
and without a static QQ̄ pair. In the vacuum, this coincides with the HQ potential, V (r), but at finite temperature an
extra entropy term appears, FQQ̄(r, T ) = UQQ̄(r, T )− TSQQ̄(r, T ), representing the competition between minimizing the
internal energy and maximizing the entropy (caused by interactions with the heat bath). The question then arises what
is the appropriate potential to use at finite temperature, see, e.g., Refs. [28, 39]. The answer will likely depend on the
context of its definition (as it is not a direct observable) [17]. A pertinent relation can be derived within the T -matrix
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formalism [40, 34]. One starts from the definition of the free energy in terms of the QQ̄ correlation function,

FQQ̄(r
′T ) = −T ln

(
G>
QQ̄

(−iβ, r)
)

(2.6)

(where β ≡ 1/T ). Utilizing the (static) uncorrelated two-body propagator from Eq. (2.2), [G0
QQ̄

(E)]−1 = E − 2∆mQ −
Σ0
QQ̄

(E), to define the uncorrelated QQ̄ selfenergy, Σ0
QQ̄

(E), one can obtain the correlated spectral function in energy
coordinate representation as

GQQ̄(E, r) =
1

E − 2∆mQ − V̄ (r)− ΣQQ̄(E, r)
, (2.7)

where the correlated two-body selfenergy additionally contains interference effects. The latter cause a suppression of the
imaginary part relative to the absorptive effetcs in the uncorrelated part [13]. In a diagrammatic description, pertinent
processes correspond to three-body diagrams which are not easily implemented. Instead, in Ref. [34] these effects were
approximated in a factorized form with an interference function, ϕ(xer) ≤ 1, motivated by the perturbative calculations
in Ref. [13] but with an extra scaling factor xe to allow for nonpertubative effects, ΣQQ̄(E, r) = Σ0

QQ̄
(E)ϕ(xer). The final

expression relating the free energy with the potential defined in the T -matrix formalism takes the form

FQQ̄(r;T ) = −T ln

 ∞∫
−∞

dE

π
e−βEIm

(
−1

E − V̄ (r;T )− 2∆mQ − ΣQQ̄(E, r;T )

) . (2.8)

This expression has several interesting features [40]. For example, in the weakly coupled limit where the selfenergy
vanishes, the imaginary part approaches a δ-function, −πδ(E − V̄ − 2∆mQ). This enables to carry out the energy
integration to obtain the result FQQ̄(r;T ) = V (r;T ) (including the finite infinite-distance value), i.e., for a weakly coupled
system the potential is close to the free energy. On the other hand, for large imaginary parts in the QQ̄ selfenergy, the
spectral function is smeared out which generally requires a stronger potential to match the resulting free energy. In turn,
a stronger potential will increase the scattering rates in the system, requiring a selfconsistent solution of the problem.
This program has been carried out in Ref. [34], cf. Fig. 2.3. The red lines are the selfconsistent results corresponding
the HQ spectral functions and T -matrices shown in Fig. 2.2, carried to the static limit, i.e., for mQ → ∞ (in practice, a
large value of mQ≃20 GeV is adopted). The large imaginary part of the HQ selfenergy generates a large broadening of
the static quarkonium spectral function, and, as a consequence, the underlying potential is driven above the free energy.
The effect is most pronounced at low temperatures (left panel of Fig. 2.3), where the resulting in-medium potential is
rather close to the vacuum Cornell potential, while for higher temperatures, the Debye screening is much stronger and the
gap to the free energy reduced. However, this solution, referred to as a strongly-coupled scenario (SCS), is not unique.
Another selfconsistent solution has been found whose potential is much closer to the free energy and the underlying HQ
widths are a factor of ∼5 smaller at low temperatures, while at higher temperatures the differences are less pronounced
but still appreciable. This solution has been referred to as a weakly-coupled scenario (WCS).

Another quantity that has been widely used to constrain in-medium properties of quarkonia are their euclidean-time
(τ) correlators, defined as

Gα(τ, P ;T ) =

∫
d3reiP·r⟨jα(τ, r, jα(0, 0)⟩ (2.9)
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Figure 2.4: Charmonium and bottomonium spectral functions (top row) and pertinent euclidean-correlator ratios (middle row, with the
“reconstructed" one at T=194MeV) from the thermodynamic T -matrix approach using the SCS input potential (as shown by the red lines in
Fig. 2.3). The first (second) and third (fourth) column are calculated with (without) interference effects in the imaginary part of the potential.
The bottom row shows the ECR results from Nf=2-lQCD for charmonia (first panel) and bottomonia (third panel), and the temperature
dependence of the charm- (second panel) and bottom-quark (fourth panel) masses. Figure taken from Ref. [34].

where jM = ψ̄Γαψ denotes the mesonic current in channel M characterized by its Dirac structure, Γα. Focusing on
vanishing total momentum of the QQ̄ pair, P = 0, the finite-temperature Fourier transform of the euclidean correlator is
related to its spectral function, ρα, as

Gα(τ ;T ) =

∞∫
0

dEρα(E, T )K(τ, E;T ) (2.10)

with a temperature kernel K(τ, E;T ) = cosh[E(τ − 1/2T )]/ sinh[E/2T ]. Since in thermal field theory, τ is limited to the
interval [0, 1/T ], and due to an extra symmetry about the midpoint, τ = 1/2T , this expression exhibits the well-known
problem of inferring a spectral function (especially with non-trivial structures such as bound states or mass thresholds)
from a limited τ range of generally rather smooth correlation functions on a discrete set of numerical points obtained
from lQCD computations. Since the euclidean correlators are typically exponentially falling functions, one defines a ratio,

RαG =
Gα(τ ;T )

Grec
α (τ ;T )

, (2.11)

relative to a "reconstructed" correlator, Grec
α (τ ;T ), which is computed with the same temperature kernel but with a

spectral function at a reference temperature Tref typically chosen to be (much) smaller than T so that its medium
modifications are suppressed. The euclidean correlator ratios (ECRs) thus quantify the medium effects as a deviation
from one, and augment the sensitivity to the large-τ behavior of the correlation function associated with the low-energy
properties of the spectral functions. A broad range of in-medium models for quarkonium spectral functions (often based
on internal- or free-energy potential proxies, and varying degrees of absorptive parts) have been explored to investigate
the ECRs computed in lQCD, but the conclusions have remained ambiguous on whether quarkonium bound states
in the QGP can be supported (for charmonia), and if so (for bottomonia), up to which temperatures (see, e.g., the
reviews [43, 44, 16, 17] and references therein). Part of the reason for that is that the “point-to-point" correlation
functions involve the creation and annihilation of the QQ̄ current at a single point, i.e., at vanishing distance of the QQ̄
pair, which somewhat limits the information on the long-distance behavior where the physics of the bound state prevails.
Thus, in recent years, the development of lQCD computations of extended operators is being pursued, which should
provide a better sensitivity in this regard [45, 46].

In Fig. 2.4 we display the selfconsistent T -matrix result for charmonium and bottomonium S-wave spectral functions
and ECRs computed from the SCS potential in Fig. 2.3 right, in comparison to two-flavor lQCD data [47, 48] for ηc
and ηb mesons (in the pseudoscalar channels, the so-called zero-mode contribution generated by a transport peak in the
low-energy limit of the spectral function is suppressed). Both charmonium and bottomonium results are shown with (first
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and third column) and without (second and fourth column) interference effects in the imaginary part (encoded in the
“interference function", ϕ(xer), recall the discussion following Eq. (2.7)). As to be expected, the bound-state solutions are
generally more robust (and narrower) if the imaginary part is suppressed at small distance, and this is more pronounced
for the more compact ηb states. As a consequence, a well-defined ηb(1S) ground-state peak persists for temperatures well
beyond 400MeV, while the ground-state charmonium (ηc or J/ψ) dissolves at around T∼300 MeV, and the ηb(2S) around
T∼250 MeV. It tuns out that the rather small variations of a few percent in the lQCD ECRs are slightly better described
with the interference effects included, relative to the more rapid melting without interference effects. Also shown are the
in-medium charm and bottom-quark masses, whose temperature dependence is driven by the infinite-distance limit of
the potential and which increase with decreasing temperature, reaching values of about mc=1.85 GeV and mb=5.25 GeV
at T=194 MeV, which essentially agree with the values required by their vacuum masses (together with the vacuum
potential). Indeed, in the SCS the potential at T=194 MeV is still close to the vacuum one. However, the ηc(2S) (or
ψ(2S)) state cannot survive under these conditions since the in-medium quark widths are much larger than the ηc(2S)
binding energy; the same argument applies to the ηb(3S) (or Υ(3S)), while the ηb(2S) (or Υ(2S)) can still survive to
temperatures slightly above 200 MeV if interference effects are accounted for.

In WCS (not shown here), the ηc(1S) (or J/ψ) melts at a lower temperature (ca. 260 MeV), while the much more
compact ηb(1S) can still persist to temperatures above 400 MeV, provided the interference effects are included. The
smaller interaction strength goes along with a smaller infinite-distance value of the potential, and consequently the in-
medium HQ masses are significantly smaller than in the SCS, by about 0.25(0.1)GeV at T=194(400) MeV. Nevertheless,
due to the reduced bound-state strength, the agreement of the ECRs with lQCD data is only marginally worse than in
the SCS. Thus, the combination of HQ free energies and point-to-point ECRs does not seem to give a decisive answer on
the coupling strength in the QGP.

In this context it is interesting to note two recent analysis for potential extractions from lQCD data. In Ref. [49]
Wilson-line correlation functions in Nf=2+1-flavor QCD were analyzed using potential non-relativistic QCD to extract
underlying bottomonium spectral functions using a variety of fit procedures (hard-thermal-loop (HTL) inspired, Padé,
Gaussian and Bayesian methods). While the HTL method results in a potential that exhibits significant screening
and is close to the free energy, the Padé and Gaussian methods lead to potentials that suggest little screening even at
temperatures as large as 400 MeV. In Ref. [50] the masses and thermal widths of excited bottomonia extracted from the
lQCD results with extended operators [45, 46] have been analyzed using a deep-neural-network for an underlying complex-
valued trial potential within a Schrödinger equation. It has been found that the real part of the potential varies rather
little with temperature, while its imaginary part can reach around 1GeV at large distance (recall that the large-distance
limit of the potential essentially corresponds to the sum of the selfenergies of the heavy quark and antiquark).

Fluctuation quantities of conserved charges, characterizing the medium’s response for producing a charge-anticharge
pair, are believed to be a good probe of the degrees of freedom that carry these charges, specifically hadronic vs. quark
carriers. These susceptibilities, which are defined through derivatives of the pressure of the system with respect to the
pertinent chemical potentials,

χqcnm =
∂n+mP̂

∂µ̂nq ∂µ̂
m
c

, (2.12)

can be computed with good precision in lQCD (here, the light- and charm-quark chemical potentials, µ̂q,c = µq,c/T

and P̂ /T 4, are scaled dimensionless). In the charm sector, pertinent Nf=2+1 lQCD data for charm-light channels
(including strangeness and baryonic channels) have been analyzed in terms of a non-interacting hadron resonance gas
(HRG) model [53]. In particular, by defining judiciously chosen susceptibility ratios for charm and charm-light channels,
it has been found that the lQCD results start to deviate from the HRG predictions right above the pseudo-critical
temperature, Tpc, for the chiral transition, interpreted as the onset of charm-hadron melting. On the other hand, utilizing
a mixed ansatz of non-interacting charm quarks and HRG states, it has been inferred that hadronic correlations persist
up to temperatures of 1.2-1.3Tpc [54]. In addition, by constructing ratios that are sensitive to the charm-baryon relative
to the charm-meson content of the system, it has been found that the HRG results near Tpc underestimate the lQCD by
a substantial factor when using the charm-baryon spectrum from the particle-data group listings [57]. The discrepancy
can be resolved when instead using predictions from the relativistic quark-diquark model [58], which includes a large set
of additional charm-baryon states most of which have not been observed yet.

