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“It is shown that different pairs of stress-energy and spin tensors of quantum
relativistic fields related by a pseudo-gauge transformation, i.e., differing by a
divergence, imply different mean values of physical quantities in
thermodynamical nonequilibrium situations. Most notably, transport
coefficients and the total entropy production rate are affected by the choice of
the spin tensor of the relativistic quantum field theory under consideration.
Therefore, at least in principle, it should be possible to disprove a
fundamental stress-energy tensor and/or to show that a fundamental spin
tensor exists by means of a dissipative thermodynamical experiment.”
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1. Action principle, translational invariance

> SR, Minkowski spacetime M4, Lorentz metric gj = o0 := diag(+ — —-),
coordinates x', i,j, Kk, ... = 0,1, 2, 3; here Cartesian coo., matter field W,
could be a scalar, Weyl, Dirac, Maxwell, Proca, Rarita-Schwinger,
Fierz-Pauli field etc.). Isolated material system with 1st order action
(see Landau-Lifshitz, Corson): Wiat := £ [dQL(V, V).

> Invariance under 4 transl.: X' = x' 4+ a'. Noether theorem and 2% =0,
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canonical energy-momentum tensor of type (1), Noether energy-
momentum (or momentum current density), 16 indep. comps.,
Whittaker: Minkowski’'s most important discovery; is asymmetric a priori

> Physical components of components of ;/ (a,b=1,2,3):

5 T = —energy d. ToP = (energy flux d.) x ¢
T\ %% = —(mom.d.)/c  Fa” = —mom. flux d.

- _3,— 1 L/t
] _ 3;—1
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stress
here h := [action], ¢ := [length], t := [time], method of

Dorlego-Schouten. Lagrangian: [£] = 4, & = [energy].



> Note, the spatial components [T.°] = (mv)v 5 = & = % = stress, see
Lorentz's interpretation of the Maxwell stress.

» Semiclassical Weyssenhoff ansatz for a fluid:

%! = p v! ,  observe natural index positions!
mom. curr.d.  mom. d. velocity

> Ifp= p giv¥, then Ty =T symm.. Is not the case for spin fluids

» Superfluid *He in the A-phase, is as spin fluid (Lee, Osheroff,
Richardson 1972). Take the angular momentum law, see D. Vollhardt
and P. Wolfle, The Superfluid Phases of Helium 3, London 1990, p.427:
The antisym. piece of stress reads:
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"fabc(zbc va Vv ( )
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Vn = velocity of normal fluid, to = modulus of intrinsic angular momentum
t=tol, i = preferred direction of A-phase order parameter, s = entropy
density, T = temperature, gs = momentum density of superfluid
component; this is an irrefutable proof that asymmetric stress tensors
exist in nature (see Pascal-Euler-Cauchy-Boltzmann-Voigt-the
Cosserats-E.Cartan...)



In a spacetime with metric, as in the My, we can decompose %
irreducible wrt the Lorentz group:

1
T = i + T + 70T
16 = 9(sym.tracefree) @ 6(antisym.) ¢ 1 (trace),

Tij == T(j) — 295", Bach parentheses (ij) := 1{i +j}, [i] .= 3{i —j}-
In electromagnetism, only Z; survives (9 components), since it is

massless, that is, T,* = 0, and carries helicity, but no (Lorentz) spin,
i.e., T = 0, see below.

Classical ideal (perfect, Euler) fluid of GR (p = mass/energy density, p =
pressure, u; = velocity of fluid):

Ty = (p+puiy; —pgi, T =0, T =p-3p.

Where took Einstein the

from? Einstein (The Meaning of Relativity, 1922, p.50) discussed the
symmetry of the energy-momentum tensor of Maxwell’s theory.
Subsequently, he argued: “We can hardly avoid making the assumption
that in all other cases, also, the space distribution of energy is given by
a symmetrical tensor, T, ...” This is hardly a convincing argument if
one recalls that the Maxwell field is massless.



2. Lorentz invariance
> Invariance under 3+3 Lorentz transf.: X' = x' + wlx;, with w® = 0
Noether theorem and & = 0,

1 k 1 K K oL
(G + xT  —xT* ) =0 G = W
k( |{ + 2 i 2] 2 j i ) ) ij aakw ij
spin orbital angular momentum 6x4
canon. or Noether spin Gijk = —Gjik, the spin current density, is a

tensor of type (1), see also Einstein-de Haas effect (1915) .

» Physical components of Gijk (a,b=1,2,3):

G0 = en.-dipole mom. d. &, = (en.-dipole mom. flux d.)/c )

S = < Ga™° = (spindensity) x ¢ &,°° = spin flux density

- ol 1 o/t
Lk _ 2,—1
6] = ne ( ot 1 )
moment stress
> [82"] = (mve)v % = I = moment stress, known from Voigt (1887) and
from the Cosserat brothers (1909), from micropolar media,...



