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Properties of Neutron Stars
radius ~ 10 km, mass ~  1-2 sun masses

large magnetic fields ~ 1011 Tesla, high rotation (up to 716 Hz)

NASA/Goddard Space Flight Center



Pulsars are Rotating Neutron Stars 

First Pulsar found in 1967 (PSR 1919+21, Bell) 

Currently we know about 2800 neutron stars 



Pulsars
Rotating Neutronstars with large Magnetic Fields



Millisecond and Second Pulsars

PSR B1937+21 (1.56 ms)

PSR B0329+54 (0.715 s)
PSR B0531+21 (33.5 ms)

Crab Pulsar

file:///D:/Vortraege/VARTC2017/Pulsarsounds/crab.au
file:///D:/Vortraege/VARTC2017/Pulsarsounds/B1937.au
file:///D:/Vortraege/VARTC2017/Pulsarsounds/B0329.au


Observed Masses in Binary Neutron Star Systems

PSR J1906+0746

144-ms Pulsar, observed in 2004  

Orbital Period: 3.98 hours, 

Eccentricity: 0.085

Pulsar Mass: 1.291(11)

Mass Companion: 1.322(1)

Observed between 1998-2009, 

after 2009, the pulsar disappeared 

because of spin precession

Van Leeuwen et al, arXiv:1411.1518

Some of the known Neutron Stars (NS) are in binary systems:

NS-Planet, NS-(white dwarf) or NS-NS binary



Picture from J. Antoniadis et.al. Science 2013

PSR J0348+0432

Orbital Period: 2.46 hours

Pulsar mass: 2.01+-0.04

Mass of the white dwarf:

M=0.172+-0.003

A Two Solarmass Neutron Star 



Binary Neutron Star Systems

The Double Pulsar (PSR J0737-3039A/B): 

Observed in 2003

Eccentricity: 0.088

Pulsar A:  P=23 ms, M=1.3381(7)

Pulsar B: P=2.7 s, M=1.2489(7)

Only separated 800,000 km from each other

Orbital period: 147 Minuten

Pulsar A is eclipsed by Pulsar B 

(30 s for each orbit)

Distance shrinks 

due to Gravitational Wave emission

→ They will collide in 85 Million Years!

McGill NCS Multimedia Services Animation by Daniel Cantin, DarwinDimensions)

Kramer, Wex, Class. Quantum Grav. 2009



Binary Neutron Star Systems Recently some new interesting 

Neutron Star Binary Systems

has been found:

J0453+1559

P = 17 ms

(similar to the Doublepulsar)

J1913+1102

P = 27 ms

Pb = 4.95 h

J1757-1854

P = 215 ms

Pb = 4.4 h

E = 0.606

Currently we know ~25 Double-NS Systems and one triple System





General Relativity
The Einstein Equation

Mass, Energy and Momentum of the System

Equation of state of elementary matter

( density, temperature )

Spacetime curvature

Properties of the 

spacetime metric

100 years ago, Albert Einstein presented the main equation of general relativity: The Einstein-Equation

Gravitational Waves (A.Einstein, 1916)



Gravitational Waves detected!!!

Credit: Les Wade from Kenyon College.

Collision of two Black Holes 

GW150914

Masses: 36 & 29 Sun masses

Distance to the earth 410 Mpc
(1.34 Billion Light Years)

Längen – Differenz < 𝟏𝟎−𝟏𝟖 m



Three (maybe four) GWs from BH-Mergers detected



Gravitational Waves from Neutron Star Mergers

Neutron Star Collision (Simulation) Collision of two Black Holes

Difference due to tidal deformation 
in the late Inspiral phase



Evolution of the rest-mass density distribution

Rest mass density distribution ρ(x,y)

in the equatorial plane

in units of the nuclear matter density ρ
0

Gravitational wave amplitude

at a distance of 50 Mpc

ALF2, High mass model: Mixed phase region starts at 3ρ
0 

,initial NS mass: 1.35 Msolar



The Neutron Star Merger Dance
Credits to Riedberg TV



The long-awaited event GW170817



Gravitational Wave GW170817 and Gamma-Ray Emission GRB170817A



GW170817, GRB170817A
Localisation and 
unusual dimness of GRB



GW170817



Measured Mass Ratio of GW170817
(for high and low spin assumption) 



GW170817: Tidal Deformability
Restrictions on the Equation of State (EOS)

(for high and low spin assumption) 



The Einstein Equation

EOS:  P (ρ , T )



Elementary Matter

If the denities or temperatures are very high, additional Hyperonic Particles can occure



The Hadron-Quark Phasetransition

Credits to http://inspirehep.net/record/823172/files/phd_qgp3D_quarkyonic2.png



The QCD – Phase Transition and the Interior of a Hybrid Star

Center of the StarSurface of the Star

See: Stable hybrid stars within a SU(3) Quark-Meson-Model,

A.Zacchi, M.Hanauske, J.Schaffner-Bielich, PRD 93, 065011 (2016)



