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  The QCD critical point: recent theoretical developments 

Dramatic change for the field: 
the search for the CP is now  

informed by theory.  
This changes the path to discovery. 
Previously: a “fishing expedition”. 

Now: confirming/refuting predictions.
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STAR experiment’s search for the QCD CP
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A. Bzdak, S. Esumi, V. Koch, J. Liao, M. Stephanov, N. Xu, 
Phys.Rept. 853 (2020) 1-87, arXiv:1906.00936 

Baryon number susceptibilities: 

χ(k)
B ≡ ( ∂kP

∂μk
B )

T

Related to cumulants of : NB
Ck = VTk−1χ(k)

B

Cumulants scale with the 
correlation length: 
C2 ∼ ξ2 , C3 ∼ ξ9/2 , C4 ∼ ξ7

M.A. Stephanov, Phys.Rev.Lett. 102 
(2009) 032301, arXiv:0809.3450
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C1 = ⟨N⟩
C2 = ⟨(N − ⟨N⟩)2⟩ = σ2

C3 = ⟨(N − ⟨N⟩)3⟩
measured in experiment!

Cumulants scale with the 
correlation length: 
C2 ∼ ξ2 , C3 ∼ ξ9/2 , C4 ∼ ξ7

M.A. Stephanov, Phys.Rev.Lett. 102 
(2009) 032301, arXiv:0809.3450



STAR, arXiv:2504.00817 
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• higher-order cumulants, by definition, measure the tails of the distribution: 
extremely difficult measurement, susceptible to detector, binning effects etc. 

• critical slowing down: higher-order cumulants equilibrate at a slower rate 

• still not enough statistics in  
• while  has excellent statistics, there is no sign of a peak… 

• how to compare cumulants measured with specific momentum cuts to 
infinite-matter expectations from theory???

C4
C2

μB

s
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Finite-size scaling
A. Sorensen, P. Sorensen, arXiv:2405.10278
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  Universal scaling behavior

#
↳ e
X = E

L = a, ξ = a
2 ⇒ x = 1

2 L = 2a, ξ = a
2 ⇒ x = 1

4 L = 2a, ξ = a ⇒ x = 1
2

a) b) c)

What the system “looks like” 
doesn’t depend on the 
individual scales ,  

but on their ratio 

ξ, L
x =

ξ
L
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Usually:  constrained by finite range of the interaction, not thermodynamic conditions. 
Near the CP: changing  or  leads to appreciable changes in  (diverging when  and ) 

i.e., if at  we have , there exists  such that for  one again has 

ξ
T μB ξ T ≈ Tc μB ≈ μB,c

T1 ξ(T1) = L/2 T2 L2 = αL1 ξ(T2) =
L2

2
=

(αL1)
2

= α
L1

2
= αξ(T1)
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X.-J. Yu, S. Yang, J. Xu, J.-B. Xu, L. Xu, Fidelity susceptibility as a diagnostic of 
the commensurate-incommensurate transition: A revisit of the programmable 
Rydberg chain, Phys. Rev. B 106, 165124 (2022), arXiv:2207.08337 

x =
ξ
L



  Agnieszka Sorensen

  Finite size vs. window size

11

Finite-size scaling: change the size of the system, calculate , repeatχ(T, L)

However, changing SIZE is not always possible or doesn’t probe the same system: 
bird flocks, heavy-ion collisions, …

χL− σ
ν = ϕ(tL 1

ν)
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However, changing SIZE is not always possible or doesn’t probe the same system: 
bird flocks, heavy-ion collisions, …

Solution: study the dependence of observables on the size of the subsystem that is considered
D. Martin, T. Ribeiro, S. Cannas, et al., Box scaling as a proxy of finite size correlations, Sci Rep 11, 15937 (2021)

χL− σ
ν = ϕ(tL 1

ν)

THIS WORK: the size of the subsystem = rapidity bin width W

A. Sorensen, P. Sorensen, arXiv:2405.10278

What are the scales relevant to the problem? 
 

system size = rapidity window , temperature, chemical potentialW
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Tests in simulations



  Finite-size scaling analysis of cumulants in a periodic box
• framework: hadronic transport with a known EOS (calculate  “on paper”) 
• simulation: box with periodic boundary conditions at chosen  
• uniform initialization at , development of fluctuations in response to the EOS
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  Finite-size scaling analysis of cumulants in a periodic box
• framework: hadronic transport with a known EOS (calculate  “on paper”) 
• simulation: box with periodic boundary conditions at chosen  
• uniform initialization at , development of fluctuations in response to the EOS
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  Finite-size scaling analysis of cumulants in a periodic box
• framework: hadronic transport with a known EOS (calculate  “on paper”) 
• simulation: box with periodic boundary conditions at chosen  
• uniform initialization at , development of fluctuations in response to the EOS
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EOS: relativistic polynomial w/ 2 phase transitions
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  Finite-size scaling analysis of cumulants in a periodic box
• framework: hadronic transport with a known EOS (calculate  “on paper”) 
• simulation: box with periodic boundary conditions at chosen  
• uniform initialization at , development of fluctuations in response to the EOS
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  Finite-size scaling analysis of cumulants in a periodic box
• framework: hadronic transport with a known EOS (calculate  “on paper”) 
• simulation: box with periodic boundary conditions at chosen  
• uniform initialization at , development of fluctuations in response to the EOS
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  Finite-size scaling analysis of cumulants in a periodic box
• framework: hadronic transport with a known EOS (calculate  “on paper”) 
• simulation: box with periodic boundary conditions at chosen  
• uniform initialization at , development of fluctuations in response to the EOS
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EOS: relativistic polynomial w/ 2 phase transitions
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(VDF)
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box = 24 fmL

κ 2
/κ

1(
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rr
.)