In Ref. [59] the diagonal charm-quark susceptibility, χc2(T ) ≡ χcc11, has been calculated from the in-medium T -matrix
using the HQ internal (UQQ̄) and free energy (FQQ̄) as potential proxies. Despite the significantly larger charm-quark
masses implied by the U -potential relative to F (not unlike the case of SCS vs. WCS), the larger widths generated by
the U potential lead to slightly larger susceptibilities, in approximate agreement with lQCD data [60]. More system-
atic calculations have recently been carried out in Ref. [56]. First, the µq-dependence of the input potential has been
constrained by the baryon number susceptibility, χB2 (= χq2/9), see upper panel of Fig. 2.5, leading to rather moderate
additional screening compared to the finite-temperature dependence. The resulting diagonal charm susceptibilities agree
fairly well with the lQCD data [53]; also here the interaction effects lead to a significant increase over the quasiparticle re-
sult. In addition, off-diagonal charm-light susceptibilities have been extracted, which turned out to be numerically rather
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Figure 2.5: Diagonal baryon- and charm-number (upper and middle panel, respectively), as well as mixed charm-light quark suscpetibilities
normalized to the diagonal one (lower panel) from the T -matrix approach, compared to Nf=2+1 lQCD data [51, 52, 53, 54, 55]; figure taken
from Ref. [56].

challenging. The negative values for χuc11, following the trend of the lQCD data, have not been found in other model
calculations to date, and might be an indicator of nonperturbative effects. Overall, the SCS of the T -matrix approach,
with large parton widths and resonant states emerging near Tpc, seem to be largely compatible with the lQCD results.

2.4. Role of QCD Medium
The ultimate goal of developing theoretical approaches to describe HF particles in the QCD medium is to learn about the
latter’s properties, in particular how they emerge from the underlying interactions. It is therefore natural to ask to what
extent the interactions that are being constructed in the HF sector are responsible for the transport and spectral properties
of the QGP, and also its hadronization. From a practical point of view, the calculation of heavy-light scattering amplitudes
in the QGP requires to specify the properties (spectral functions) of the thermal constituents in the system. Both the
HQ selfenergies and transport coefficients involve an integration of the heavy-light amplitudes over the distributions of
the thermal constituents. When implementing the HQ transport coefficients into a hydrodynamic space-time evolution
of heavy-ion collisions, a significant mismatch between the medium temperature with the one of the calculated transport
coefficients occurs if the latter are computed with thermal degrees of freedom that do not obey constraints from the
equation-of-state (EoS) of the medium, see, e.g., Ref. [61] for an illustration. In the following, we will discuss three
examples where the evaluation of HQ properties in the QGP has been carried out with thermal-parton degrees of freedom
that reproduce the EoS computed in lQCD.

In Ref. [62], Born diagrams for HQ interactions with thermal quasiparticles have been implemented utilizing thermal
light-quark and gluon masses with a pQCD motivated ansatz, m2

q = g(T )2T 2/3 and m2
g = 3g(T )2T 2/4, respectively.

The key ingredient is the effective temperature-dependent coupling constant, g(T ), which is adjusted such that the non-
interacting massive parton gas reproduces the lQCD EoS [63] for the pressure and the so-called interaction measure
(ϵ − 3P )/T 4. The reduction in the pressure found in lQCD when going down in temperature toward Tpc is achieved
by quasiparticle masses that start to increase below T ≃ 1.5Tpc, which is realized through an increase of the effective
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Figure 2.6: A recent quasiparticle description of the QGP EoS in terms of the pressure and interaction measure (left two panels) and the
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Ref. [63].

coupling, rising from perturbative values of about g ≃ 2 at high T to near 5-6 at Tpc. This construction also reproduces
the characteristic maximum of the interaction measure slightly above the pseudo-critical temperature Tpc, see Fig. 2.6,
and furthermore yields a fair description of the diagonal light- and strange-quark number susceptibilities computed in
lQCD.

In Ref. [64] Born amplitudes for heavy-light scattering have been evaluated with thermal quark and gluon degrees
of freedom that follow from the dynamical quasiparticle model (DQPM) [65, 66]. In the DQPM, the ansatz for the
quasiparticle masses is very similar to the one in the zero-width quasiparticle models discussed in the preceding paragraph.
In addition, collisional widths of the thermal quarks and gluons are introduced through a perturbative expression of the
type Γq,g ∼ g(T )2T ln(1.1 + c/g2) where the effective coupling constant again serves as the main fit parameter. The
effective gluon masses in the QGP tend to be somewhat higher than in the zero-width quasiparticle model, while the
quark masses turn out be be rather similar. The collisional widths are typically around 0.2 GeV with a relatively weak
temperature dependence. Also in this approach not only the QGP EoS but also the quark-number susceptibilities
computed in lQCD can be described. For the computations of HQ transport coefficients, off-shell integrations over the
thermal parton propagators are carried out.

In Refs. [34, 42], the T -matrix approach has been extended to the light-parton sector, formulated as a Hamiltonian
approach. The same underlying potential has been used as following from the constraints from the HQ free energy and
quarkonium correlators, including relativistic corrections and the inclusion of all possible color channels in the interactions
of thermal partons among each other (and partial waves up to l=5). Light-parton T -matrices and selfenergies have been
calculated selfconsistently, while the free energy of the QGP has been computed in the Luttinger-Ward-Baym (or two-
particle irreducible) approach, schematically written as

Ω(T ) =
∑
j

∓dj
∫
dp̃

[
ln

(
−G−1

j (p̃)
)
+Dj(p̃)Σj(p̃)

]
+Φ(T ) , (2.13)

where dp̃ denotes a 3D momentum integration and a summation over Matsubara frequencies (in the imaginary time
formalism). The first term corresponds to the contribution of the thermal anti-/quarks and gluons with their fully
dressed in-medium propagators, Gj , and selfenergies, Σj (summed over their color, spin and flavor degeneracies, with
the ± sign for bosons or fermions). The more challenging part is the two-body interaction contribution encoded in the
Luttinger-Ward functional, Φ, which contains an infinite summation over “skeleton diagrams" of increasing order, ν, in
the in-medium interaction potential. Due to an extra combinatorial factor of 1/ν (to avoid double-counting), it is not
straightforwardly resummed for non-separable potentials (as are being used here). In Ref. [42] this problem was overcome
with a matrix-log inversion technique leading to

Φ(T ) = ∓1

2

∑
j

dj

∫
dp̃ Gj(p̃) Log(Σj(p̃)) . (2.14)

To fit the lQCD data for the pressure, an effective parton mass term is introduced (with appropriate color factors) that
is associated with effects that are not explicitly treated in the current set-up (e.g., a gluon condensate). The results for
the pressure are shown in the left panel of Fig. 2.7. While both SCS and WCS can reproduce the lQCD data, the key
difference is in the underlying spectral properties of the constituents of the system, especially at temperatures close to
Tpc. In the WCS, the quark spectral function (middle panel of Fig. 2.7) consists of a well-defined quasiparticle peak at an
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Figure 2.7: Thermodynamic T -matrix approach to the QGP implemented within the Luttinger-Ward-Baym formalism employing the two-body
parton interaction potentials shown in Fig. 2.3 for the weakly-coupled scenario (WCS, blue lines) and the strongly-coupled scenario (SCS, red
lines); the left panel shows the fit to the pressure computed in lQCD (total: dashed lines, Φ contribution: solid lines), while the middle and
right panels show corresponding underlying (selfconsistent) one- and two-body spectral properties, i.e., the quark spectral functions and the
imaginary part of the color-singlet S-wave T -matrix, respectively; figures taken from Ref. [67].

energy close to the nominal thermal mass of about 0.5 GeV, with a moderate spectral width of ca. 0.1 GeV; at the same
time, the color-singlet qq̄ T -matrix (right panel of Fig. 2.7) shows a rather weak resonance at a mass of ∼1 GeV whose
thermodynamic contribution to the pressure is very small (blue line in the left panel). On the other hand, for the SCS,
the quark spectral functions are essentially melted, with a width of 0.6 GeV that is larger than the effective quark mass; in
addition, a collective mode develops at low energy, which is also quite broad and thus has a rather limited thermodynamic
weight. However, the color-singlet S-wave T -matrix develops a prominent resonance at a mass of about 0.8GeV, not far
from the vacuum mass of the light-vector mesons (since spin-spin interactions are neglected, this resonance is also present
in the pseudoscalar channel). The thermodynamic contribution of the resonances (which also form in the color anti-triplet
diquark channel) are encoded in the Φ functional, whose relative contribution markedly rises with decreasing temperature
reaching more than 50% at T=194 MeV. In this sense, the SCS develops a transition in the degrees of freedom from
melting partons to pre-hadronic resonances.

2.5. Hadronic Interactions
In a confined medium, heavy quarks diffuse within HF hadrons, in particular D-mesons and single-charm baryons and
their excited states, through their interactions with the thermal abundance of (mostly light) hadrons in the heat bath.
The study of the spectral properties of charm hadrons, such as in-medium modifications of masses and widths, have
been carried out in various approaches, e.g., QCD sum rules [68, 69] or quantum many-body theory [70, 71, 72, 73, 74].
The studies of the transport (diffusion) properties of HF hadrons have been initiated more recently [75, 76, 77, 78].
These efforts started with the calculation [75] of the D-meson diffusion coefficient in a pion gas at low temperatures
using Born amplitudes from heavy-meson chiral perturbation theory. At a temperature of T = 100MeV, where the
hadronic medium is essentially a hot pion gas, the D-meson relaxation rate has been found to be γD ≃ 0.05/fm at
zero momentum [75]. Similar results have also been obtained with Born amplitudes for D-meson scattering off various
mesons and baryons [77]. In Ref. [76] a more phenomenological approach was adopted to calculate the same quantity by
employing empirical scattering amplitudes (parameterized resonant amplitudes for D-π scattering based on D∗

0(2308) and
D∗

2(2460) resonances, and vacuum unitarized amplitudes with other pseudoscalar and vector mesons as well as baryons
and antibaryons from existing effective model calculations). The resulting zero-momentum relaxation rate turned out to
be a factor of ∼ 10 smaller at T = 100MeV. When extrapolated to temperatures close to Tpc, where contributions from
other mesons and baryons become comparable, the zero-momentum D-meson relaxation rate increases to ∼ 0.06/fm.
This translates into a pertinent spatial diffusion coefficient of Ds(2πT ) ≃ 6, not far from the estimate from the QGP
side within the T -matrix approach [20, 79], implying a minimum structure of the charm-quark diffusion coefficient across
the phase transition region [80]. Finally, another calculation [78] using unitarized chiral D-π interactions also featuring
resonances led to a result of γD ≃ 0.005/fm at T = 100MeV, in close agreement with the value found in Ref. [76]. This
highlights the importance of the unitarization procedure in constructing realistic interactions between D-mesons and
pions – without unitarization, the scattering amplitudes grow rapidly with energy and the calculated relaxation rate rises
in a rather uncontrolled way. This approach was extended to include a complete set of pseudoscalar mesons and baryons
(nucleons and ∆’s) [81, 82] within the same unitarized formalism; the resulting D-meson relaxation rate and diffusion
coefficient at high temperatures close to Tpc have been found to be similar to the results obtained in Ref. [76].

The diffusion properties of B mesons in hadronic matter have since been also investigated, starting with Ref. [83]
where heavy-light scattering length at threshold from heavy-meson chiral effective theory without resummation were
adopted. The resulting B-meson relaxation rate (γB ≃ 0.001/fm at T = 100MeV) is only slightly smaller than the

13



D-meson counterpart within the same framwork [77]. In contrast, the unitarized calculations accounting for dynamical
generation of resonances, first in a pseudosclar-meson gas [84] and later on also including baryons [85], has yielded a value
of γB ≃ 0.003/fm at T = 100MeV (increasing by >∼ 50% at T ≥ 140MeV). This helps to give a B-meson spatial diffusion
coefficient Ds = γ/mHT (where mH is the heavy-meson mass) similar to that of the D-meson (especially at temperatures
near Tpc) [84]. This supports the notion of using HF quarks/hadrons as a universal probe of the transport properties of
the hot medium which should be independent of the mass of the probes. This notion has been further confirmed between
Λc and Λb in a calculation of the heavy baryons’ diffusion coefficient within the same formalism [86, 87].

