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The Einstein Equation and the EOS of Compact Stars

EOS:  P (ρ , T )



The Hadron-Quark Phase Transition
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The QCD – Phase Transition and the Interior of a Hybrid Star

Center of the StarSurface of the Star

Matthias Hanauske; Doctoral Thesis: 
Properties of Compact Stars within QCD-motivated Models; University Library Publication Frankfurt (2004)



Neutron Stars, Hybrid Stars, Quark Stars 
and Black Holes



Numerical Relativity and Relativistic Hydrodynamics 
of Binary Neutron Star Mergers

(3+1) decomposition of spacetime

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

Einstein’s theory of general relativity and the resulting general
relativistic conservation laws for energy-momentum in connection
with the rest-mass conservation are the theoretical groundings of
neutron star binary mergers:



Binary Merger of two
Neutron Stars for
different EoSs

High mass simulations
(M=1.35 Msolar)

Central value of the lapse 
function α

c
(upper panel) 

and maximum of the rest 
mass density ρ

max
in units 

of ρ
0

(lower panel) versus 
time for the high mass 
simulations.

Hanauske, et.al. PRD, 96(4), 043004 (2017)



Evolution of the density in the post merger phase

Rest mass density distribution ρ(x,y)

in the equatorial plane

in units of the nuclear matter density ρ
0

Gravitational wave amplitude

at a distance of 50 Mpc

ALF2-EOS: Mixed phase region starts at 3ρ
0 

(see red curve), initial NS mass: 1.35 Msolar



Hypermassive Neutron Stars in the QCD Phase Diagram

Density-temperature profiles inside 
the inner area of a hypermassive
neutron star simulated within the 
LS220 EOS with a total mass of  
Mtotal=2.7 Msolar in the style of a (T-
ρ) QCD phase diagram plot at 
t=19.43 ms after the merger. 

The color-coding indicate the radial 
position r of the corresponding (T- ρ) 
fluid element measured from the 
origin of the simulation (x , y) = (0 , 0) 
on the equatorial plane at z = 0. 

The open triangle marks the 
maximum value of the temperature 
while the open diamond indicates 
the maximum of the density.



QCD Phase Diagram: The Late Inspiral Phase

Lapse function α (left) 

rest mass density ρ



QCD Phase Diagram: The Late Inspiral Phase

Lapse function α (left) 

rest mass density ρ



QCD Phase Diagram: The Late Inspiral Phase

Lapse function α (left) 

rest mass density ρ



Binary Neutron Star Mergers in the QCD Phase Diagram

Density-temperature profiles inside the 
inner area of the LS220-M135 
simulation in the style of a (T- ρ) QCD 
phase diagram plot at merger time (t=0 
ms).

The color-coding indicate the radial 
position r of the corresponding (T- ρ) 
fluid element measured from the origin 
of the simulation (x,y) = (0,0) on the 
equatorial plane (z = 0). 

The open triangle marks the maximum 
value of the temperature while the open 
diamond indicates the maximum of the 
density.



Binary Neutron Star Mergers in the QCD Phase Diagram

Density-temperature profiles inside the 
inner area of the LS220-M135 
simulation in the style of a (T- ρ) QCD 
phase diagram plot at merger time (t=0 
ms).

The color-coding indicate the radial 
position r of the corresponding (T- ρ) 
fluid element measured from the origin 
of the simulation (x,y) = (0,0) on the 
equatorial plane (z = 0). 

The open triangle marks the maximum 
value of the temperature while the open 
diamond indicates the maximum of the 
density.



The Co-Rotating Frame

Simulation and movie has been

produced by Luke Bovard



Density and Temperature Evolution inside the HMNS

Rest mass density on the equatorial plane Temperature on the equatorial plane 
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Evolution of hot and 
dense matter inside the 
inner area of a 
hypermassive neutron 
star simulated within the 
LS220 EOS with a total 
mass of  Mtotal=2.7 Msolar

in the style of a (T- ρ) QCD 
phase diagram plot 

The color-coding indicate 
the radial position r of the 
corresponding (T- ρ) fluid 
element measured from 
the origin of the simulation 
(x , y) = (0 , 0) on the 
equatorial plane at z = 0. 