 [fm]t

L α = V′ /V
1
2
3

…

23
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0.00195

…
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at different subvolumes
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  Finite-size scaling analysis of cumulants in a periodic box
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  Finite-size scaling analysis of cumulants in a periodic box
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  Finite-size scaling analysis of cumulants in a periodic box
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  Finite-size scaling analysis of cumulants in a periodic box
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  Finite-size scaling analysis of cumulants in a periodic box
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  Finite-size scaling analysis of cumulants in a periodic box
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Baryon number conservation & finite 
time effects suppressed at V′ /V < 1/4
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Scaling of experimental data
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  Scaling experimental data requires the thermal model

17

Observable: second-order susceptibility χ2 : χ∞(t,0) ∼ | t |−γ

⇒ Cn = VT3χ(n)
B

A. Sorensen, P. Sorensen, arXiv:2405.10278

Cumulants: 

Cn = VTn−1 ( ∂nP
∂μn

B )
T

Susceptibilities: 

χ(n)
B ≡

∂n(P/T4)
∂(μB/T)n
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• We use rapidity bin width  as the subsystem sizeW
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• We use rapidity bin width  as the subsystem sizeW

χ2(W, μfo) =
C2(W, μB,fo)
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χ2 =
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T3V
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Observable: second-order susceptibility χ2 : χ∞(t,0) ∼ | t |−γ

⇒ Cn = VT3χ(n)
B

4

Typically, cumulant measurements are presented as
cumulant ratios, so that the term V T 3 in Eqs. (2)–(5)
drops out, leaving ratios of susceptibilities. However,
in our analysis we are interested in the susceptibilities,
and in particular in the second order susceptibility �2.
To extract �2 from data, we use the published chemi-
cal freeze-out parameters from thermal model fits to the
measured particle yields to determine V T 3 [53]. The
thermal model parameters include the temperature at
the chemical freeze-out Tfo, the baryon chemical poten-
tial at the chemical freeze-out µfo, and the volume per
unit rapidity dVfo/dy. The susceptibility in our analysis
is then

�2(W,µfo) =
C2(W,µfo)

T 3
foWdVfo/dy

, (7)

where W is the rapidity bin width, i.e., the rapidity win-
dow defining the subvolume, and WdVfo/dy is the volume
associated with that rapidity bin.

We use data measured in 0–5%-central Au+Au col-
lisions at p

sNN = 2.4, 3.0, 7.7, 11.5, 14.5, 19.6, 27,
39, and 54.4 GeV. The 7.7 – 54.4 GeV data are from
collisions measured by STAR in the collider mode [32]
while the 2.4 and 3.0 GeV data sets were collected from
fixed-target collisions at HADES [34] and STAR [33],
respectively. For the FSS analysis, one would like to
only change the volume and the distance from the crit-
ical point while keeping all other aspects of the system
fixed. As already argued above, using central collisions
at each energy provides more uniform control over the
data than comparing different collision centrality classes
as was done in previous FSS analyses applied to heavy-
ion collisions. Moreover, central collisions require smaller
volume fluctuation corrections since an upper limit on the
initial size of the system is set by the size of the nuclei be-
ing collided, thus reducing the systematic uncertainty on
the corrections. We note, however, that for collisions atp
sNN = 2.4 and 3.0 GeV the net-baryon density and the

particle ratios change substantially as the rapidity win-
dow increases [54]; indeed, for the 3.0 GeV data point the
largest rapidity window extends all the way to the beam
rapidity. Unfortunately, this implies that for those en-
ergy points Tfo, µfo, and Vfo may be substantially chang-
ing within the rapidity windows.

In Table I we list p
sNN , the beam rapidity ybeam, and

the thermal model parameters extracted from fits to par-
ticle yields at each collision energy [32–34]. As psNN and
ybeam are decreased, more baryons from the incoming
nuclei are transported into the central rapidity region,
thereby creating systems with a higher µB . The beam
rapidity determines the maximum possible rapidity win-
dow (Wmax = 2ybeam) for our analysis. One should avoid
subvolumes large enough to contain more than approxi-
mately 25% of the total number of protons to minimize
baryon number conservation effects [36, 41, 48, 55]. This
condition is met for most points in our analysis except
the wider rapidity bins measured at p

sNN = 2.4 and 3.0
GeV, where W/Wmax is as large as 0.68. Besides the vol-

p
sNN ybeam µfo Tfo dVfo/dy

(GeV) (GeV) (GeV) (fm3)
2.4 0.73 0.776 0.050 17157
3.0 1.05 0.720 0.080 4850
7.7 2.09 0.398 0.144 1044
11.5 2.50 0.287 0.149 1047
14.5 2.73 0.264 0.152 1080
19.6 3.04 0.188 0.154 1137
27 3.36 0.144 0.155 1218
39 3.73 0.103 0.156 1341

54.4 4.06 0.083 0.160 1487

TABLE I. The center-of-mass energy, beam rapidity, and the
thermal model fit parameters for each collision energy used in
this study.