The above studies have all employed vacuum scattering amplitudes. In a recent work within the unitarized chiral
effective approach thermal corrections for the heavy-light interactions [73, 74] have been implemented into an off-shell
kinetic equation [88]. While the off-shell broadening effects have not been found to be significant, the Landau contribution
arising from heavy-light interaction below the energy threshold as implicit in the thermal scattering amplitudes appears
to be substantial, causing a factor of 2 ∼ 3 increase relative to the result from using vacuum amplitudes, for the D-meson
relaxation rate at moderate temperatures T = 100-150MeV [88].
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3. Transport Coefficients
In this chapter we discuss how the in-medium HQ interactions manifest themselves in various transport properties. In
Sec. 3.1 we start with the thermal relaxation rate (or friction coefficient), which is directly calculated from the in-
medium heavy-light scattering amplitudes. In particular, we focus on its momentum dependence, which reflects on the
microscopic properties of the amplitudes and is also of considerable phenomenological importance. We also highlight
the role of quantum effects in these calculations. In Sec. 3.2 we turn to the inelastic reaction rates of quarkonia, which
are closely related to the single HQ transport coefficients and again are pivotal to the phenomenology of quarkonium
transport in heavy-ion collisions. An additional scale in this context is the binding energy of the quarkonia, which causes
a further interplay with the reaction rates. In Sec. 3.3 we briefly review the status of the HF spatial diffusion coefficient,
a widely discussed transport coefficient related to the zero-momentum limit of the friction coefficient, and return to the
question of how the long-wavelength limit of HF diffusion relates back to QGP properties, in particular the shear viscosity
as a central transport parameter of hydrodynamic evolution models.

3.1. Thermal Relaxation of Heavy Flavor
Based on the original idea of Ref. [3], HQ motion in a QGP at moderate temperatures is akin to a Brownian motion and as
such amenable to a description with a Fokker-Planck equation. As elaborated in more detail in Sec. 4.1 below, this leads to
a set of well-defined transport coefficients, in particular the friction coefficient, A(p), and the transverse and longitudinal
momentum diffusion coefficients, B0(p) and B1(p), respectively. In principle, these coefficients are related through an
Einstein relation (as to ensure kinetic equilibrium in the long-time limit), and therefore we here focus on the friction
coefficient which may also be interpreted as the thermal-relaxation rate (or inverse thermal-relaxation time). In Fig. 3.1,
the results for charm quarks of several of the models discussed in the previous chapter (which are also frequently used in
heavy-ion phenomenology as discussed in Sec. 4.2) are compiled for three different temperatures roughly representative
of the QGP temperatures reached at RHIC and the LHC. At the smallest temperature (T=180 MeV), the pQCD Born
calculations with running coupling and reduced Debye mass (which we refer to as pQCD*) have the largest value at
low momentum (driven by the large interaction strength for soft momentum transfers), but they also feature a strong
fall-off with momentum. The in-medium T -matrix results (calculated with the internal energy, U , as the potential proxy)
have a similarly strong fall-off, but are smaller in magnitude by a factor of 2-2.5; however, in this case the drop-off with
momentum is caused by a transition from a resummed nonperturbative string force, prevalent at large distances, to a
color-Coulomb force at small distance. The pQCD quasiparticle model results are comparable to the T -matrix results at
low momentum, but with a much harder momentum dependence, exceeding the pQCD* results for p>∼ 10 GeV. This is
probably caused by the rather large thermal-parton masses at low temperatures (recall Fig. 2.6 right), which remain more
effective in transferring momentum to the charm quark even if the latter has a relatively high momentum. Also shown is the
effective D-meson resonance model, which is very comparable to a leading-order pQCD calculation with αs = 0.4 and an
additional K-factor of 5 (which we refer to as pQCD-5); this is presumably a coincidence. At an intermediate temperature
of T=300 MeV, the pQCD* model still gives the largest friction coefficient, while the pQCD quasiparticle results now
have a softer momentum dependence and are only slightly larger than the pQCD-5 results. The friction coefficient from
the T -matrix is now below the pQCD-5 result, as the resonant interaction strength has significantly weakened. On
the other hand, in the resonance model, the assumption of undiminished resonance interactions leads to rather large
friction coefficients which is even more extreme (and unrealistic) at T=500 MeV. At this temperature, the pQCD* friction
coefficient remains the strongest, while T -matrix, pQCD quasiparticle and pQCD-5 rsults are all comparable. Also note
that at high momentum the agreement between the different calculations is better than at low temperature. Note that the
temperature dependence for the zero-momentum friction coefficient is approximately quadratic for the pQCD-5 results,
a little stronger than linear for pQCD*, and weaker than linear for the pQCD quasiparticle and T -matrix models at low
temperature (due to the drop in coupling constant and loss of resonance interactions, respectively) and approximately
linear at higher temperature.

To investigate the dependence of the friction coefficient on the underlying interactions and the manifestation of
nonperturbative effects more explicitly, various inputs to the T -matrix calculations have been scrutinized in Ref. [79].
Specifically, different input potentials have been considered (cf. the four left panels of Fig. 3.2) and employed to calculate
the heavy-light T -matrices using the same quasiparticle medium for the QGP, with approximately constant quark masses
of about 0.4 GeV and gluon masses smoothly increasing from 0.8 GeV at T=400 MeV to 1.2 GeV at T=200 MeV. However,
the in-medium charm-quark masses, while based on the same bare-quark mass, are governed by the infinite-distance
limits of the respective potentials, ranging from 1.35-1.5 GeV at T=400 MeV to 1.6-2.1GeV at T=200 MeV, with the
largest values from the U -potential and the smallest from the F -potential. The resulting friction coefficients are shown
in the four right panels of Fig. 3.2. Not surprisingly, the proximity of the free-energy and the WCS potential lead to
very similar transport coefficients for these two potentials throughout; the internal-energy and SCS potential generate
much stronger effects, especially at low momentum and at smaller temperatures. Given the appreciable difference of
U and VSCS at distances of r≃0.5-1 fm at small temperatures, the difference in the low-momentum friction coefficient
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Figure 3.1: Friction coefficients for charm-quark diffusion in the QGP as a function of three-momentum for three different temperatures
from various model calculations: black lines: pQCD Born diagrams with αs=0.4, multiplied with and overall K-factor of 5, blue lines: T -
matrix results using the internal-energy (U) as potential proxy [20, 89], pink lines: pQCD with running coupling constant and reduced Debye
mass [24, 25], purple lines: quasiparticle model with coupling constant fitted to the lQCD EOS [63], and green lines: D-meson resonance
model [26]; figure taken from Ref. [61].

is less pronounced than may have been expected. It turns out, though, that the force (derivative of the potential)
is very similar between U and VSCS at distances of around 1 fm at T=194 MeV, and even slightly larger for VSCS for
r >∼ 0.7 fm at T=258 MeV. The long-range parts of the force are therefore instrumental for the zero-momentum limit of
A(p). These calculations corroborate that the zero-momentum limit of the friction coefficient (which also determines the
spatial diffusion coefficient) indeed reflects the long-range properties of the interaction. In part, this is so because for a
long-range force the heavy quark can interact with a larger number of thermal partons in its vicinity.

Another issue of interest to better understand the microscopic mechanisms of HQ transport in the QGP is the
manifestation of both nonperturbative and quantum effects (which are rather closely related as will be seen in the
following; e.g., a large interaction strength generates large collisional widths implying broad spectral functions). Toward
this end, four cases have been set up in Ref. [79] within the SCS, by systematically switching off various components in
the calculation of the charm-quark friction coefficient. In the first one, the string interactions in the input potential have
been switched off (by putting the string tension in Eq. (2.5) to zero), leaving only the color-Coulomb interactions (with
αs=0.27). Compared to the full result, a reduction of the friction coefficient by up to a factor of ∼10 at low momentum
and small temperatures has been found, cf. Fig. 3.3. On the other hand, for momenta above 10GeV, and especially at
the higher temperatures, the results of the Coulomb-only calculation are close to the full ones, i.e., the nonperturbative
interactions have ceased. In the second case, the ladder resummations of the T -matrix are switched off, leaving only
the Born terms as the scattering amplitudes. This leads to surprisingly large friction coefficients, which even at low
momenta and temperatures are within ca. 20% of the full results. Clearly, the string Born term is responsible for this
result. In the third case, the full T -matrices are calculated, including both color-Coulomb and string interactions, but
the thermal partons, as in the previous two cases, are still assumed to be quasiparticles, i.e., the friction coefficients are
evaluated with δ-functions for the parton spectral functions enforcing the on-shell condition for the parton energies at
given momentum. In this case, a reduction of the friction coefficients has been found, relative to the Born-case, which
is most pronounced again for low temperatures and momenta. The reason for this is that the ladder resummation in
the T -matrix generates bound states, especially at low temperatures, which are not accessible in on-shell heavy-light
scattering kinematics. Finally, case 4 is the full result, where the broad spectral functions of the in-medium thermal
partons, as well as for the outgoing charm-quark, are accounted for. This is critical for the charm quarks to access the
large resonant interaction strength of the broad sub-threshold pre-hadronic bound states, recall Fig. 2.2. In this way the
quantum uncertainty in the energy spectra of both the constituents and their scattering amplitudes plays a key role in
producing large friction coefficients at low momenta and temperatures.

3.2. Quarkonium Dissociation Rates
The central quantity in the description of quarkonium (Q) transport in the QCD medium is the inelastic reaction rate
of the various bound states. To leading order in the strong coupling constant, the rate in the QGP is given by gluo-
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Figure 3.2: The left-hand four panels show the 4 different input potentials that are utilized to compute the heavy-light T -matrices for charm-
quark scattering of thermal partons in quasiparticle approximation (in all color and spin-flavor channels, including partial waves up to l=5)
that are further used to compute the pertinent friction coefficients in the QGP shown in the right four panels (dots, crosses, dashed lines
and solid lines are for the free-energy, internal energy, weakly-coupled and strongly-coupled potentials, respectively); figures are taken from
Ref. [79].

dissociation processes, g+Q → Q+ Q̄ [11, 12] (more recently also referred to as singlet-to-octet transition [90]). However,
in practice, it turns out that this mechanism is often not efficient, especially for excited states and if in-medium reductions
of the binding energy are accounted for [10]. The reason is that for a weakly bound state, gluo-absorption occurs on a
near on-shell heavy quark, for which the phase space is very limited (it vanishes if both incoming and outgoing quarks are
on-shell). Instead, inelastic scattering processes on the heavy quarks in the bound state take over, i.e., p+Q → p+Q+ Q̄
involving all thermal partons p = q, q̄, g. The temperature where the dominant rate contribution transits from gluo-
dissociation to inelastic parton scattering is parametrically of the order of the binding energy, T ∼ EB(T ), but more
quantitatively, for realistic couplings and bound-state kinematics, it is rather T ≃ EB(T )/2 [91, 15]. More importantly, in
the temperature regime where the transition occurs, the rates are small on an absolute scale, around 10-20 MeV, i.e., the
pertinent quarkonium lifetimes of 10-20 fm/c are much larger than the fireball evolution time spent in this temperature
regime in a heavy-ion collision. Thus, the overall relevance of gluo-dissociation is quite limited. In the following, we
therefore focus on the inelastic parton scattering mechanisms. Thus far, they have been mostly implemented using a
perturbative coupling to the bound state both in momentum [10] and coordinate space [92, 93]. In principle, the full
dynamics of the 2 → 3 process requires a three-body phase. However, taking advantage of the HQ mass, one can factorize
the process into “quasifree" scattering of the thermal partons on one of the heavy quarks and incorporate the quarkonium
binding energy, EB , through the off-shellness of the incoming heavy quark while enforcing four-momentum conservation
(further corrections are of higher order in EB/mQ). In this approximation, the reaction rate can be directly written in
terms of the half off-shell heavy-light scattering amplitudes, MpQ̃→pQ [94],

Γqf
Q (pQ;T ) =

2

EQ

∑
p=q,q̄,g

∫
d3p̄id

3p̄fd
3p̄Q,f |MpQ̃→pQ|2(2π)

4δ(4)(Pin − Pout)dpfp(Epi)[1± fp(Epf )] (3.1)

where we defined the Lorentz-invariant phase space elements as d3p̄ ≡ d3p/(2π)32Ep, fp are thermal-parton distribution
functions, dp is the spin-color-flavor degeneracy of the incoming thermal parton, and an overall factor of 2 accounts for
the scattering off both the heavy quark and antiquark in Q. This expression can be written in a more compact form
using the inelastic quasifree 2 → 2 cross section,

Γqf
Q (pQ;T ) = 2

∑
p=q,q̄,g

∫
d3pi
(2π)3

σ(s)vreldpfp(Epi)[1± fp(Epf )] , (3.2)

although the definition of a cross section can be problematic in medium. Employing quantum many-body theory, the
quarkonium width from quasifree dissociation can be obtained in a more rigorous form in terms of the imaginary part of
the quarkonium selfenergy,