The open triangle marks 
the maximum value of the 
temperature while the 
open diamond indicates 
the maximum of the 
density.



Angular velocity 

Ω

The Angular Velocity in the (3+1)-Split

The angular velocity Ω in the (3+1)-Split is a combination of the lapse 
function α , the φ-component of the shift vector βφ and the 3-velocity 
vφ of the fluid (spatial projection of the 4-velocity u):

Φ-component of 

3-velocity vφ
Frame-dragging 

βφ
Lapse function 

α

Focus: Inner core of the differentially rotating HMNS

M. Shibata, K. Taniguchi, and K. Uryu, Phys. Rev. D 71, 084021 (2005)
M. Shibata and K. Taniguchi, Phys. Rev. D 73, 064027 (2006)
F. Galeazzi, S. Yoshida and Y. Eriguchi, A&A 541, p. A156 (2012)
W. Kastaun and F. Galeazzi, Phys. Rev. D 91, p. 064027 (2015)

(3+1)-decomposition

of spacetime:



.

Central value



Time-averaged Rotation Profiles of the HMNSs

Time-averaged rotation profiles for different EoS
Low mass runs (solid curves), high mass runs (dashed curves).

( R* , Ω* )
Soft EoSs:

Sly

APR4

Stiff EoSs:

GNH3

H4

Hanauske, et.al. PRD, 96(4), 043004 (2017)



Temperature Angular Velocity

.

EOS: LS200 ,  Mass: 1.32 Msolar , simulation with Pi-symmetry



Time Evolution of the GW-Spectrum

The power spectral density profile of the post-merger emission is characterized by several 
distinct frequencies. Approximately 5 ms after merger, the only remaining dominant frequency 

is the f2-frequency (see e.g. L.Rezzolla and K.Takami, PRD, 93(12), 124051 (2016))

Evolution of the frequency spectrum of the emitted gravitational waves for the stiff GNH3 (left) and soft APR4 (right) EOS.

Stiff EOS Soft EOS

Unfortunately, 
due to the low 
sensitivity at high 
gravitational 
wave frequencies, 
no post-merger 
signal has been 
found in 
GW170817.

But advanced 
detectors / next-
generation 
detectors might 
be able to 
detect!!? 



Binary Hybrid Star Mergers and the QCD Phase Diagram
Hot and dense matter inside the 
inner area of a collapsing 
hypermassive hybrid star in the 
style of a (T- ρ) QCD phase diagram 
plot at  a time right before the 
apparent horizont is formed in  its 
center

The color-coding (right side) indicate 
the radial position r of the 
corresponding (T- ρ) fluid element 
measured from the origin of the 
simulation (x , y) = (0 , 0) on the 
equatorial plane at z = 0. 
The color-coding (top) indicates the 
fraction of deconfined quarks.

The open triangle marks the 
maximum value of the temperature 
while the open diamond indicates 
the maximum of the density.



Late Inspiral
Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



Late Inspiral
Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



Merger Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



Merger Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



Post Merger 
Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



Post Merger 
Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



Merger Phase
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Merger Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



Merger Phase

Rest mass density on the equatorial plane Temperature on the equatorial plane 



The Pelican Plot
The shadowy blue image 
resembles the shape of a 
strange bird, e.g. a pelican, 
wherein the hot head of a 
pelican contains a high 
amount of strange quark 
matter, its thin neck follows 
the QCD phase boundary,  
while its hot wings (local 
temperature maxima) contain 
mostly hadronic matter at 
much lower densities. 
The maximum tempearture
and density points correspond 
to the head of the pelican 
where pure strange quark is 
present. Due to the stiffening 
of the EOS in the pure quark 
phase, the temperature stops 
rising and the high pressure in 
the central region pushes 
against the hudge
gravitational force.   

E.Most, J. Papenfort, V.Dexheimer, M.Hanauske, H.Stöcker and L.Rezzolla; 
„On the deconfinement phase transition in neutron-star mergers„;  arXiv:1910.13893



Hybrid Star Mergers with T-dependent EOS (PRL paper 1)



Hybrid Star Mergers with T-dependent EOS (PRL paper 2)
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Plenary talk (Tuesday, 09:40) by Luciano Rezzolla: 
“Binary Neutron Stars: Einstein’s richest laboratory”