ume fraction becoming large, there are at least four other
challenges to including the 2.4 GeV and 3.0 GeV data
in a scaling analysis: 1) The underlying system changes
substantially for rapidity windows that span from mid-
rapidity to beam rapidity, such as used for the STAR 3.0
GeV data, so that neither µfo nor Tfo are approximately
constant for the different windows at these energies. 2)
While a strong correlation between coordinate space and
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fluctuations. The paper reporting data for 3.0 GeV shows
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els, but refrains from applying a correction because of
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two models, which amounts to scaling the values of C2 for
each bin width by 0.88. At the higher energies, the data
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is shown to be similar to the volume correction in the
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sNN = 3.0 GeV, data is
only published for C2/C1 as a function of the rapidity
bin width. Lacking information about C1 as a function
of the rapidity bin width, we use the value C1 = 30.57
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• We use rapidity bin width  as the subsystem sizeW

χ2(W, μfo) =
C2(W, μB,fo)
T3
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χ2 =

C2

T3V
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Observable: second-order susceptibility χ2 : χ∞(t,0) ∼ | t |−γ

⇒ Cn = VT3χ(n)
B

4

Typically, cumulant measurements are presented as
cumulant ratios, so that the term V T 3 in Eqs. (2)–(5)
drops out, leaving ratios of susceptibilities. However,
in our analysis we are interested in the susceptibilities,
and in particular in the second order susceptibility �2.
To extract �2 from data, we use the published chemi-
cal freeze-out parameters from thermal model fits to the
measured particle yields to determine V T 3 [53]. The
thermal model parameters include the temperature at
the chemical freeze-out Tfo, the baryon chemical poten-
tial at the chemical freeze-out µfo, and the volume per
unit rapidity dVfo/dy. The susceptibility in our analysis
is then

�2(W,µfo) =
C2(W,µfo)

T 3
foWdVfo/dy

, (7)

where W is the rapidity bin width, i.e., the rapidity win-
dow defining the subvolume, and WdVfo/dy is the volume
associated with that rapidity bin.

We use data measured in 0–5%-central Au+Au col-
lisions at p

sNN = 2.4, 3.0, 7.7, 11.5, 14.5, 19.6, 27,
39, and 54.4 GeV. The 7.7 – 54.4 GeV data are from
collisions measured by STAR in the collider mode [32]
while the 2.4 and 3.0 GeV data sets were collected from
fixed-target collisions at HADES [34] and STAR [33],
respectively. For the FSS analysis, one would like to
only change the volume and the distance from the crit-
ical point while keeping all other aspects of the system
fixed. As already argued above, using central collisions
at each energy provides more uniform control over the
data than comparing different collision centrality classes
as was done in previous FSS analyses applied to heavy-
ion collisions. Moreover, central collisions require smaller
volume fluctuation corrections since an upper limit on the
initial size of the system is set by the size of the nuclei be-
ing collided, thus reducing the systematic uncertainty on
the corrections. We note, however, that for collisions atp
sNN = 2.4 and 3.0 GeV the net-baryon density and the

particle ratios change substantially as the rapidity win-
dow increases [54]; indeed, for the 3.0 GeV data point the
largest rapidity window extends all the way to the beam
rapidity. Unfortunately, this implies that for those en-
ergy points Tfo, µfo, and Vfo may be substantially chang-
ing within the rapidity windows.

In Table I we list p
sNN , the beam rapidity ybeam, and

the thermal model parameters extracted from fits to par-
ticle yields at each collision energy [32–34]. As psNN and
ybeam are decreased, more baryons from the incoming
nuclei are transported into the central rapidity region,
thereby creating systems with a higher µB . The beam
rapidity determines the maximum possible rapidity win-
dow (Wmax = 2ybeam) for our analysis. One should avoid
subvolumes large enough to contain more than approxi-
mately 25% of the total number of protons to minimize
baryon number conservation effects [36, 41, 48, 55]. This
condition is met for most points in our analysis except
the wider rapidity bins measured at p

sNN = 2.4 and 3.0
GeV, where W/Wmax is as large as 0.68. Besides the vol-

p
sNN ybeam µfo Tfo dVfo/dy

(GeV) (GeV) (GeV) (fm3)
2.4 0.73 0.776 0.050 17157
3.0 1.05 0.720 0.080 4850
7.7 2.09 0.398 0.144 1044
11.5 2.50 0.287 0.149 1047
14.5 2.73 0.264 0.152 1080
19.6 3.04 0.188 0.154 1137
27 3.36 0.144 0.155 1218
39 3.73 0.103 0.156 1341

54.4 4.06 0.083 0.160 1487

TABLE I. The center-of-mass energy, beam rapidity, and the
thermal model fit parameters for each collision energy used in
this study.
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• Grey band shows uncertainty from freeze-out 
ambiguities for the 2.4 GeV data 

• Data do indicate a change in slope at higher  
and at small W:  

 decreases with increasing W for 7.7–54.4 GeV 
but changes slope at 2.4 GeV 
(3.0 GeV is ~flat)
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• The system is scale-free if the data follows Taylor’s law :     σ2 = aλp ⇔ C2 ∼ Cp
1

Following Taylor’s law means 
it’s scale-free: 

 
 

 
 in this energy range 

 
Scale invariance supports the 
applicability of FSS

C2 = aWp

C2 = a(xW)p = axpWp = a′ Wp

C1 ∝ W
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it’s scale-free: 
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applicability of FSS