ImΣQ(pQ;T ) = 2
∑

p=q,q̄,g

∫
d3pi
(2π)3

ImMpQ→pQ [fp(Epi)∓ f(Epi + EpQ,i
)] , (3.3)
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Figure 3.3: Charm-quark friction coefficients in the QGP from the T -matrix approach in the SCS. The different curves in the four panels for
diffferent temperatures include an increasing level of nonperturbative effects, from one-gluon (pQCD) exchange Born terms only (dash-dotted
lines), via including the full Born term with nonperturbative string contributions (dotted lines) and a fully resummed T -matrix with all
incoming and outoging partons put on-shell (dashed lines) to the full result which accounts for the broad spectral functions of the thermal
partons as well as the outgoing charm-quark; figures taken from Ref. [79].
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where ImMpQ→pQ denotes the imaginary part of the forward-scattering amplitude (which in the vacuum is related to
the total cross section via the optical theorem); the quarkonium width follows as ΓQ = −ImΣQ/EQ. Note that in the
NLO calculation of quasifree dissociation, the amplitude corresponds to the LO heavy-light Born amplitudes displayed
in Fig. 2.1, which do not possess an imaginary part, and thus require the use of Eq. (3.1) or (3.2). However, Eq. (3.3)
can be straightforwardly evaluated from the resummed in-medium T -matrices, although such a calculation has not been
done yet. Alternatively, one can extract the quarkonium widths directly from the bound-state widths in the pertinent
spectral functions, recall Fig. 2.4. That figure also illustrates the importance of interference effects in the scattering off
the heavy quark and antiquark in the bound state. These are, a priori, not included in Eqs. (3.1)-(3.3). In Ref. [15] a
pertinent interference factor, (1 − eiq⃗·r⃗) has been implemented based on the original work of Ref. [13], where q⃗2 is the
momentum transfer in the heavy-light quark scattering amplitude. For example, for a vacuum Υ(2S) binding energy of
0.5 GeV at T=300 MeV, the interference effect reduces the quasifree dissociation rate by almost a factor of ∼5 (cf. Fig. 2
in Ref. [15]), which is roughly comparable to what is found for the in-medium Υ(1S) spectral function at T=320 MeV in
the upper right panels of Fig. 2.4.

In Fig. 3.4 we show examples of charmonium and bottomonium dissociation rates from three different groups that
have been used in the description of experimental data in heavy-ion collisions at RHIC and the LHC. The Kent State
results [92] utilize an in-medium HQ potential in coordinate space with an imaginary part that includes interference effects.
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The TAMU results [91, 15] are based on quasifree dissociation rates with LO heavy-light scattering amplitudes employing
in-medium binding energies from the T -matrix approach with an internal-energy potential [20]; interference effects are
included for the bottomonium states. The Tsinghua results [96, 97] utilize gluo-dissociation reactions with vacuum binding
energies for Υ and J/ψ states, augmented with a geometric scaling for excited charmonia with an in-medium radius, and
dissociation temperatures taken from potential model calculations with an internal-energy potential [98]. Overall, the
rates are in rather reasonable agreement, especially for the J/ψ and Υ(2S)1, although the underlying assumptions differ
considerably. A better understanding of the ingredients and their applicability is thus an important task for future studies,
in particular also with regard to nonperturbative effects.

3.3. Spatial Diffusion Coefficient and Shear Viscosity
An important objective of HF probes of QCD matter is to put their findings into a broader context of the research on
the QGP and its hadronization. In particular, the HF diffusion coefficient characterizes the long-wavelength properties of
the transport of the heavy-flavor quantum number through QCD matter. It can be defined through the zero-momentum
value of the drag coefficient discussed in Sec. 3.1,

Ds =
T

A(p = 0)mQ
. (3.4)

Note that this definition implies that the leading HQ mass dependence in A ∝ 1/mQ is divided out. This is one of the
reasons that the HF diffusion coefficient contains generic information on the QCD medium and is therefore believed to
be closely related to its other transport coefficients, e.g., the shear viscosity or electric conductivity. To facilitate their
comparison and interpretation as a (temperature-dependent) interaction strength of the medium, they are commonly
scaled to dimensionless quantities, i.e., by the inverse “thermal wavelength" of the medium (1/2πT ) for the HF diffusion
coefficient, Ds(2πT ), by the entropy density (s) for the shear viscosity, η/s, or by temperature for the electric conductivity,
σel/T . In perturbation theory, these quantities are proportional to the inverse coupling constant squared, 1/α2

s. It might
therefore be expected that such a connection persists in the nonperturbative regime, i.e., that the microscopic in-medium
interactions that drive HF diffusion also govern the transport of energy-momentum, electric charge, and other conserved
quantities. This is further supported by the general definition of transport coefficients as the zero-energy limit of pertinent
spectral functions (see, e.g., Ref. [99]), where the width of the transport peak (after dividing by the energy) essentially
reflects the collisional broadening of the carriers of the pertinent quantum number (and the transport coefficient itself
is essentially proportional to the inverse width). An example of comparing the HQ diffusion from both the the zero-
momentum limit of the friction coefficient, Eq. (3.4), to the zero mode of the quarkonium spectral function has been
elaborated in Ref. [59].

An overview of recent calculations of the temperature dependence of the HF diffusion coefficient in various theoretical
approaches is shown in Fig. 3.5, adopted from the rather recent review in Ref. [7]. From current phenomenological
applications to charm-quark observables in heavy-ion collisions, in particular D-meson nuclear modification factors and
elliptic flow as discussed in Sec. 4.2, the values of Ds(2πT ) have been estimated to be in a range of 1.5-4.5 in the QGP near
Tpc , with most model calculations featuring a gradualincrease with temperature suggesting a decrease in the “coupling
strength" of the medium (especially the large magnitude observed for the elliptic flow requires a large coupling strength
close to Tpc, cf. Sec. 4.2). This is about a factor of ∼10 smaller than the results of pQCD calculations with a fixed Debye
mass and a coupling constant of αs=0.4. It is also much smaller than the results from the thermodynamic T -matrix when
using a free-energy potential from lQCD data (upper green band in Fig. 3.5). On the other hand, when using the internal-
energy potential, augmented with a moderate K factor of ∼1.5, a rather good description of the D-meson observables at
the LHC has been found [107], cf. 4.2 (part of the K factor may be resolved when going from the U -potential to the SCS
potential, as discussed in Sec. 3.1, recall Figs. 3.2 and3.3). It is important to note that the momentum dependence of the
friction coefficient plays an important role in the phenomenological extraction of the diffusion coefficient. For example,
the Subatech approach (labeled “MC@sHQ" in Fig. 3.5) has a rather soft 3-momentum dependence in A(p) (i.e., falling
off rather quickly), relative to the QPM, recall Fig. 3.1, which leads to an extraction of a smaller Ds than for the QPM.
A more systematic investigation of this correlation has been reported in Ref. [108]. Also shown in Fig. 3.5 are results for
Ds in the hadronic phase, i.e., for D-mesons. While these calculations carry an uncertainty that is probably a bit larger
than for charm quarks in the QGP (cf. the discussion in Sec. 2.5), the results are quite suggestive for both a minimum
structure in the vicinity of Tpc and a continuous transition from the confined to the deconfined medium (as to be expected
for a cross-over transition). The minimum feature, in particular, would further corroborate that the relevant interactions
are closely related to the phase change, i.e., forces that ultimately lead to confining the quarks and gluons into hadrons
(effects due to chiral symmetry breaking are expected to be less relevant for heavy quarks).

1We found that the authors of Ref. [95] made a mistake of a factor of 10 in plotting the Tsinghua results for the Υ(2S) rate in their paper
which has been corrected here.
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As stated above, it is of great interest to study the relations of the HF transport coefficient to other transport properties
of the QCD medium. Here, we will focus on the approaches that can compute the shear viscosity (and EoS) within the
same framework as Ds, paralleling the discussion in Sec. 2.4. For the QPM [63], the coupling constant extracted from the
fit to the EoS has been injected into pQCD ansatz for the viscosity [109],

η =
η1T

3

g4 ln
(
µ∗
gT

) , (3.5)

where the parameters η1 and µ∗ have been to constrained to recover the high-temperature pQCD limit and requiring the
minimum of the resulting η/s(T ) to reach 1/4π. The predictive power then lies in the temperature dependence of this
quantity, shown by the dashed lines in the left panel of Fig. 3.6. Alternatively, an effective 1/g2 dependence has been
considered (motivated by a relaxation time that scales with the collisional width [110, 111]), which leads to a significantly
weaker temperature dependence (solid lines in the left panel of Fig. 3.6). In the T -matrix approach, the viscosity has
been computed using the Kubo formula [42],

η = lim
ω→0

∑
i

πdi
ω

∫
d3pdλ
(2π)3

p2xp
2
y

ω2
i (p)

ρi(ω + λ, p)ρi(λ, p)[fi(λ)− fi(ω + λ)] , (3.6)

which directly employs the thermal-parton spectral functions from the selfconsistent solutions of the WCS or SCS (recall
Fig. 2.7). The pertinent η/s ratio is plotted in units of 1/4π in the right panel of Fig. 3.6. In the WCS, the η/s ratio
reaches down to twice the conjectured lower bound at low QGP temperatures, rising by a factor of ∼3 at T=400 MeV (or
∼2.5Tpc). In the WCS, the ratio is about a factor of 2 larger at low T , but does not rise much with temperature. This
is quite different from the (scaled) HQ diffusion coefficient, which differs by a factor of 5 between the WCS and SCS at
low temperature, while at T=400 MeV they are comparable. This suggests that the absolute value of Ds(2πT ) is a better
discriminator between a strongly and a weakly coupled system than η/s. In Ref. [4], the double ratio, [2πTDs)]/[η/s],
has been proposed as a quantitative measure of the strong-coupling nature of the QGP, varying between values of 2.5
for a perturbative scenario and as low as 1 from the strong-coupling limit of conformal field theory [30]. Evaluating this
ratio for the WCS T -matrix results shown in Fig. 3.6 right, one finds ∼1 for the lowest T and approximately 2.5 at the
highest T , while for the WCS the ratio is approximately constant at 2.5 [42].
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4. Open Heavy-Flavor Phenomenology
In this chapter we discuss the transport of charm and bottom quarks in hot QCD matter and its applications to URHICs
at RHIC and the LHC. In Sec. 4.1, we will briefly review the Fokker-Plank/Langevin approach to implement the diffusion
of HF particles based on transport coefficients as discussed in Sec. 3.1. In particular, we will recall comparisons between
Langevin and Boltzmann simulations of HQ motion in an expanding QGP, and elaborate on the role of quantum effects
that go beyond the semiclassical Boltzmann framework but can still be included in the transport coefficients of the
Langevin approach. In Sec. 4.2 we turn to a quantitative discussion of open HF observables and their comparisons to
theoretical model calculations, focusing on recent LHC measurements of D-mesons, non-prompt D-mesons arising from
B-hadron decays, Ds mesons and Λc baryons.

4.1. Transport Approaches
In the context of the transport parameters discussed in Sec. 3.1, we have already referred to the Fokker-Planck equation
as a suitable framework to define these coefficients. As is well-known, the Fokker-Planck equation can be derived from
the relativistic Boltzmann equation [112, 113] for the HQ distribution function, fQ(x,p),

1

Ep
pµ∂µfQ(x,p) =

∫
d3k[w(x,p+ k,k)fQ(x,p+ k)− w(x,p,k)fQ(x,p)] , (4.1)

in the limit of small momentum transfers from the medium to the heavy quark, k ∼ T ≪ mQ. As first noted in Ref. [3],
this is well satisfied for the motion of a heavy quark in the QGP due to the HQ mass being much larger than the typical
temperatures under conditions relevant for high-energy heavy-ion collisions. In the above equation, x = (t,x) denotes the
HQ space-time coordinate and Ep =

√
m2
Q + p2 its on-shell energy. The collision term is given by the transition rate for

a heavy quark of momentum p being scattered to momentum p− k through collisions with the light quarks and gluons
in the QGP,

w(x,p,k) =
1

64π2

∫
d3q

(2π)3
1

gQ

∑
|MiQ|2

1

EpEqEp−kEq+k
δ(Ep + Eq − Ep−k − Eq+k)fX(x,q) . (4.2)

Here, MiQ is the invariant amplitude for the HQ elastic scattering off i ∈ {q, g}, and the sum is over spin, flavor, and
color in the initial and final states. Expanding the integrand up to 2nd order in k, one obtains

1

Ep
pµ∂µfQ(x,p) =

∂

∂pi
[Ai(x,p)fQ(x,p)] +

∂2

∂pi∂pj
[Bij(x,p)fQ(x,p)] . (4.3)

The momentum drag and diffusion coefficients, Ai and Bij , respectively, are defined in the local rest frame of the medium
as

Ai(x,p) =

∫
d3kw(x,p,k)ki , Bij =

1

2

∫
d3kw(x,p,k)kikj . (4.4)
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For an isotropic medium in local thermal equilibrium, one has Ai(x,p) = A(x, p)pi and Bij(x,p) = B0(x, p)P
⊥
ij (p) +

B1(x, p)P
∥
ij(p) with p = |p| and the projection operators onto the longitudinal and transverse direction of p: P ∥

ij = pipj/p
2

and P⊥
ij = δij − P

∥
ij(p). This defines the drag and diffusion coefficients, A, B0, and B1, discussed in Sec. 3.1. As in the

non-relativistic case [114], the drag coefficient is related to the diffusion coefficients by an Einstein dissipation-fluctuation
relation, B = TEpA, which ensures that in the long-time limit the phase-space distribution function converges to the
Maxwell-Boltzmann distribution, i.e., it properly describes the equilibration of the heavy quark with the ambient medium.
The generalization to momentum-dependent coefficients and relativistic motion of the heavy quarks can be found in
Refs. [4, 115, 116].