» Convective Weyssenhoff ansatz (distinguish spin current from spin):

k K K
St = 5 V_=-6
~~ -
spin curr. d. spin Velocity

> Irreducible decomposition:
Gijk _ TENGijk + TRAGijk + AXGijk
24 = 16 & 4 o 4

with AXGijk = G[ijk] and TRAGUK = %6[”/6“(”
For the Dirac field we will find out
D D . ax D
Sik=6ii] » that is, only Six# 0 (4 components)

» Back to the angular momentum law. Differentiate and apply 8c%i* = 0:

Ok (Gijk + X[iTj]k) -0 — 8k6ijk _ T[ij] -0

The boxed version can be generalized to Riemann(-Cartan) spacetimes
directly, see below. If 6 = 0, then <lil = 0 (symmetric
energy-momentum tensor), but not necessarily vice versa.



3. Poincaré invariance
» Thus, Poincaré invariance yields the 4 + 6 conservation laws
KT =0 (energy-momentum)
Gi* —% = 0 (angular momentum)

The angular momentum law reflects the semi-direct product structure of
the Poincaré group. Recall its Lie algebra:

[Pi7 PJ] = 0,
[Li,Px] = g«iPj, (transl. and Lorentz transf. mix, see Gk + X Tji)
[LisLee] = Okgilize — Geplij -

» The rigid Poincaré group of SR can be gauged [see Blagojevit &
H.(eds.) Gauge Theories of Gravitation (2013)] yielding a Riemann-
Cartan spacetime. Then, in particular, the conserv. laws generalize to

torsion curvature
* K £~k Im K
Vi Fi = Cik %% + Rk Gm,
Vi & — T = 0.

Here %k:: Vi + Cke*. General relativity is the subcase for Gijk =0.
Otherwise, the Einstein-Cartan(-Sciama-Kibble) theory with Cijk #0.1In
GR and in EC the Noether theorems for translation + Lorentz can be
mapped to the Bianchi identities.



4. On formalism, the electromagnetic energy-momentum, the
Dirac field, and on open and closed systems

» Here it would be time in introduce the calculus of exterior differential
forms in order to streamline the Lagrange-Noether formalism. In such a
formalism one works with an (tetrad) ¥° = e;“dx’,
a ref = r;*fdx' = —r?*, and the fields are exterior
forms (0-forms, 1-forms,..., 4-forms) with values in the algbra of some
Lie group. The electromagnetic potential is a 1-form A = A;dx', the field
strength a 2-form F := dA = JF;dx' A dx/, for details see Hehl &

Y.N. Obukhov, Foundations of Electrodynamics: Charge, flux, and
metric, Birkhauser, Boston (2003).

» We will not use this formalism heavily, but here only quote two
interesting result: In exterior calculus, one works with the geometric
objects and not with the components therefrom. For Maxwell’'s vacuum
field, the potential A, this has the consequence that the canonical (i.e.
Noether) energy-momentum tensor is symmetric and gauge invariant
directly, without symmetrization, that is, without the gauge-dependent
artifacts created in the component formalism (a la Landau-Lifshitz).



» The second example, Dirac field in exterior calculus for illustration:
Lp = %(_*y ADV + DV A W) + *mUw
with v := 7,9 and (. vg) = 04s14. The 3-forms of the canonical
momentum and spin current densities (D, := €4 |D):

T, = 'E(W Y ADaW + DoV A V),

1 —
Gug = Zﬁu/\ﬁﬁ/\\U’y’ys\V.

In Ricci calculus Gupy = Slapy) = $€asys P57’V and tas = T(ap)
(Tetrode), see subsequent slide. These are the inertial currents (and
thus the gravitational currents) of the classical Dirac field. A
decomposition of (T, &,3) a la Gordon, yields the gravitational
moment densities of the Dirac field (ar Xi v: gr - qc/ 9706009); is a
special case of relocalization, see below.
» Off shell, the Noether theorems read:
oL oL
akiik = — ma\UA, 8k6ijk — T[ij] = — m(fij)ABWB .

If we have external fields, we separate fields in two subsets
WA = {Wg,, Ve, }. For external fields we have, in general, §£/6Wg, # 0.



5. Relocalization of energy-momentum and spin
» Canonical currents are not uniquely defined. Relocalization

T = g -ax’
S = & - 2Xp + 0 Yid" .
Still, 8% = 0,
86w — % = 0.
Arbit. X' = = X, Yo' = — Y' = — Y} (Hehl, Rep.Math.Phys.1976).

Integrated total energy-mom. and angular momentum remain the same.