C2 = aWp

C2 = a(xW)p = axpWp = a′ Wp

C1 ∝ W

Note: the  data won’t scale!s = 3 GeV
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ξ∞(t,0) ∼ | t |−ν

ξ∞(0,h) ∼ |h |−νc
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h(μ, T ) = −
cos α1ΔT + sin α1Δμ

wTc sin(α1 − α2)

t(μ, T ) =
cos α2ΔT + sin α2Δμ

ρwTc sin(α1 − α2)
M.S. Pradeep, M. Stephanov, Phys. Rev. D 100 5, 

056003 (2019) arXiv:1905.13247
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We map  vs  onto t and h with  determined from a straight line 
between the candidate CP  and the 7.7 GeV freeze-out point.

ΔμB ΔT α1
(μB,c, Tc)

  Scaling in 2-D

M.S. Pradeep, M. Stephanov, Phys. Rev. D 100 5, 
056003 (2019) arXiv:1905.13247
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1We checked that scaling in 1-D (only with ) works well. 
To make the 2-D scaling as similar to 1-D as possible, for the other 
parameters we take , , and . 
With this, mapping of scaling fields simplifies to

μB

α2 = α1 + π/2 w = 1 ρ = μB,c/Tc

h(μ, T ) = −
cos α1ΔT + sin α1Δμ

Tc

t(μ, T ) =
cos α2ΔT + sin α2Δμ

μBc
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h(μ, T ) = −
cos α1ΔT + sin α1Δμ

Tc

t(μ, T ) =
cos α2ΔT + sin α2Δμ

μBc

  Scaled susceptibility: 2D fit w/ mean-field exponents
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 is usually small:α1

t ≈ −
μB − μB,c
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h(μ, T ) = −
cos α1ΔT + sin α1Δμ

Tc

t(μ, T ) =
cos α2ΔT + sin α2Δμ

μBc

  Scaled susceptibility: 2D fit w/ mean-field exponents
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But is the scaling we see unique to CP physics?
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  Dynamic baseline

24

Let’s compare to the simplest theory of QCD without a CP: the hadron resonance gas (HRG). 
 
What about the dynamics? Simulations in SMASH transport code without mean-fields ~ HRG.
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SMASH resultSTAR result

  Scaled plots:  vs. χ2W−γ/ν | t |W1/ν

X.-J. Yu, S. Yang, J. Xu, J.-B. Xu, L. Xu, Phys. Rev. 
B 106, 165124 (2022), arXiv:2207.08337 

χ 2
W

−
γ/

ν

| t |W1/ν | t |W1/ν

χ 2
W

−
γ/

ν

μB,c ≈ 570 MeV μB,c ≈ 520 MeV



0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10

ν/γ-
W 2χ

STAR_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.568000

0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10ν/γ-
W 2χ

SMASH_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.520000_Nybins=5

  Agnieszka Sorensen 26

SMASH resultSTAR result

  Scaled plots:  vs. χ2W−γ/ν | t |W1/ν

X.-J. Yu, S. Yang, J. Xu, J.-B. Xu, L. Xu, Phys. Rev. 
B 106, 165124 (2022), arXiv:2207.08337 

χ 2
W

−
γ/

ν

| t |W1/ν | t |W1/ν

χ 2
W

−
γ/

ν

μB,c ≈ 570 MeV μB,c ≈ 520 MeV



0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10

ν/γ-
W 2χ

STAR_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.568000

0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10ν/γ-
W 2χ

SMASH_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.520000_Nybins=5

  Agnieszka Sorensen 26

SMASH resultSTAR result

  Scaled plots:  vs. χ2W−γ/ν | t |W1/ν

2−10 1−10 1
ν1/|t|W

2−10

1−10

1

10

ν/γ-
W 2χ

STAR_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.568000

2−10 1−10 1
ν1/|t|W

2−10

1−10

1

10ν/γ-
W 2χ

SMASH_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.520000_Nybins=5

X.-J. Yu, S. Yang, J. Xu, J.-B. Xu, L. Xu, Phys. Rev. 
B 106, 165124 (2022), arXiv:2207.08337 

χ 2
W

−
γ/

ν

| t |W1/ν | t |W1/ν

χ 2
W

−
γ/

ν

μB,c ≈ 570 MeV μB,c ≈ 520 MeV



0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10

ν/γ-
W 2χ

STAR_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.568000

0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10ν/γ-
W 2χ

SMASH_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.520000_Nybins=5

  Agnieszka Sorensen 26

SMASH resultSTAR result

  Scaled plots:  vs. χ2W−γ/ν | t |W1/ν

2−10 1−10 1
ν1/|t|W

2−10

1−10

1

10

ν/γ-
W 2χ

STAR_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.568000

2−10 1−10 1
ν1/|t|W

2−10

1−10

1

10ν/γ-
W 2χ

SMASH_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.520000_Nybins=5

X.-J. Yu, S. Yang, J. Xu, J.-B. Xu, L. Xu, Phys. Rev. 
B 106, 165124 (2022), arXiv:2207.08337 