In practice, the Fokker-Planck equation for the HQ phase-space distribution function is simulated using an equivalent
Langevin equation of the form

dxj =
pj
Ep

dt, dpj = −Γ(x,p)pjdt+
√
dtCjk(x,k+ ξdp)ρk(t) , (4.5)

in the local rest frame of the medium, where ρk(t) is normal-distributed white noise, ⟨ρj(t1)ρk(t2)⟩ = δjkδ(t1 − t2), and
ξ ∈ [0, 1], where ξ=0, 1/2 and 1 correspond to the pre-point Ito, mid-point Stratonovic, and post-point Ito realizations,
respectively, of the stochastic integral [4]. The relation to the transport coefficients is given by Cjk =

√
2B0P

⊥
jk+

√
2B1P

∥
jk

and Apj = Γpj−ξClk ∂Cjk

∂pl
. The dissipation-fluctuation relation is not guaranteed to be satisfied within microscopic model

calculations for HQ scattering in the medium, as discussed, e.g., in Ref. [61]. However, from direct comparisons between
numerical realizations of the Boltzmann transport and the Langevin/Fokker-Planck equations it turns out that a good
strategy is to use Γ = A and B0 from the microscopic model and set B1 = AET in the post-point Ito realization of the
Langevin process, Eq. (4.5) [117, 61]. In the latter works, quantitative comparisons of Boltzmann and Langevin simulations
have been carried out for heavy quarks of different masses using transport coefficients evaluated from two microscopic
models: (a) pQCD Born diagrams with a Debye screening mass mD = gT , a coupling constant αs = g2/4π = 0.4, and an
additional K-factor of with massless light quarks and gluons, and (b) the QPM discussed in Secs. 2.4 and 3.1 with massive
partons of mg = 0.69 GeV and mq = 0.46 GeV. First, in a box of thermal QGP with fixed temperature T=300 MeV,
the nuclear modification factor has been evaluated at a HQ momentum of p=4 GeV and plotted as a function of mass
in the left panel of Fig. 4.1. For the case of massless thermal partons, the deviations are quite small, below 10% for
HQ masses of 1.8GeV and higher, i.e., for mQ/T >∼ 6, while for the QPM they are somewhat larger due to the larger
momentum transfers imparted on the heavy quark in their scattering off the masssive thermal quasiparticles, caused by
more isotropic cross sections compared to the forward-peaked ones in the massless pQCD model. However, for bottom-
quarks, both Boltzmann and Langevin approaches lead to virtually identical results, for both microscopic models. In the
middle and right panel of Fig. 4.1 the comparison is carried out for a more realistic situation where an expanding fireball
for semicentral Pb-Pb(2.76TeV) is simulated using a transport model for the bulk medium from the QPM model but
with HQ transport coefficients evaluated with the pQCD Born diagrams in a massless QGP. For the nuclear modification
factor, RAA, the agreement is quite good for momenta up to pT ≃ 4GeV for the three considered HQ masses, but
at higher pT , the lightest HQ mass result shows significant deviations (e.g., ∼30% at pT=7 GeV), with the Langevin
simulation over-predicting the suppression relative to the Boltzmann one. For the v2, significant deviations appear at
small pT <∼mQ/2 for both mQ=1.5 and 2.5GeV, and again for momenta pT >∼ 2mQ, while for a bottom-like quark mass
close agreement over the entire pT range is observed.

Concerning the calculation of the drag and diffusion coefficients we note that for the scattering matrix elements, MiQ,
in Eq. (4.2) the corresponding transition rates from nonperturbative many-body quantum-field theoretical calculations
like the T -matrix approach discussed in Sec. 2.2 can be used to take into account “off-shell effects”, particularly the
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Figure 4.2: Left panel: comparison of the nuclear modification factor, RAA, of charm quarks in an expanding QGP using transport coefficients
from a QPM with on-shell vs. off-shell kinematics for HQ scattering off thermal partons, where the latter are approximated with Breit-Wigner
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from a Langevin simulation with transport coefficients from a self-consistent 2PI calculation of the transport coefficients within a weakly- and
strongly-coupled scenario, as well as for the internal-energy potential within a quasiparticle QGP; figures taken from Ref. [79]).

substantial broadening of the spectral functions in the strongly coupled QGP. As discussed already in Sec. 3.1, a large
impact of the off-shell dynamics of the light constituents of the medium has been found [79], which is in large part due
to the nonperturbative string interaction and the dynamical formation of heavy-light-quark resonances. Even though the
resonances generally lie below the nominal heavy-light-quark mass threshold, the width of the resonances and the inclusion
of the width of the spectral functions of the thermal partons (as well as the outgoing charm quark) open the sub-threshold
phase space and therefore give access to the the resonant interaction strength. The widths of both the light and heavy
quarks, as well as gluons are taken into account selfconsistently in the Luttinger-Ward-Baym (or two-particle-irreducible
(2PI)) formalism. The importance of the selfconsistent approach also lies in its consistency with the equation of state of
the medium, which by construction of the model is constrained to fit the corresponding lQCD results [34] (cf. Fig. 2.7).

The significance of these features of the 2PI approach for HQ transport is has been studies in a more schematic
implementation of off-shell effects conducted in Ref. [118], where finite widths for the thermal partons have been introduced
into the QPM via Breit-Wigner mass distributions in the evaluation of the transport coefficients (using pQCD scattering
matrix elements). It has been found that the width effects only have a small impact on the HQ transport coefficients,
actually leading to a slight reduction in the friction coefficient, A(p). The pertinent results for the nuclear modification
factor of charm quarks also show little change even for thermal-parton widths as large as 75% of their mass, see left panel
of Fig. 4.2. The middle and right panels of Fig. 4.2 show the RAA and v2 from Langevin simulations of c-quarks in an
expanding QGP of Pb-Pb collisions at the LHC with drag and diffusion coefficients evaluated from the selfconsistent 2PI
T -matrix approach [79] in the strong- and weak-coupling scenarios (SCS and WCS), recall Sec. 2.4, as well as taking the
HQ-internal-energy potential for the heavy-light T -matrices. In particular the elliptic flow exhibits an excellent sensitivity
to the underlying HQ interactions in the QGP.

In addition to a consistent calculation of the HQ-medium interactions and the QGP EoS, nonperturbative many-body
approaches are promising for establishing further consistency toward the kinetic recombination of heavy with light quarks
into hadrons (which is not present in, e.g., in instantaneous coalescence models). The in-medium bound states generated
by the two-body T -matrix naturally provide for the formation of (pre-) hadronic states, thus putting the interactions
underlying the diffusion and hadronziation processes on the same footing. Also for the latter, this will require the use of
off-shell quark spectral functions, to ensure four-momentum conservation and the correct long-time limits of kinetic and
chemical equilibrium.

4.2. Observables
The two most common observables to characterize the medium effects on open heavy-flavor probes in AA collisions are
the nuclear modification factor, RAA, and the elliptic flow, v2(pT ). The former is defined as the ratio of the pT -differential
particle yield in nucleus-nucleus collisions over the production cross section in pp collisions (at the same center-of-mass
energy) scaled by the nuclear overlap function for a given centrality class; it characterizes the spectral modifications due to
interactions in the fireball formed in AA collisions. The elliptic-flow coefficient, v2 = ⟨cos(2ϕ)⟩ (where ϕ is the azimuthal
emission angle of the measured particle relative to the reaction plane of the AA collision) characterizes angular anisotropies
that can be induced, e.g., through the collectively expanding fireball medium (usually at relatively low pT ) or different
path lengths through the medium (usually for high-pT particles). Precision of measurements of these observables for D
mesons have matured considerably in recent years, to the level that comparisons to theoretical model predictions allow
for stringent constraints on the underlying transport coefficients (in particular, the determination of the charm-diffusion
coefficient Ds, which is a central goal of using HF particles as probes of the QGP properties).

As a recent example, we show in Fig. 4.3, an ALICE compilation of their RAA and v2 data averaged over prompt
D and D∗ mesons in central and semicentral 5.02 TeV Pb-Pb collisions, in comparison to various theoretical model
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Figure 4.3: Nuclear modification factor, RAA (left), and elliptic flow, v2 (right), averaged over prompt D0, D+, and D∗+ mesons in the 0-10%
(top) and 30-50% (bottom) centrality classes in 5.02 TeV Pb-Pb collisions compared with predictions of theoretical models. Figure taken from
Ref. [119].

predictions [119]. A suppression of prompt D mesons by up to a factor of ∼5 (2.5) is observed in the RAA around
pT ∼ 7-10 GeV in 0-10 (30-50)% central collisions, which is captured by most of the transport models that simulate charm
diffusion with elastic and/or radiative interactions and compute charm hadronization with coalescence and fragmentation
processes in a hydrodynamically expanding medium [107, 120, 121, 64, 62, 122, 123, 124, 125, 126, 127, 128]. Beyond
this regime of maximum suppression, i.e., for pT > 10GeV, where gluon radiation is expected to dominate the energy
loss, both RAA and v2 are fairly well described by pQCD based jet-medium interaction models [129, 130, 131, 132, 133].
At low and intermediate pT < 6GeV, most transport models give a reasonable description of the D-meson v2 but show
significant deviations from the measured RAA. The low-pT RAA data remain significantly below unity indicating a nuclear-
shadowing suppression of charm production (stronger in central than in semicentral collisions), consistent with estimates
using nuclear PDFs [134, 135, 136, 137, 138]. In central collisions, the data suggest a “bump" structure around pT ∼ 2GeV,
which is commonly associated with the collective flow that charm quarks pick up via a strong drag from the expanding
medium. Another important effect in developing the flow bump is caused by the recombination of near-thermalized charm
quarks with flowing light anti-/quarks from the medium, which also adds significant v2 to the formed D-meson in the
intermediate pT regime and is essential for a quantitative description of the observed v2. One also notes that further
ingredients, such as differing features in the hydrodynamic evolution models adopted for the transport calculations, as
well as interactions in the hadronic phase after hadronization (which are taken into account in some approaches) affect
the predictions of the observables.

Simultaneous comparisons of RAA and v2 measurements of D mesons with transport model predictions, in particular in
the low- and intermediate-pT regime where the sensitivity to charm-quark diffusion and hadronization is the highest, pro-
vide rather stringent constraints on the charm-quark interactions with the medium. To obtain a conservative estimate of
the charm quark’s spatial diffusion coefficient, in particular to encompass uncertainties due to different model implementa-
tions of charm-quark recombination (e.g., resonance recombination [107] vs. instantaneous coalescence [62, 122, 125, 126]),
the ALICE collaboration applied a mild requirement for data-to-model consistency, namely χ2/ndf < 5 for RAA for
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Model χ2/ndf
RAA v2

Catania [62, 122] 143.8/30 14.0/8
DAB-MOD [124] 234.1/30 9.8/6
LBT [125, 126] 411.8/30 15.8/12
LIDO [128] 46.4/26 62.0/11
LGR [127] 9.2/30 15.5/11
MC@sHQ+EPOS2 [123] 56.6/30 5.7/12
PHSD [64] 294.7/30 19.6/11
POWLANG-HTL [120, 121] 468.6/30 13.5/8
TAMU [107] 30.2/30 8.15/9

Table 4.1: Summary of the χ2 per degree-of-freedom values for theoretical-model calculations (listed in the left column) in comparison to
ALICE data [119, 139] for the average D-meson RAA in 0-10% and 30-50% central Pb-Pb(5.02TeV) collisions combined (middle column) and
for the v2 in 30-50% central collisions (right column). Values taken from Refs. [119, 139].
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0 < pT < 8GeV [119] and χ2/ndf < 2 for v2 in the pT ranges provided by the different models [139]. This requirement
was met by the TAMU [107], MC@sHQ+EPOS2 [123], LIDO [128], LGR [127], and Catania [62, 122] models, cf. Tab. 4.1.
The charm-quark spatial diffusion coefficient used in these models amounts to a range of 1.5 < Ds(2πT ) < 4.5 near Tpc
(recall Fig. 3.5), and represents the current state-of-the-art extraction of the transport coefficient of the QGP from HF
probes. In particular, it is in agreement with the properties of a strongly coupled QGP as discussed in Sec. 3.3.