» Belinfante relocalization (1939): Require S = 0. Resolve wrt X.
Then,

)= -2(e+el - 6#') —son(Ym v i)
and the relocalized e.-m., ti =%, with &/ =0, Y; = 0, reads
=T + Eak (GJki +69 - Gijk) .
> Belinfante tensor is not symmetric in general,

2t[k|] = (fk|) B\UB .

5\IIA

» The Gordon relocalization, mentioned above, differs from the Belinfante
relocalization.



» Itis crucial to distinguish closed and open systems. Closed system:
dynamics totally determined by W*(x). Open system: some fields are
non-dynamical—external.

» Suppose all fields WA(x) dynamical, that is, the system is closed. Then
6L£/6WA = 0 and energy-momentum and angular momentum are
conserved

g% =0, &3l = 0.
Here Jk|j = lej + 2k|j with 2k|j = Xk T|j — X Tkj.
» Canonical energy-momentum is asymmetric, in general,
2% = 3G #0.

The Belinfante tensor for a closed system is conserved and symmetric

ot =0, tg) = 0.




Dynamics of open system (temporal change of state) is not determined
by fundamental field variables, but also depends on “external” fields
(background)

Both canonical tensor ;! and Belinfante tensor ¢ are neither symmetric
nor conserved, in general
We separate fields in two subsets WA = {wg, Wg,}

For external fields we have 6£/5®5 # 0. The Noether identities reduce
to balance equations
ot = 6\11 —— Vg, 2t = 6\11‘1 (fa)* 5V iae

Balance relations yield conservation laws for background with
symmetries. External fields are, e.g., constant in time/space

oWy

5 = 0, or/and OaVg: =0

The old dispute on the Abraham versus Minkowski energy-momentum
tensor for matter in the electromagnetic field can be resolved by these
methods, see Yuri Obukhov et al., loc. cit., and our joint book.



6. Dynamic Hilbert energy-momentum in general relativity

» How can we choose amongst the multitude of relocalized energy-
momentum tensors, and how can we find the physical correct one? The
Belinfante recipe was to kill ). This does not yield a unique
relocalized tensor.

» Hilbert defined already in 1915 the dynamic energy-momentum as the
response of the matter Lagrangian to the variation of the metric:

H, . 508(0,V, % V)

tj == 22—~ 7

ogl

g (or its reciprocal gy) is the gravitational potential in Einstein’s theory
of gravitation (general relativity, GR). The matter Lagrangian is
supposed to be minimally coupled to g', in accordance with the
equivalence principle. Only in the gravitational theory, in which
spacetime can be deformed, we find a real local definition of the
material energy-momentum tensor (see Weyl).

» The Hilbert definition is analogous to the relation from elasticity theory
~ d(elastic energy)/d( ).

Recall that strain €' := 3((®g’ — (gl Even the factor 2 is
reflected in the Hilbert formula.



Rosenfeld (1940) has shown, via Noether type theorems, that the
Belinfante tensor t;, derived within special relativity, coincides with the
Hilbert tensor "'t; of GR. Thus, the Belinfante-Rosenfeld recipe leads, in
the framework of GR, to the energy-momentum tensor:

Mgl — ¢ =) + %ak (ejki +649 - eijk) : (%)

Recall that (%!, &%) are the canonical Noether currents.

The Rosenfeld formula (*) identifies the Belinfante with the Hilbert
tensor. In other words, the Belinfante tensor provides the correct source
for Einstein’s field equation.

As long as we accept GR as the correct theory of gravity, the localization
of energy-momentum and spin of matter is solved. This state of mind is
conventionally kept till today by most theoretical physicists.

One should note that the spin of matter has a rather auxiliary function in
this approach. After all, the spin of the Hilbert-Belinfante-Rosenfeld
tensor vanishes.

However, the Sciama-Kibble theory of gravity (1961), generally known
as Einstein-Cartan theory (EC), has turned the Rosenfeld formula (*)
upside down...



7. Dynamic Sciama-Kibble spin in Poincaré gauge theory

» Gauging of the Poincaré group, gauge potentials orthonormal coframe
and Lorentz connection (9% = g;*dx', I*? = [*%dx' = —I%*) —=
Poincaré gauge theory of gravity (PG) with a Riemann-Cartan space
with Cartan’s torsion and with Riemann-Cartan curvature, respectively:

Cj* = Djey®, Ry :="Djry*” (or C* = Dv*, R* ="DT*).

> |t is now straightforward: The currents are defined by variations with
respect to the potentials:

r r
K i 0L(e, I, ¥V, D \ll)7 K., = 6£(e,6r7\|17D V)

oej™
The dynamical definition of spin %G, ;' is due to Sciama-Kibble (1961).
It is only possible in the Riemann-Cartan spacetime of PG. Also for

energy-momentum <, we have a new, revised definition. The Hilbert
tensor plays no longer a decisive role.