χ 2
W

−
γ/

ν

| t |W1/ν | t |W1/ν

χ 2
W

−
γ/

ν

μB,c ≈ 570 MeV μB,c ≈ 520 MeV



0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10

ν/γ-
W 2χ

STAR_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.568000

0 0.2 0.4 0.6 0.8 1
ν1/|t|W

2−10

1−10

1

10ν/γ-
W 2χ

SMASH_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.520000_Nybins=5

  Agnieszka Sorensen 26

SMASH resultSTAR result

  Scaled plots:  vs. χ2W−γ/ν | t |W1/ν

2−10 1−10 1
ν1/|t|W

2−10

1−10

1

10

ν/γ-
W 2χ

STAR_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.568000

2−10 1−10 1
ν1/|t|W

2−10

1−10

1

10ν/γ-
W 2χ

SMASH_scaling_plot_gamma=1.000000_nu=0.500000_muBc=0.520000_Nybins=5

X.-J. Yu, S. Yang, J. Xu, J.-B. Xu, L. Xu, Phys. Rev. 
B 106, 165124 (2022), arXiv:2207.08337 

χ 2
W

−
γ/

ν

| t |W1/ν | t |W1/ν

χ 2
W

−
γ/

ν

Small difference in 
scalability —  

is it significant?

μB,c ≈ 570 MeV μB,c ≈ 520 MeV



  Agnieszka Sorensen 27

  Remains to be done for SMASH results:
• Centrality bin width correction 

• Freeze-out parameters from thermal fits (now: parametrization from Andronic et al.) 

• Effects of baryon stopping / shape of multiplicity distribution 

• …
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constraint from FXT data!
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• Theory studies find QCD CP in region probed by FXT: μB ∈ (525,625) MeV ∼ sNN ≈ 4.5 GeV

A. Sorensen, P. Sorensen, arXiv:2405.10278
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Backup slides
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SMASH resultSTAR result

  Scaled plots:  divided by a fit vs. χ2W−γ/ν | t |W1/ν
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X.-J. Yu, S. Yang, J. Xu, J.-B. Xu, L. Xu, Phys. Rev. 
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  Divergence of second-order cumulant
Baryon number susceptibilities: 

χ(k) ≡ ( ∂kP
∂μk

B )
T

Related to cumulants of : NB
Ck = VTk−1χ(k)

B

      because     χ1 ≡ ( ∂P
∂μB )

T
= nB dP = Tds

μB

+ nBdμB
s

Then     χ2 ≡ ( ∂nB

∂μB )
T

= ( ∂μB

∂nB )
−1

T
=

1
nB

∂P

∂nB

−1

T

=
nB

( dP
dnB )T
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C1 = ⟨N⟩
C2 = ⟨(N − ⟨N⟩)2⟩ = σ2

C3 = ⟨(N − ⟨N⟩)3⟩

measured in experiment!

      because     χ1 ≡ ( ∂P
∂μB )

T
= nB dP = Tds

μB

+ nBdμB
s

Then     χ2 ≡ ( ∂nB

∂μB )
T

= ( ∂μB

∂nB )
−1

T
=

1
nB

∂P

∂nB

−1

T

=
nB

( dP
dnB )T



  Agnieszka Sorensen 33

Scaling: any relationship in which one quantity goes like a power law of the other.

  Universal scaling behavior
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Example:  
Random walk: the root-mean-square distance traveled by a random walker after N steps: R ∼ N
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N ∼ 102 N ∼ 104 N ∼ 106
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Scaling: any relationship in which one quantity goes like a power law of the other.

  Universal scaling behavior

Example 2:  
Self-avoiding random walk (SAW) - a minimal model for a polymer chain in a solution: R ∼ N0.586±0.004

Apparently, various interaction energies or the molecular structure do not influence the scaling behavior!

Example:  
Random walk: the root-mean-square distance traveled by a random walker after N steps: R ∼ N

1
2

N ∼ 102 N ∼ 104 N ∼ 106

image source: Wikipediaself-similarity
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  Universal scaling behavior near the CP
Example 3:  
Liquid-gas phase transition: 

image source: N. Goldenfeld, Lectures on Phase 
Transitions and the Renormalization Group
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Liquid-gas phase transition: 

image source: N. Goldenfeld, Lectures on Phase 
Transitions and the Renormalization Group

You can assume that the curve is a parabola: 
 

 

Apply conditions 

1)               2)  

Obtain: 

f(ρ) = aρ2 + bρ + c = T

f(ρc) = Tc
df
dρ ρ=ρc

= 0

T − Tc = a(ρ − ρc)2 ⇒ |ρ − ρc | ∼ |T − Tc |
1
2
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  Universal scaling behavior near the CP
Example 3:  
Liquid-gas phase transition: 

image source: N. Goldenfeld, Lectures on Phase 
Transitions and the Renormalization Group

You can assume that the curve is a parabola: 
 

 

Apply conditions 

1)               2)  

Obtain: 

f(ρ) = aρ2 + bρ + c = T

f(ρc) = Tc
df
dρ ρ=ρc

= 0

T − Tc = a(ρ − ρc)2 ⇒ |ρ − ρc | ∼ |T − Tc |
1
2

It turns out that  
for sulphurhexafluoride    |ρ+ − ρ− | ∼ |T − Tc |0.327±0.006

for He:    3 |ρ+ − ρ− | ∼ |T − Tc |0.321±0.006

universality = different systems exhibit the same scaling
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Near CP:

For a thermodynamic quantity :Q ∼ | t |−σ

χ∞(t,0) ∼ | t |−γ ξ∞(t,0) ∼ | t |−ν
t ≡

T − Tc

Tc

Q∞(t) ∼ | t |−σ ∼ [ξ∞(t)]σ
ν

  Finite-size scaling: use the limits to universal behavior to find the CP
The important question for scaling is: what is the scale relevant to the problem?
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For a thermodynamic quantity :Q ∼ | t |−σ
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Q∞(t) ∼ | t |−σ ∼ [ξ∞(t)]σ
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⇒ QL(tL) ∼ L
σ
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⇒ QL(tL) = L
σ
νϕ(t, L) = L

σ
νϕ(tL 1

ν)

⇒ QL(tL)L− σ
ν = ϕ(tL 1
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one can find CP by plotting

⇒ QL(tL)L− σ
ν = ϕ(tL 1

ν)

  Finite-size scaling: use the limits to universal behavior to find the CP
The important question for scaling is: what is the scale relevant to the problem?
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These observables 
are extremely 

sensitive to the EOS
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  Bayesian analysis of STAR flow data with varying , , K0 c2
[2,3]n0

c2
[3,4]n0
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Phys. Rev. C 108, 3, 034908 (2023), arXiv:2208.11996



  Agnieszka Sorensen 41

Le	Fèvre	et	al.
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Without momentum dependence, “artificial” 
additional source of repulsion is needed =  

the extracted EOS is too stiff?

A. Sorensen et al., Prog. Part. Nucl. Phys. 134, 104080 (2024) 
arXiv:2301.13253

D. Oliinychenko, A. Sorensen, V. Koch, L. McLerran, 
Phys. Rev. C 108, 3, 034908 (2023), arXiv:2208.11996

  Still needed: momentum-dependence of nuclear matter interactions
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Because of that, the EOS may be 
also too soft at higher densities

P. Danielewicz, R. Lacey, and W. G. Lynch, 
Science 298, 1592 (2002), arXiv:0208016 

Use peripheral collisions to 
constrain the -dependence:p

  Still needed: momentum-dependence of nuclear matter interactions
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  Objective: the EOS and the phase diagram

42

Use heavy-ion collisions to study the QCD EOS =  
 

 
 
Is it even possible???

extract equilibrium bulk properties  
from an extremely small (~  m across)  
and extremely short-lived (~  s) system 
using phenomenological simulations

10−14
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  Objective: the EOS and the phase diagram

42

EOS constrained by Bayesian analysis of 
heavy-ion collisions at top RHIC energy 
( ) agrees with LQCDμB ≈ 0

What we learned at top RHIC energies suggests YES!
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S. Pratt, E. Sangaline, P. Sorensen, H. Wang, 
Phys. Rev. Lett. 114 202301 (2015), arXiv:1501.04042

Use heavy-ion collisions to study the QCD EOS =  
 

 
 
Is it even possible???

extract equilibrium bulk properties  
from an extremely small (~  m across)  
and extremely short-lived (~  s) system 
using phenomenological simulations
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EOS constrained by Bayesian analysis of 
heavy-ion collisions at top RHIC energy 
( ) agrees with LQCDμB ≈ 0

What we learned at top RHIC energies suggests YES!
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S. Pratt, E. Sangaline, P. Sorensen, H. Wang, 
Phys. Rev. Lett. 114 202301 (2015), arXiv:1501.04042

No/Scarce theory predictions at finite  
= 

Unique occasion to guide theory and 
understanding of QCD by extracting the 

EOS from new experimental data

μB

Use heavy-ion collisions to study the QCD EOS =  
 

 
 
Is it even possible???

extract equilibrium bulk properties  
from an extremely small (~  m across)  
and extremely short-lived (~  s) system 
using phenomenological simulations

10−14

10−22
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Part 2: Historical constraints on the EOS from HICs
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  Constraints on the EOS come from comparisons to transport models

Symmetric nuclear matter
197Au+197Au @ 0.15—10 GeV/u 
(  = 1.95 — 4.72 GeV) 
observables: proton flow  
(Plastic Ball, EOS, E877, E895)

model used: pBUU w/ nucleons, , 
N*(1440), pions;

EOS parametrized by K0; 
momentum dependence

P. Danielewicz, R. Lacey, W. G. Lynch,  
Science 298,1592–1596 (2002) 

sNN

Δ

197Au+197Au & 12C+12C @ < 1.5 GeV/u 
(  < 2.5 GeV) 
observables: subthreshold kaon production 
(KaoS)

model used: QMD w/ nucleons, , 
N*(1440), pions, kaons;  
EOS parametrized by K0; 
kaon potentials, momentum dependence

C. Fuchs et al., Prog. Part. Nucl. Phys. 53, 
113–124 (2004) arXiv:nucl-th/0312052

sNN

Δ

197Au+197Au @ 0.4—1.5 GeV/u 
(  = 2.07 — 2.52 GeV) 
observables: proton flow (FOPI)

model used: isospin QMD (IQMD) w/ 
nucleons, , N*(1440), deuterons, tritons;