Bottom quarks, with a mass of about three times that of charm quarks, are expected to have a correspondingly longer
thermal relaxation time and thus exhibit less thermalization and pertinent spectrum modifications. The larger mass of
bottom quarks also extends the reliability of the Langevin implementation of diffusion processes in the expanding QGP
to significantly larger momentum [117] (recall Sec. 4.1), rendering them cleaner “Brownian markers". At high pT , where
energy loss is presumably dominated by radiative processes, bottom quarks are expected to lose less energy than charm

25



1 2 3 4 5 10 20 30
)c (GeV/

T
p

0.1

0.2

0.3

0.4

0.5

s

3.7% BR uncertainty not shown±

pp

1 2 3 4 5 6 10 20 30
)c (GeV/

T
p

0.1

0.2

0.3

0.4

0.5

 
0

 /
 D

+ s
D

3.7% BR uncertainty not shown±

Pb−50% Pb−30

1 2 3 4 5 6 10 20 30
)c (GeV/

T
p

0.1

0.2

0.3

0.4

0.5

 
0

 /
 D

+ s
D

3.7% BR uncertainty not shown±

Pb−10% Pb−0

1 2 3 4 5 6 10 20 30
)c (GeV/

T
p

0.5

1.0

1.5

2.0

 
p
p

)
 /
 D

s
D

 /
 (

P
b

−
P

b
)

 /
 D

s
D(

Pb−50% Pb−30

1 2 3 4 5 6 10 20 30
)c (GeV/

T
p

0.5

1.0

1.5

2.0

 
p
p

)
0

 /
 D

+ s
D

 /
 (

P
b

−
P

b
)

0
 /
 D

+ s
D(

Pb−10% Pb−0

ALICE

 = 5.02 TeV
NN

s

| < 0.5y|

SHMc + FastReso + corona

LGR

TAMU

Catania

PHSD

Figure 4.5: Upper panels: D+
s /D

0 pT -differential production ratios in 0-10% (left) and 30-50% (middle) Pb-Pb and pp collisions (right) at
the same center-of-mass energy of 5.02TeV, compared with theoretical calculations based on charm-quark transport in a hydrodynamically
expanding QGP [107, 127, 64, 146, 147, 148, 149] and on statistical hadronization [150]. Lower panels: double ratio of D+

s /D
0 in Pb-Pb

collisions divided by those in pp collisions, for 0-10% (left) and 30-50% (middle) centrality, compared with theoretical calculations. Figure
taken from Ref. [151].

quarks because of a stronger “dead cone" effect, which suppresses gluon radiation at angles smaller than mQ/E relative to
the quark’s direction of motion [143, 144, 145]. Therefore, comparisons of the bottom- and charm-hadron observables offer
means to disentangle the different manifestations of these effects and further constrain the HQ diffusion coefficient in the
medium. Figure 4.4 shows the ALICE measurement of the double ratio of the RAA of so-called non-prompt D0 mesons
(which arise from weak decays of bottom hadrons and thus reflect primary bottom spectrum modifications) to that of
prompt D0 mesons in 0-10% central 5.02 TeV Pb-Pb collisions, in comparison with different model predictions [142]. The
trends in the pT dependence are fairly well described by several transport models that implement charm and bottom
diffusion and hadronization in QGP [140, 123, 127, 141]. A non-prompt D0-meson RAA ≥ 1 at low pT ≤ 2GeV [142]
indicates little or no shadowing on bottom production at mid-rapidity, whereas significant charm shadowing results in an
RAA below unity for prompt D0 mesons [119]. Going to pT ∼ 2-3 GeV, the prompt RAA is characterized by a pronounced
“flow bump" resulting from near-thermalized charm quarks and their recombination with flowing light quarks, which is
much less pronounced (or even absent) for the non-prompt RAA. Taken together, these observations help explain the
minimum at pT ∼ 2-3 GeV in the Rnonprompt

AA /Rprompt
AA ratio followed by a monotonous increase toward pT = 0. For

pT ≃ 4 − 10GeV, weaker suppression of bottom quarks than charm quarks leads to a rise of the ratio to close to two,
reflecting less radiative energy loss of bottom than charm in this pT regime. Eventually the double ratio is expected to
undergo a slow decrease toward unity at high pT where mass differences become irrelevant. In the lower panel of Fig. 4.4
the ratio from the scenario of the LGR model is shown without coalescence effects, and turns out to be too much enhanced
compared to the data, corroborating that the minimum structure is mainly due to the formation of prompt D0 mesons
via charm-quark coalescence.

Transverse-momentum dependent ratios between different charm-hadron species provide a measure of the charm
hadro-chemistry and its possible in-medium modifications from pp to AA collisions, and have recently attracted intense
interest [7]. These observables are sensitive probes of charm-quark hadronization mechanisms, as a the same underlying
charm-quark distribution function from its transport through the deconfined medium is converted into different hadrons
(much like what has been found in the light- and strange-flavor sector [152], the charm chemistry is not expected to
change in the hadronic phase). An enhancement of the yield of the ground-state charm-strange meson, D+

s , relative to
that of nonstrange D mesons at low and intermediate pT , has been predicted for Au-Au collisions at RHIC [153, 80],
as a consequence of recombination of near-thermalized charm quarks with strange quarks in a chemically equilibrated
QGP in which strangeness production is much enhanced with respect to pp collisions. This has been confirmed by the
recent measurement of the D+

s /D
0 ratio in 5.02 TeV pp and Pb-Pb collisions [151], as shown in Fig. 4.5 (STAR published

similar results in Au-Au collisions at RHIC [154]). The D+
s /D

0 ratios in pp and Pb-Pb collisions are fairly described
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Figure 4.6: The Λ+
c /D
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panel) collisions compared with predictions of different theoretical calculations [146, 107, 150, 148, 80]. Figure taken from Ref. [155].

by the Catania [146, 148] and PHSD model [147]. The TAMU model [107], which computes charm-quark hadronization
with resonance recombination, overestimates the ratio in both pp and Pb-Pb collisions by a similar amount; in the latter,
the Ds/D

0 ratio develops a peak around pT ∼ 3-4 GeV which is caused by collective flow of the heavier strange quark
in the recombination of D+

s mesons compared to light quarks in the recombination of D mesons. This peak migrates
also into the double ratio and appears to be supported by the data; it is also reported by the SHMc model [150] that
approximates the charm-meson spectra with a hydrodynamic blastwave ansatz normalized to yields from the inclusive
statistical hadronization model calculations.

An enhancement of the baryon-to-meson ratio at intermediate pT ∼ 3−6 GeV in heavy-ion collisions with respect to
pp collisions [156, 157, 158, 159] is a well established phenomenon for light and strange hadrons, and has been commonly
interpreted as being due to quark coalescence processes [160, 161, 162, 163, 164]. In principle, this can also be regarded
as a remnant of the radial-flow effect that pushes heavier baryons (containing three valence quarks) further out in
pT than lighter mesons (containing two valence quarks). In the charm sector, the Λc/D

0 ratio exhibits a significant
enhancement already in high-energy pp [165, 165] and p-Pb collisions [165] (see the right panel of Fig. 4.6) over the
value of ∼0.1 measured in e+e− and ep collisions (essentially independent of pT ). This implies a considerable change
of charm-quark fragmentation fractions into different kinds of charm hadrons [166], and has been explained by three
models implementing different charm-baryon enhancement mechanisms: a color reconnection beyond leading order with
junctions fragmenting into baryons [167], statistical hadronization augmented with excited charm-baryon states beyond
the listings of the particle data group [149, 168], and instantaneous coalescence in a deconfined fireball postulated to be
formed in pp collisions [148]. In anaolgy to the p/π [158] and Λ/K0

s [159] ratios, the Λc/D
0 ratio is enhanced from pp

to Pb-Pb collisions at intermediate pT ≃ 4− 8GeV, cf. the ALICE measurements shown in the left and middle panels of
Fig. 4.6 (a similar enhancement has also been observed in 200 GeV Au-Au collisions at RHIC [169]), with indications for
a larger effect in the 0-10% central collisions and a hint of a depletion at low pT . This is consistent with a larger radial
flow of the expanding fireball, which, from light-hadron production, one knows to be stronger in more central collisions.
At high pT > 10GeV, the ratio is comparable to the measurement by CMS in minimum-bias Pb-Pb collisions [170] and
tends to approach the value measured in pp collisions. Three theoretical calculations are compared to the Λc/D

0 data in
Fig. 4.6. The results of the Catania model, based on instantaneous coalescence [146] of charm- and light-quark spectra
that are both based on a combination of thermal blastwave spectra and quenched primordial spectra and supplemented
with independent fragmentation at high pT , tend to overestimate (underestimate) the Λc/D

0 in central collisions at low
(intermediate) pT ; the SHMc, assuming hydrodynamic blastwave spectra normalized to statistical hadronization yields
(including all charm hadrons in the PDG list) [150], tends to underestimate the data, indicative of an overall lack of charm-
baryon production. The TAMU results, utilizing the resonance recombination model and fragmentation for hadronizing
transported c-quark spectra on a hydrodynamic hypersurface, describe the shape and magnitude of the ratio in both 0-
10% and 30-50% collisions fairly well [107]. In particular, this approach takes into account space-momentum correlations
between charm- and light-quark phase space distributions developed through Langevin transport and hydrodynamic flow,
respectively, which turn out to harden the charm-baryon spectrum more than the charm-meson one. Also, utilizing the
same augmented baryon spectrum relative to the PDG as used in the pp calculations [149] leads to substantially larger
feeddown contributions relative to the SHMc, and thus predicts an integrated Λc/D

0 value in Pb-Pb collisions that is
compatible with the one in pp, as dictated by the relative chemical equilibrium among different charm-hadron species [107].
This suggests that the Λc/D

0 enhancement at intermediate pT is primarily due to a kinematic redistribution of charm
baryons and mesons in momentum space (where the former experience a larger collective-flow effect), in analogy to the
case of Λ/K0

s [159], rather than additional charm-baryon production channels opening up in Pb-Pb collisions.
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5. Quarkonium Phenomenology
In this chapter we discuss heavy-quarkonium transport in hot QCD matter. In Sec. 5.1 give a brief review of the
kinetic approaches that have been used in the past to describe the dissociation and regeneration of charmonia and
bottomonia in heavy-ion collisions; this includes the semiclassical Boltzmann and rate equations with their pertinent
transport parameters discussed in Sec. 3.2, and a short discussion of quantum approaches represented by a Lindblad-
type equation for the quarkonium density matrix. In Sec. 5.2 we first give an overview of the excitation functions of
quarkonium production from SPS via RHIC to LHC energies, followed by a discussion of more differential charmonium
and bottomonium observables at the LHC in comparison to model calculations. In both contexts, our focus will be on
the features that have a close connection to the open HF sector, specifically the role of regeneration reactions for J/ψ
which directly relate to the charm-quark diffusion properties, and the role of the in-medium QCD force in the observed
pattern of bottomonium suppression.