The Gibbs Construction

Hadronic and quark surface: Charge neutrality condition is only globally realized

The pressure in the mixed phase depends on two independent chemical potentials



The Gibbs Construction
Particle composition:Hadronic and quark surface:



The Gibbs Construction
Particle composition:Hadronic and quark surface:

M. Hanauske, Dissertation, "Properties of Compact Stars within QCD-motivated Models"



The Gibbs Construction
Particle composition:Hadronic and quark surface:

M. Hanauske, Dissertation, "Properties of Compact Stars within QCD-motivated Models"



The Maxwell Construction

Image from M.G. Alford, S. Han, and M. Prakash, Phys. Rev. D 88, 083013 (2013)

Pressure and baryon chemical potential stays constant, 
while the density and the charge chemical potential jump 

discontinuously during the phase transition.

If the surface tension between the hadron and quark phase is relatively large, the mixed phase could 
completely disappear, so that a sharp boundary between the two phase exists. The Hadron-quark phase 

transition is then described using a Maxwell construction.



Hybrid Star Properties

Mass-Density relation Energy-density profiles

Matthias Hanauske: "How to detect the QGP with telescopes", GSI Annual Report 2003, p.96

In contrast to the Gibbs construction, the star’s density profile within the Maxwell construction (see right figure) 
will have a huge density jump at the phase transition boundary. Twin star properties can be found more easily 

when using a Maxwell construction.



Neutron Stars, Hybrid Stars, Quark Stars and Black Holes



The Formation of the Event Horizon of the Black Hole 
and the Deconfinement of Elementary Matter



Numerical Relativity and Relativistic Hydrodynamics 
of Binary Neutron Star Mergers

(3+1) decomposition of spacetime

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

Numerical simulations of a merger of two compact stars 
are based on a (3+1) decomposition of spacetime of the 
Einstein and hydrodynamic equations.



The ADM equations

Time evolving part of ADM

Constraints on each hypersurface

Extrinsic Curvature:Spatial and normal projections of the energy-momentum tensor:Three dimensional covariant derivative

Three dimensional Riemann tensor

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

The ADM (Arnowitt, Deser, Misner) equations come from a reformulation of the Einstein equation using the 
(3+1) decomposition of spacetime.



Finite difference methods

Discretisation of a hyperbolic 
initial value boundary problem.

High resolution shock capturing methods (HRSC methods) 
are needed, when Riemann problems of discontinuous 
properties and shocks needs to be evolved accurately.

All figures from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)



From ADM to BSSNOK

The 3+1 Valencia Formulation
of the Relativistic Hydrodynamic Equations

Unfortunately the ADM equations are only weakly hyperbolic (mixed derivatives in the three dimensional 
Ricci tensor) and therefore not ''well posed''.  It can be shown that by using a conformal traceless 
transformation, the ADM equations can be written in a hyperbolic form. This reformulation of the ADM 
equations is known as the BSSNOK (Baumgarte, Shapiro, Shibata, Nakamuro, Oohara, Kojima) 
formulation of the Einstein equation. Most of the numerical codes use this (or even better the CCZ4) 
formulation.

To guarantee that the numerical solution of the hydrodynamical equations 
(the conservation of rest mass and energy-momentum) converge to the right 
solution, they need to be reformulated into a conservative formulation. Most 
of the numerical “hydro codes” use here the 3+1 Valencia formulation.  



Computersimulation of a Neutron Star Merger in full General Relativity

Credits: Cosima Breu, David Radice

and Luciano Rezzolla

Density Temperature



Numerical Setup

BSSNOK conformal traceless formulation of the ADM equations. 
3+1 Valencia formulation and high resolution shock capturing 
methods for the hydrodynamic evolution. Full general relativity 
using the Einstein-Toolkit and the WHISKY/WhiskyTHC code for 
the general-relativistic hydrodynamic equations.

Grid Structure:

Adaptive mesh refinement (six ref. levels)

Grid resolution: (from  221 m  to  7.1 km)

Outer Boundary: 759 km

Initial separation of stellar cores: 45 km



HMNS Evolution for different EoSs
High mass simulations (M=1.35 Msolar)

Mass-Radius relation for different EOSs 



HMNS Evolution 
for different EoSs

High mass simulations
(M=1.25 Msolar)

Central value of the lapse 
function α

c
(upper panel) 

and maximum of the rest 
mass density ρ

max
in units 

of ρ
0

(lower panel) versus 
time for the high mass 
simulations.



HMNS Evolution 
for different EoSs

High mass simulations
(M=1.35 Msolar)

Central value of the lapse 
function α

c
(upper panel) 

and maximum of the rest 
mass density ρ

max
in units 

of ρ
0

(lower panel) versus 
time for the high mass 
simulations.



Logarithm of the density Temperature

.