EOS parametrized by K0; 
momentum dependence

A. Le Fèvre, Y. Leifels, W. Reisdorf, J. 
Aichelin, C. Hartnack, Nucl. Phys. A 945, 
112 (2016), arXiv:1501.05246 

sNN

Δ

A. Sorensen et al., Prog. Part. Nucl. Phys. 134, 104080 (2024) 
arXiv:2301.13253

EFT 
C. Drischler et al., Phys. Rev. C 102 5, 054315 (2020) 
arXiv:2004.07805
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Can the “heavy-ion constraint” be 
improved by using an EOS with 

nontrivial features at high densities?
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  The way forward for EOS constraints
Calculations with momentum dependence are extremely computationally expensive:  
by far, access to HPC is not enough. 
The path forward will rely heavily on AI/ML: 1) emulators, 2) active learning, 3) transfer learning, …
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Calculations with momentum dependence are extremely computationally expensive:  
by far, access to HPC is not enough. 
The path forward will rely heavily on AI/ML: 1) emulators, 2) active learning, 3) transfer learning, …

Exciting opportunities for constraining the isospin-dependence of the EOS with  
1) experiments at GSI (ASY-EOS II has just taken data!),  
2) experiments at FRIB (later this year!),  
3) multi-messenger astronomy (LVK Observing Run 4, Einstein Telescope/Cosmic Explorer).

All of this is a LOT of work…
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Part 4.2: Results using data from BES-I
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Relativistic viscous hydrodynamic simulations with LQCD EOS: 
amazing agreement with data from high-energy collisions 

systems equilibrate fast* 
= hydro applies 
* and even if they don’t, hydrodynamic 
attractors lead to hydro solutions

Hadronic transport 
simulations: 
systems out of 
equilibrium 
= microscopic 
approach needed

J. Mohs, S. Ryu, H. Elfner,  
J. Phys. G 47 (2020) 6, 065101 
arXiv:1909.05586
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  Stages of a heavy-ion collision: rich physics to explore
P. Sorensen, Quark-gluon plasma 4, 323–374 (2010) arXiv:0905.0174

MADAI collaboration, http://madai.us 
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expansion

impact ~ initial state collision geometry 
collision energy 
nuclear structure

hadronization (if applicable)

hadronic evolution & freeze-out

high energy: hydrodynamics  
(driven by the EOS & transport coefficients) 
low energy: transport  
(driven by the EOS & scatterings)

loss of information?

Comparisons to dynamical simulations 
essential for interpreting measurements

essential to reproduce spectra
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We did a study using VDF directly, but we also 
immediately realized we can do something cooler…
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Part 1.5: Recent developments for BES-I energies
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  Input to hydrodynamics: EOS with 3D-Ising model critical point
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J.M. Karthein et al., Eur. Phys. J. Plus 136 6, 621 (2021) arXiv:2103.08146 

with strangeness-neutrality:

J.M. Karthein, V. Koch, C. Ratti,  
Phys. Rev. D 111 3, 034013 (2025), arXiv:2409.13961

with spinodal regions:
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  EOS is only one of many aspects of hydrodynamics
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low collision energy = prolonged initial stage:
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multiple conserved charges initialized with ICCING 
(Initial Conserved Charges in Nuclear Geometry)

At very low energies ( ) hydrodynamics still faces problems: 
approach to equilibrium is so long that equilibrium may never be reached! 

 
Enter transport simulations

sNN ≤ 7 GeV

https://arxiv.org/abs/2211.16408
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Part 5: Connections to neutron stars
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  Intriguing results from analyses of astrophysical observations
Recent astrophysical measurements suggest NS EOS may have a nontrivial density-dependence

Y. Fujimoto, K. Fukushima, K. Murase,  
Phys. Rev. D 101, 5, 054016 (2020), arXiv:1903.03400
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Enforcing nuclear matter properties, causality, and stability 
above  leads to constraints on nB ≈ n0 Esym, Lsym, Ksym, Jsym
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  EOS from neutron stars to heavy-ion collisions

eos3	min
eos3	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

eos2	min
eos2	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

eos1	min
eos1	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

HADES
STAR
eos3	min
eos3	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

HADES
STAR
eos2	min
eos2	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

HADES
STAR
eos1	min
eos1	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

pr
ot

on
	d

v 1
/d

y'

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

pr
ot

on
	d

v 1
/d

y'

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

pr
ot

on
	d

v 1
/d

y'
	(
y'

=0
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

“Minimal” and “maximal” EOSs from each family tested against heavy-ion measurements:

J0740+6620

GW190814

GW170817 J0030+0451

(c)

10 11 12 13 14 15 16
0.5

1.0

1.5

2.0

2.5

3.0

R [km]

M
[M

⊙
]

EOS 1 EOS 2 EOS 3

0 1 2 3 4 5 6
sat/nBn

0.2−

0

0.2

0.4

0.6

0.8

1

1.22 sc

NS EOS

EOS 2

N. Yao, A. Sorensen, V. Dexheimer,  
J. Noronha-Hostler, arXiv:2311.18819



  Agnieszka Sorensen 60

  EOS from neutron stars to heavy-ion collisions

eos3	min
eos3	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

eos2	min
eos2	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

eos1	min
eos1	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

HADES
STAR
eos3	min
eos3	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

HADES
STAR
eos2	min
eos2	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

HADES
STAR
eos1	min
eos1	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

pr
ot

on
	d

v 1
/d

y'

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

pr
ot

on
	d

v 1
/d

y'

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

pr
ot

on
	d

v 1
/d

y'
	(
y'

=0
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

“Minimal” and “maximal” EOSs from each family tested against heavy-ion measurements:

J0740+6620

GW190814

GW170817 J0030+0451

(c)