5.1. Kinetics
To date, the phenomenology of quarkonia kinetics to describe their dissociation and regeneration in URHICs has mostly
been carried out in semiclassical transport approaches. Starting point is the Boltzmann equation for the quarkonium
phase space distribution function, fQ, which can be written in compact form as

pµ∂µfQ = −EQ(p)ΓQfQ + β , (5.1)

where pµ = (EQ(p), p⃗) denotes the (on-shell) f-moourmentum of the quarkonium state Q. The first and second term
on the right-hand-side of Eq. (5.1) denote the loss term with dissociation rate ΓQ and the gain term β, respectively.
The latter is only operative below the temperature where the state Q can survive, usually referred to as the dissociation
temperature, TQ

diss. This notion is not strictly defined; in practice, different criteria for TQ
diss have been employed, e.g.,

as the temperature where the binding energy of Q vanishes, or when the dissociation rate (determining the width of the
state) equals the binding energy. A more rigorous treatment of this issue requires a quantum transport approach which we
will return to below. The dissociation rate, ΓQ, has been discussed in Sec. 3.2. It does not directly involve the individual
HQ distribution functions (except for final-state Pauli blocking which can be safely neglected for heavy quarks). The
explicit form of the gain term (much like for the dissociation rate, recall, e.g., Eq. (3.1)) depends on the type of process,
e.g., leading-order gluo-dissociation (2 → 2) or inelastic parton scattering (3 → 2). In the latter case one has

β =
∑
p

dpdQdQ̄

∫
dΠ3|MpQQ̄→pQ|2fp(pi))fQ(pQ)fQ̄(pQ̄)[1± fp(pf )] , (5.2)

where dΠ3 denotes the Lorentz-invariant phase space (including an energy-momentum-conserving δ-function) for the
incoming heavy quark, antiquark, and thermal parton (p), as well as the outgoing light parton (all being on-shell). The
scattering matrix elements are exactly the same as for the inverse process of dissociation, with an initial-state average and
a final-state summation which ensures detailed balance (approximation methods, in particular the quasifree approximation
discussed in Sec. 3.2, also apply here). Of critical importance for a quantitative evaluation of the quarkonium regeneration
rate are the HQ distribution functions, fQ,Q̄. In the context of a heavy-ion collision, they deviate from both thermal
and chemical equilibrium. Assessing the deviation from thermal equilibrium is precisely the problem of HQ transport
through the fireball of a heavy-ion collision as discussed in Sec. 4, with pertinent transport coefficients discussed in
Sec. 3.1. For quarkonium dissociation, this figures as a space- and time-dependent HQ distribution function whose
momentum distribution gradually evolves from its initial production toward local thermal equilibrium in the expanding
fireball. As emphasized before, the heavy-light scattering matrices governing this transport are related to the ones in
the gain term, especially when evaluated in the quasifree approximation. Rather few calculations exist to date which
have implemented the off-equilibrium HQ kinetics in quarkonium regeneration processes (see, e.g., Refs. [171, 172, 173]
for weak-coupling approaches, or Ref. [174]). The chemical off-equilibrium of the HQ distributions stems from the fact
that HQ pair production is strongly suppressed at the typical temperatures encountered in heavy-ion collisions, as they
are much smaller than the mass threshold of 2mQ. Therefore, the number of heavy quarks in the fireball is expected
to be determined by their hard production in primordial nucleon-nucleon collisions upon first impact of the nuclei, and
approximately conserved thereafter. This can be accounted for by a HQ fugacity, γQ, which depends on the initial HQ
production cross section, the fireball volume and temperature, and on the HQ mass (or more generally, the available HF
states in the ambient medium, e.g., all HF hadron states in confined matter). This problem becomes more transparent
when integrating the Boltzmann equation over space and three-momentum (neglecting surface terms) to obtain a kinetic
rate equation for the time evolution of the quarkonium number, NQ,

dNQ

dτ
= −ΓQ

[
NQ −N eq

Q
]
. (5.3)
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This equation is now characterized by two transport parameters, the (momentum-averaged) inelastic reaction rate, ΓQ,
as discussed before (which still depends on temperature through the time dependence), and the quarkonium equilibrium
limit, N eq

Q , emerging from the gain term. It can be written as

N eq
Q (T, γQ) = VFB dQ γQ(T )

2

∫
d3p

(2π)3
fB(mQ, T ) , (5.4)

with the spin degeneracy dQ of state Q, its Bose distribution function, fB , and the fireball volume, VFB. The HQ
fugacity factor, γQ , is obtained from matching the number of QQ̄ states in the fireball to the total number of HF states
in thermal equilibrium (which in the QGP would simply be the number of heavy quarks plus antiquarks). Non-thermal HQ
distributions can further affect the quarkonium equilibrium limit, typically leading to a reduction as the harder momentum
spectra from off-equilibrium HQ distributions reduce the phase space overlap for bound-state formation [171]. In the
TAMU transport approach, e.g., this has been accounted for by a thermal relaxation factor [175], R(τ) = 1− exp(τ/τQ)
where τQ is the HQ thermal relaxation time discussed in Sec. 3.1. The equilibrium limit of quarkonia has first been
introduced in the context of the statistical hadronization model (SHM) [176, 177, 178, 179], where charmonium production
has been evaluated at the pseudocritical temperature using the emerging spectrum of hadrons containing charm to compute
the charm-quark fugacity.

While semiclassical approaches have been fairly successful in describing and predicting charmonium and bottomonium
observables at RHIC and the LHC, some of the underlying approximations remain to be scrutinized. In general, the
presence of a strongly coupled QGP, with transport coefficients near conjectured lower bounds by quantum mechanics,
clearly call for more rigorous investigations of how off-shell effects in the presence of large collisional widths affect the
microscopic description of observables. As indicated above, a key question concerning quarkonia is their fate as they
approach their dissociation temperature, where the binding energy becomes a small scale that is susceptible to quantum
effects. This is one of the main motivations for the development of quantum-transport approaches, in particular those
involving bound states, which are usually formulated in the language of open-quantum systems highlighting the coupling
to the QQ̄ continuum, cf. e.g., Refs. [180, 181, 182, 17, 183, 184, 185] and references therein. Specifically, instead of
solving for the (differential) number of quarkonium states, one simulates the evolution of the reduced quarkonium density
matrix, ϱQ, which can usually be cast into a Lindblad form,

dϱQ
dt

= −i[H, ϱQ] +
∑
n

LnϱQL
†
n − 1

2
{L†

nLn, ϱQ} , (5.5)

where the sum is over all quarkonium states including the QQ̄ continuum. The Lindblad operator contains the infor-
mation on the transition rates in the form of amplitudes (rather than amplitudes squared or cross sections as in the
Boltzmann equation), an essential feature to account for quantum effects. In particular, this incorporates transitions and
the interference between different states in the time evolution of the wave packet, which is not treated in semiclassical
frameworks, especially for overlapping states and threshold effects in the spectral distribution, i.e., for small binding
energies and large widths. In this way, the quantum treatment also avoids the notion of a dissociation temperature, as
this information is encoded in the time evolving wave functions (or density matrix). Regeneration reactions are included
in the Lindblad equation, but their practical implementation is rather challenging, especially for the case of multiple HQ
pairs in the system. In addition, most quantum-transport approaches to date involve weak-coupling methods (either for
the bound-state dynamics or the medium description, or both). Therefore, applications to URHICs have focused on the
bottomonium sector, which will be discussed in Sec. 5.2.2.

5.2. Observables
We are now in position to discuss quantitative comparisons of model calculations to charmonium and bottomonium data
in URHICs at the SPS, RHIC, and the LHC. We will focus on theoretical approaches that have been discussed in the
preceding sections, thereby trying to reconnect to the fundamental question of how the in-medium QCD interactions
manifest themselves in the experimental observables.

To illustrate the production systematics of quarkonia over a broad range of collision energies,
√
sNN, in a compact

form, we start with pertinent excitation functions of the nuclear modification factor, RAA(
√
sNN). The left panel of

Fig. 5.1 shows inclusive-J/ψ production at mid-rapidity in central Pb-Pb and Au-Au collisions at the SPS (17 GeV)
via RHIC (39, 62, 200 GeV) to the LHC (2.76 and 5.02 TeV), comparing data from the NA50 [186], PHENIX [187],
STAR [188, 189] and ALICE [190, 191, 192] collaborations to TAMU transport model calculations [193, 194] using the
rate-equation approach with in-medium binding energies and dissociation rates as discussed in Sec. 3.2. At SPS energy,
regeneration is small and the RAA ∼ 0.3 directly reflects the suppression of primordially produced J/ψ’s. A little more
than half of the total suppression is actually caused by so-called cold-nuclear-matter effects, which at SPS energies are
essentially attributed to a nuclear absorption on the incoming nucleons with a dissociation cross section of σJ/ψabs ≃ 7.5mb
as extracted from pA collisions [195]. The hot-medium effect, with initial temperatures of T0 ≃ 230MeV (as extracted
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Figure 5.1: Excitation function of the nuclear modification factor for inclusive-J/ψ production in central Au-Au collisions at RHIC and in
Pb-Pb collisions at the SPS and LHC (left panel), and for Υ(1S) and Υ(2S) production in minimum-bias collisions Au-Au and Pb-Pb collisions
at RHIC and the LHC, respectively (right panel); TAMU transport model calculations are compared to data from the NA50, STAR, ALICE
and CMS collaborations; figures are taken from Ref. [95].

from thermal dilepton spectra [196]), is mostly driven by the suppression of excited states (χc and ψ′) which contribute
up to ∼35-40% to the inclusive J/ψ yield in pp collisions. This means that at the SPS the direct-J/ψ yield is rather
little affected, which implies that the J/ψ should be able to survive, with a rather small width, up to temperatures of at
least ∼230 MeV or so (cf. Fig. 3.4). The hot-medium suppression of the primordial J/ψ becomes significantly stronger at
RHIC energies as a consequence of the increasing temperature of the medium together with a subsiding nuclear absorption
with increasing

√
s, and reaches a factor of 5 at the LHC. At the same time, due to the increasing number of charm

quarks and their near-thermalization, J/ψ regeneration grows substantially and becomes the dominant source in central
Pb-Pb collisions at the LHC. The situation is very different for the Υ states, where CMS [197, 198] and STAR [199]
data for minimum bias (MB) Pb-Pb and Au-Au collisions, respectively, are compared to the same theoretical approach
for bottomonia, cf. right panel of Fig. 5.1. The Υ(2S), albeit with a comparable binding energy to the J/ψ in vacuum,
shows a substantial suppression already at RHIC energy, which becomes even stronger at the LHC. The main reason
for the stark difference in the J/ψ and Υ(2S) excitation functions is, of course, due to regeneration processes, with a
small number of bb̄ pairs but also the smallness of the Υ equilibrium limit including the slower b-quark thermalization
time compared to c-quarks. The ground-state Υ(1S) is much more stable than the Υ(2S), especially given the ca. 50%
feeddown contributions in pp collisions. This suggests that there is rather little direct-Υ(1S) suppression at RHIC, with
initial temperatures near T0 ≃ 300MeV in the fireball (for MB collisions), where the dissociation rate from Fig. 3.4 is still
relatively small (around 50 MeV).

In the following two sections, we will focus on two topics where quarkonia are rather directly related to the open HF
sector, namely the role of regeneration processes for charmonia (Sec. 5.2.1), and the extraction of the in-medium HQ
potential from bottomonium suppression (Sec. 5.2.2).

5.2.1. Charmonia

Quantitative predictions for the regeneration contribution to charmonia are rather sensitive to the number of cc̄ pairs in
the fireball (recall Eq. (5.4)), and as such to the cc̄ production cross section in pp collisions and its suppression due to
nuclear shadowing in AA collisions. In Fig. 5.2 we show results of the TAMU transport approach employing an updated
charm cross section according to recent ALICE data [166], and a range of nuclear shadowing of up to 15-40% in central
Pb-Pb collisions, in comparison to mid-rapidity ALICE data for inclusive J/ψ production [192, 200]. In the left panel, the
centrality dependence of the calculated yields exhibits an increasing regeneration yield that overcompensates the strong
suppression of primordial J/ψ already in rather peripheral collisions. The right panel further corroborates the properties
of the regeneration contribution being characterized by a concentration at low pT <∼ J/ψ

[201, 202, 192] . This, in particular,
implies a decrease of the ratio rAA ≡ ⟨p2T ⟩AA/⟨p2T ⟩pp, introduced by the Tsinghua group [203], with centrality and also
with collision energy, from ∼ 1.5 at SPS [204] via ∼ 1 at RHIC [187] to ∼ 0.5 at the LHC [205], indicating the transition
from primordial production with Cronin effect at the SPS to regeneration from a nearly thermal source. Due to the large
elliptic flow of charm quarks required to describe the open HF observables discussed in Sec. 4.2, one furthermore expects
a sizable v2 for the regenerated J/ψ which has indeed been observed [206, 207], reaching values of ∼ 0.1 in semicentral
Pb-Pb collisions at 5.02 TeV [206, 207]. Transport model calculations, which have approximated the regenerated J/ψ-pT
spectrum with a thermal blastwave expression [96, 208], correctly predicted this effect up to momenta of pT ≃ 4GeV, but
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Figure 5.2: Centrality (left panel) and transverse-momentum (right panel) dependence of the inclusive-J/ψ RAA in Pb-Pb(5.02 TeV) collisions
measured by the ALICE collaboration, compared to TAMU transport model calculations with the most recent inputs for the cc̄ cross section
and nuclear shadowing.
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Langevin transported charm-quark distribution functions. For the red (green) band the c-quark spectra are taken at an average regeneration
time, τf=5.2 fm/c with(out) SMCs, where the widths reflect a 15-25% charm/onium shadowing range. The dashed lines are for τf=4.2 fm/c
with 15% shadowing (brown (dark-green) dashed: with(out) SMCs). Inclusive results from previous calculations [208, 202] (grey bands) are
shown for comparison; figures taken from Ref. [174].

fall well below the data at higher pT , which has cast some doubts on the role of regeneration (sometimes referred to as
the “J/ψ v2 puzzle").