» The Sciama-Kibble definition of the spin, is analogous to the relation
moment stress ~ §(elastic energy)/d( ).

Recall that the contortion is some kind of “rotational strain” in a
Cosserat medium, see H & Obukhov, Elie Cartan’s torsion in geometry
and in field theory, an essay, ar Xi v: 0711. 1535.



> Application of Noether identities yields, after a lot of algebra,
SK{zai _ Tai 7 5K6a6i _ Gaﬁi )
The dynamically defined currents a la Sciama-Kibble coincide with the

canonical Noether currents of classical field theory, in marked contrast
to the doctrine in the context of GR.

> We express the canonical energy-momentum tensor in the Hilbert one:
SKTQI _ Hltal _ E D« (Galk _ lea + Gkal), (**)
SKeaﬁi _ GQﬁi )

The new Rosenfeld type formula (**) reverses its original meaning in (*).
In the Poincaré gauge theory (PG), the canonical tensor represents the
energy-momentum distribution of matter and the (sym)metric Hilbert
tensor now plays an auxiliary role. Moreover, we are now provided with
a dynamic definition of the canonical spin tensor. In GR, the spin was
only a kinematic quantity floating around freely.

» These results one the correct distribution of energy-momentum and
spin in the framework of PG are are independent of a specific choice of
the gravitational Lagrangian.

» However, if we choose the RC curvature scalar as a gravitational
Lagrangian, we arrive at the Einstein-Cartan(-Sciama-Kibble) theory of
gravitation, which is a viable theory of gravity competing with GR.



8. Extra dilation invariance and improved energy-momentum
current

» Matter Lagrangian is assumed to be, in addition to Poincaré invariance,
invariant, then we have the canon. Noether dilation current
(3-form)
oL
A= Aa o A =wW —_—
Mo ~— A oDV

intrinsic dil. curr.

(here e := eq|n, with frame e, and volume 4-form 7). The dilation
current A“ is somewhat analogous to the electric current J¢
(1-parameter gauge transformation).

w is weight of scale transformation:
V(x) — V' (x') = (e*)"W(e“x).
Noether law: DA + 9> AT, = D(A 4+ Xx* ATo) = 0.
N——

orb. dil. curr.
» Three types of Noether theorems (Poincaré ® dilation):

D%, = 0 (4 cons. momentum currents) ,
D&up+9.N%Ts = 0 (6 cons. angular momentum currents) ,
DA +9°A%, = 0 (1 cons. dilation current)

(in the literature, intrinsic and orbital dil. current are not cleanly defined).



> Take the superpotential 2-forms M, Y3, Z such that

Ta(M) = T, —DM,,
Gus(M,Y) = Sap—Vja AMg —DYas,
AM,Z) = A—9*AM,—DZ.

The hatted quantities fulfill again the 4 4+ 6 + 1 conservation laws. The
total charges remain the same.

» For the improved energy-momentum tensor £, of Chernikov-Tagirov
(1968) and Callan-Coleman-Jackiw (1970),

fo :=%a(M)  for  &.5(M,Y)=0 and A(M,Z)=0,
we require additionally that its trace vanishes (— soft pions):
9N fo =0 ANTo + DA —DDZ = 0.

This can be achieved and, accordingly, the improved energy-
momentum tensor is symmetric, traceless, and divergencefree:

DA #5 =0, 0°Afa=0 Df =0.

(In Ricci calculus: fa5 =0, #£7=0, Vs’ =0)
> T, G.p, and, for massless fields, additionally A are the inertial (and
thus the gravitational) currents.



9. An algebra of the momentum and the spin currents?

> | discussed exclusively classical field theory. Can we learn something
for a corresponding quantization of gravity? Our classical analysis has
led us to the gravitational currents ¥, and &,3. They represent the
sources of gravity.

> In strong and in electroweak interaction, before the standard model had
been worked out, one started with the current algebra of the
phenomenologically known strong and the electroweak currents
(Gell-Mann 1961, see also T.Y. Cao, From Current Algebra to Quantum
Chromodynamics, Cambridge 2010).

» Schwinger (1963) studied, e.g., the equal time commutators of the
components of the Hilbert e.-m. tensor. Should one try to include also
the spin tensor components and turn to the canonical tensors?

> In the Sugawara model (1968), A field theory of currents, 8 vector and 8
axial vector currents for strong interaction are introduced and a
symmetric e.-m. current expressed bilinearly in terms of these currents.
Now that we have good arguments that the gravitational currents are ¥,
and G5, one may want to develop a corresponding current algebra by
determining the equal time commutator of these currents.....

Soli Deo Gloria