10 11 12 13 14 15 16
0.5

1.0

1.5

2.0

2.5

3.0

R [km]

M
[M

⊙
]

EOS 1 EOS 2 EOS 3

0 1 2 3 4 5 6
sat/nBn

0.2−

0

0.2

0.4

0.6

0.8

1

1.22 sc

NS EOS

EOS 2

eos2	min
eos3	max
Lynch	et	al.	from	Fuchs	et	al.
χEFT	Drischler	et	al.	68%	CI
Oliinychenko	et	al.	68%,	95%	CI
Danielewicz	et	al.

p
re

ss
u
re

	[
M

eV
/f

m
3
]

1

10

100

baryon	density	nB/nsat

1 2 3 4 5
N. Yao, A. Sorensen, V. Dexheimer,  

J. Noronha-Hostler, arXiv:2311.18819



  Agnieszka Sorensen 60

  EOS from neutron stars to heavy-ion collisions

eos3	min
eos3	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

eos2	min
eos2	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

eos1	min
eos1	max

c s2 	[
c2 ]

0

0.2

0.4

0.6

0.8

1

nB	[nsat]
0 1 2 3 4 5 6

HADES
STAR
eos3	min
eos3	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

HADES
STAR
eos2	min
eos2	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

HADES
STAR
eos1	min
eos1	max

pr
ot

on
	v

2	(
y=

0)

−0.15

−0.1

−0.05

0

0.05

√sNN	[GeV]
2.5 3 3.5 4 4.5

pr
ot

on
	d

v 1
/d

y'

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

pr
ot

on
	d

v 1
/d

y'

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

pr
ot

on
	d

v 1
/d

y'
	(
y'

=0
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

“Minimal” and “maximal” EOSs from each family tested against heavy-ion measurements:

Massive neutron stars and 
heavy-ion collision data can 
be described with one EOS

J0740+6620

GW190814

GW170817 J0030+0451

(c)

10 11 12 13 14 15 16
0.5

1.0

1.5

2.0

2.5

3.0

R [km]

M
[M

⊙
]

EOS 1 EOS 2 EOS 3

0 1 2 3 4 5 6
sat/nBn

0.2−

0

0.2

0.4

0.6

0.8

1

1.22 sc

NS EOS

EOS 2

eos2	min
eos3	max
Lynch	et	al.	from	Fuchs	et	al.
χEFT	Drischler	et	al.	68%	CI
Oliinychenko	et	al.	68%,	95%	CI
Danielewicz	et	al.

p
re

ss
u
re

	[
M

eV
/f

m
3
]

1

10

100

baryon	density	nB/nsat

1 2 3 4 5
N. Yao, A. Sorensen, V. Dexheimer,  

J. Noronha-Hostler, arXiv:2311.18819



1C
0 10 20 30 40 50 60

/fi
t

2C

0.9

0.95

1

1.05

1.1

Statistical Errors Only

3.0 GeV

7.7 GeV

11.5 GeV

14.5 GeV

M.A. Anisimov, S.B. Kiselev, J.V. Sengers, S.Tang, Crossover approach 
to global critical phenomena in fluids, Physica A 188, 4 (1992)

1C
10

2C

10

3.0 GeV

7.7 GeV

11.5 GeV

14.5 GeV

19.6 GeV

27.0 GeV

39.0 GeV

54.4 GeV

p
1=aC2C

  Agnieszka Sorensen

  The QCD CP from finite-size scaling: Where can we expect scaling?

61

• For fluids far from the critical region, a mean-field treatment is good enough. 
The transition between the critical scaling region, intermediate scaling region, and extended scaling region has 
been studied: for fluids, the extended scaling region essentially covers the entire phase diagram where fluctuation 
contributions are small but finite. 

• In the region of the phase diagram where the bulk of the evolution is well described by a scale free 
theory (hydrodynamics), the data follows Taylor’s Law:  (scale free)σ2 = aλp

 
 

where  in this energy range 
 
 
Scale invariance supports the 
applicability of FSS 
(not for collisions at 3 GeV)

C2 = aWp

C2 = a(xW)p = axpWp = a′ Wp

C1 ∝ W
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  Results from UrQMD with (non-relativistic) VDF
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Realization: comparing a few curves 
against data is getting a bit old…
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  Sensitivity of HIC observables to the EOS at different beam energies
Mean-field piecewise-parametrized by values of  for :c2

s ni < nB < nj
D. Oliinychenko, A. Sorensen, V. Koch, L. McLerran, 

Phys. Rev. C 108, 3, 034908 (2023), arXiv:2208.11996

Simulation results:
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Simulation results:
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  Bayesian analysis of STAR flow data with varying , , K0 c2
[2,3]n0

c2
[3,4]n0

The maximum a posteriori probability (MAP) parameters are  
MeV,     ,     K0 = 300 ± 60 c2

[2,3]n0
= 0.47 ± 0.12 c2

[3,4]n0
= − 0.08 ± 0.14 D. Oliinychenko, A. Sorensen, V. Koch, L. McLerran, 

Phys. Rev. C 108, 3, 034908 (2023), arXiv:2208.11996
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Other possible (and easier to address) sources of discrepancies: 
• centrality determination (impact parameter ranges are affected by the EOS) 

Note: simulations are numerically costly & this will increase that cost 

• method of calculating flow (event plane vs. two-particle correlations)  
(are experiment-experiment and experiment-theory comparisons reliable?)