In recent work [174] several improvements of the semiclassical transport description [208] have been carried out.
First, charm-quark phase space distributions from a strongly coupled transport approach for HF diffusion that describes
open-charm observables at the LHC [107, 119] (as discussed in Sec. 4.2) were implemented into the regeneration pro-
cess of charmonia. Specifically, the four-momentum conserving resonance recombination model (RRM) [209] has been
employed whose total yields are constrained by the rate-equation results with the latest cc̄ cross section data from pp
collisions [166] (corresponding to Fig. 5.2). Both momentum and spatial dependencies of these distributions (through
transported momentum spectra and so-called space-momentum correlations (SMCs) between the position and momen-
tum of the recombining quarks) have been found to extend the reach of recombination processes up to pT ∼ 8GeV in
semicentral Pb-Pb (5.02 TeV) collisions. Second, an explicit event-by-event simulation of the suppression of primordially
produced charmonia in a hydrodynamically expanding medium have been found to produce a significantly larger v2 for
this component than previous schematic estimates (mostly caused by the path-length dependent dissociation through
the spatial density profile of the hydrodynamic medium). In addition, the pT and azimuthal-angle dependence of the
non-prompt component from feeddown of transported B-mesons was accounted for [140]. Taken together, these improve-
ments result in a much improved description of the experimental data for v2 of inclusive J/ψ , and also better capture
the momentum dependence of the RAA data, see Fig. 5.3. These developments highlight the close connection between
the transport of open- and hidden-charm particles that become empirically accessible through precision data.
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5.2.2. Bottomonia

Contrary to charmonia, the regeneration contribution is expected to be much reduced for bottomonia, recall the right
panel of Fig. 5.1. This opens a more direct and accurate window on the suppression mechanisms, in particular on the
dissociation rates (closely related to the HQ interactions with the medium) and their dependence on the binding energy,
which in turn is closely related to the in-medium HQ potential. Several investigations utilizing semiclassical transport
approaches have established that the use of the free-energy proxy (taken from lQCD computations) for the in-medium
HQ potential leads to an over-suppression of bottomonia compared to data from heavy-ion collisions, in particular for the
Υ(1S) [214, 92, 215]. In Ref. [15] in-medium binding energies from the T -matrix approach based on an internal-energy
potential have been used, resulting in a fair description of LHC bottomonium data, cf. the upper panels of Fig. 5.4; similar
results have been obtained in Ref. [216] without the inclusion of regeneration contributions, and also more recently with a
“lQCD vetted" potential [93] which is less attractive than the internal energy and thus produces a little more suppression
which is still well compatible with the RHIC and LHC bottomonium data. A state-of-the-art calculation employing
quantum transport is shown in the lower panels of Fig. 5.4 [213]. It employs a vacuum Coulomb potential with in-
medium widths that are related to the HQ momentum diffusion coefficient, κ, which has been taken from quenched lQCD
computations [217] (it is further related to the HQ diffusion coefficient as 2πTDs = 4πT 3/κ). For the Υ(1S), e.g., one
has ΓΥ(1S) = 3a20κ. With a Bohr radius of a0=0.13 fm and κ/T 3=1.3-3.6 at T = 1.5Tc ≃ 240MeV, this translates into a
width of ≃ 25− 65MeV, which is quite comparable to the values employed by the Kent-State group in their semiclassical
approach, recall middle panel of Fig. 3.4.

In Ref. [218] the TAMU transport approach [15] has been employed to conduct a statistical extraction of the in-
medium HQ potential from bottomonium data at RHIC and the LHC. Toward this end the in-medium Υ binding energies
have been computed from the T -matrix approach utilizing trial input potentials of screened Cornell type, and then used
to calculate the quasifree reaction rates thereby allowing for a K-factor to simulate nonperturbative effects in the HQ

32



 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  50  100  150  200  250  300  350  400

AuAu @ 200 GeV |y|<0.5
R

A
A

Npart

STAR Y(1S+2S+3S)
STAR Y(2S+3S)
Y(1S+2S+3S)
Y(2S+3S)

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  50  100  150  200  250  300  350  400

PbPb @ 5.02 TeV |y|<2.4

R
A

A

Npart

CMS Y(1S)
CMS Y(2S)
CMS Y(3S)
Y(1S)
Y(2S)
Y(3S)

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  50  100  150  200  250  300  350  400

PbPb 2.5<y<4.0

R
A

A

Npart

ALICE Y(1S) 2.76TeV
ALICE Y(1S) 5.02TeV
Y(1S) 2.76TeV
Y(1S) 5.02TeV

Figure 5.5: Fit results for bottomonium data from Au-Au collisions at RHIC and Pb-Pb collisions at the LHC utilizing an in-medium trial
potential of Cornell type in combination with quasifree dissociation rates with a K-factor of 5 to simulate nonperturbative interaction strength
for the HQ coupling to thermal partons. The bands reflect 95% confidence levels; figures taken from Ref. [218].

−1
−0.8
−0.6
−0.4
−0.2

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2

 0  0.2  0.4  0.6  0.8  1  1.2

K=5

V
 [
G

e
V

]

r [fm]

T=194MeV α=0.05
T=194MeV best fit

−1
−0.8
−0.6
−0.4
−0.2

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2

 0  0.2  0.4  0.6  0.8  1  1.2

K=5

V
 [
G

e
V

]

r [fm]

T=400MeV α=0.05
T=400MeV best fit

Figure 5.6: Extracted in-medium HQ potentials determined through the fits to bottomonium data shown in Fig. 5.5 employing the TAMU
transport approach with K-factor of 5 in the perturbative quasifree dissociation rates. The bands represent the 95% confidence level for a
given parameterization of the r- and T -dependence of V (r, T ), and the black lines show the best fit result, with a χ2/dof of below one; figures
taken from Ref. [218].

coupling to the medium partons. For K=1, the Υ(1S) and Υ(2S) reaction rates recover the ones shown in the right
two panels of Fig. 3.4, and the pertinent potential is moderately screened at T ≃ 200MeV and more strongly at higher
temperatures. It turns out that the quality of the fit to the experimental data changes very little when introducing
K-factors larger than one in the quasifree rates, with a χ2 per degree of freedom of slightly below one up to at least
K=10. However, for K > 1 the underlying potentials require significantly stronger binding to keep the resulting reaction
rates in a range which allows for a good description of the observed suppression. As an example, we show in Fig. 5.5 the
results for K=5, where the bands represent the 95% confidence level that a given potential parameterization (as a function
of r and T ) describes the data within a 2σ level. The pertinent potentials are rather little screened for temperatures
below T ≃ 250MeV, and even for T ≃ 400MeV the residual confining force is still significant. When comparing these
potentials to the T -matrix results shown in Fig. 2.3, which are based on completely independent fits to lQCD “data",
one finds a good agreement with the strongly-coupled scenario (SCS). These stronger potentials are, in turn, required to
obtain transport coefficients for HQ diffusion that are viable for open HF phenomenology [61] at RHIC and the LHC.
This reiterates the additional constraining power of a combined analysis of open and hidden HF probes, and corroborates
the importance of the remnant confining force in the QGP to generate its strong-coupling properties.
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6. Summary and outlook
In this article we have reviewed recent research in the theory and phenomenology of Brownian motion of charm and
bottom particles in QCD matter as formed in high-energy heavy-ion collisions, and their role in studying the properties
of the quark-gluon plasma and its transition back into hadrons. We have first discussed contemporary calculations of
the basic entity for the diffusion process of low-momentum heavy quarks in the QGP, namely the elastic heavy-light
quark scattering amplitude off thermal partons in the medium. In particular, we have laid out how nonperturbative
interactions can be constructed by coupling quantum many-body theory to constraints from first-principle lattice QCD,
taking advantage of the large HQ mass scale that enables the use of in-medium potential approaches. There is mounting
evidence now that the in-medium HQ potential is subject to a rather weak screening at temperatures not too far above
the pseudocritical one. This leaves significant remnants of the long-range confining force operative in the QGP which
generates large scattering rates for the diffusing heavy quarks. It also dictates the need for resummations of the HQ
interactions that can be carried out with the thermodynamic T -matrix approach. When approaching Tpc from above, the
resummations generate broad partonic bound states which essentially correspond to the known spectroscopy of quarkonia
and heavy-light mesons, as a conseqeunce of the vacuum benchmark of the potential approach.

While the strong in-medium potential enables the survival of quarkonium bound states in the QGP, in particular for
the ground state, large HQ scattering rates in excess of 0.5 GeV are instrumental in melting the bound-state peaks. This
is quite different from a weakly coupled system, where a screening of the potential diminishes the binding energies, while
small scattering rates play a minor role in the bound-state melting. We have also elaborated on the implications of a
strong coupling environment on QGP structure: with scattering rates comparable to, or even larger than the thermal-
parton masses, the light quarks and gluons can no longer be considered as quasiparticles and their contribution to the
pressure appears to be taken over by emerging color-singlet bound states. The calculations of transport coefficients
generally confirm that a large interaction strength in the heavy-light sector not only produces a small diffusion coefficient
for heavy quarks, but also implies values for bulk transport coefficients, such as the viscosity-over-entropy density ratio,
that are close to conjectured lower bounds set by quantum mechanics. From this perspective, it is not surprising that
the large off-shell effects, characterized by partonic spectral functions that are melted by their energy uncertainty, play
a prominent role for the bulk structure. In addition, the broadening effects are essential for the HQ scattering to access
the sub-threshold strength of the heavy-light resonances.

We then provided a brief survey of the current HF diffusion phenomenology in heavy-ion colllisions. Recent advances
in the precision of D-meson data for their nuclear modification factor and elliptic flow, in conjunction with model analyses,
resulted in an appreciable step forward in the determination of the diffusion coefficient, narrowing it down to a range to
1.5-4.5 times the conjectured lower bound in the vicinity of Tpc. At the same time, progress in systematic measurements
of the charm-hadrochemistry in AA collisions enabled much improved tests of hadronization models, thereby confirming
the critical role of the HQ hadronization process through recombination with light quarks in interpreting observables. In
other words, hadronization constitutes an essential interaction for the kinetics of HF particles in high-energy heavy-ion
collisions. These findings suggest that a further improvement in the precision of charm-hadron data will be very significant,
and that a similar data set for bottom hadrons would be much over-constraining the available model calculations. We have
also highlighted selected topics in the quarkonium sector, specifically those that bear a close connection to open heavy
flavor. Recent work has shown that the non-equilibrated part of the charm-quark distributions at intermediate momenta
can play a critical role in J/ψ pT spectra, in particular to explain their large elliptic flow in this regime. Bottomonia
are possibly the observable with the closest connection to the in-medium HQ potential; here, quantum approaches, when
implemented nonperturbatively, are likely to play an important role going forward, especially for an internally consistent
description of overlapping excited states.

In summary, we believe that HF particles will remain a premier asset for researching the QGP, to unravel the interac-
tions and mechanisms that render it a strongly-coupled quantum liquid and result in its hadronization. With increasingly
precise results from heavy-ion experiments in the charm sector, and independent stress tests in the bottom sector, micro-
scopic models constrained by lattice-QCD data will yield an unprecedented and robust understanding of the many-body
physics of QCD matter.
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