M. Hanauske, J. Steinheimer, L. Bovard, A. Mukherjee, S.Schramm, K. Takami, J.Papenfort, N.Wechselberger, L.Rezzolla, Luciano and 
H.Stöcker; “Concluding Remarks: Connecting Relativistic Heavy Ion Collisions and Neutron Star Mergers by the Equation of State of 
Dense Hadron-and Quark Matter as signalled by Gravitational Waves”; Journal of Physics: Conference Series,  878(1), p.012031 (2017)



The Co-Rotating Frame

Simulation and movie has been

produced by Luke Bovard



.

Central value



.

Central value

Evolution of Tracer-
particles tracking

individual fluid elements in 
the equatorial plane of the

HMNS at post-merger 
times

M.G. Alford, L. Bovard, M. 
Hanauske, L. Rezzolla and K. 
Schwenzer
“On the importance of viscous 
dissipation and heat conduction 
in binary neutron-star mergers” 
(submitted to PRL, see arxiv)

Different rotational behaviour of 
the quark-gluon-plasma 
produced in non-central ultra-
relativistic heavy ion collisions
L. Adamczyk et.al., “Global 
Lambda-hyperon polarization in 
nuclear collisions: evidence for 
the most vortical fluid”, Nature 
548, 2017



The Angular Velocity in the (3+1)-Split

The angular velocity Ω in the (3+1)-Split is a combination 
of the lapse function α , the φ-component of the shift 
vector βφ and the 3-velocity vφ of the fluid (spatial 
projection of the 4-velocity u):



Angular velocity 

Ω

The Angular Velocity in the (3+1)-Split

The angular velocity Ω in the (3+1)-Split is a combination of the lapse 
function α , the φ-component of the shift vector βφ and the 3-velocity 
vφ of the fluid (spatial projection of the 4-velocity u):

Φ-component of 

3-velocity vφ
Frame-dragging 

βφ
Lapse function 

α

Focus: Inner core of the differentially rotating HMNS

M. Shibata, K. Taniguchi, and K. Uryu, Phys. Rev. D 71, 084021 (2005)
M. Shibata and K. Taniguchi, Phys. Rev. D 73, 064027 (2006)
F. Galeazzi, S. Yoshida and Y. Eriguchi, A&A 541, p. A156 (2012)
W. Kastaun and F. Galeazzi, Phys. Rev. D 91, p. 064027 (2015)

(3+1)-decomposition

of spacetime:



The Structure of Ω 



Possibility of Twin Stars



.

Central value



Temperature Angular Velocity

.

Central value



Merger Product from an eccentric colliding Neutron Star Binaries 



Averaging Procedure for Ω

In order to compare the structure of the 
rotation profiles between the different 
EOSs, a certain time averaging procedure 
has been used:



Time-averaged Rotation Profiles of the HMNSs

Time-averaged rotation profiles for different EoS

Low mass runs (solid curves), high mass runs (dashed curves).

( R* , Ω* )
Soft EoSs:

Sly

APR4

Stiff EoSs:

GNH3

H4



Dependence on the time averaging window
For all EOS the same time averaging window. From the left to right the data refer to 

time windows [6 ; 11]; [6 ; 13] and [6 ; 15] ms, respectively. 



Dependence on the time averaging window

Averaged angular-velocity profiles when the avering windows is set to be 7 ms for all EOSs 
and masses, but where the initial averaging time is varied and set to be 5 (red line), 6 (blue 
line), 7 (green line), and 8 ms (black line), respectively. The four lines refer to averaging 
windows given by [5; 12], [6; 13], [7; 14], and [8; 15] ms, respectively; note that the top part 
of each panel refers to the low-mass binary, while the bottom one to the high-mass one.



Angular Velocity away from the equatorial plane



Ω*(t) [rad/s] and R*(t) for ALF2, M=1.35



Maximum of the
rotation profile
Ω*(t) (blue) and 

ist radial 
position R*(t) 

(orange) for the
non-collapsing

simulation
(ALF2, M=1.25)



GW170817: Evolution of the HMNS until BH formation

.

The highly differentially rotating 
hypermassive/supramassive
neutron star will spin down and 
redistribute its angular 
momentum (e.g. due to magnetic 
braking). After ~1 second it will 
cross the stability line as a 
uniformly rotating supramassive
neutron star (close to Mmax) and 
collapse to a black hole. Parts of 
the ejected matter will fall back 
into the black hole producing the 
gamma-ray burst.



GW170817: Constraining the Maximum Mass and the EOS

See arXiv:1711.00314v1 [astro-ph.HE] 1 Nov 2017



GW-Spectrum for different EOSs

See:

Kentaro Takami, Luciano Rezzolla, and Luca 
Baiotti, Physical Review D 91, 064001 (2015)

Hotokezaka, K., Kiuchi, K., Kyutoku, K., 
Muranushi, T., Sekiguchi, Y. I., Shibata, M., & 
Taniguchi, K. (2013). Physical Review D, 
88(4), 044026.

Bauswein, A., & Janka, H. T. (2012).  Physical 
review letters, 108(1), 011101.

Clark, J. A., Bauswein, A., Stergioulas, N., & 
Shoemaker, D. (2015).  arXiv:1509.08522.

Bernuzzi, S., Dietrich, T., & Nagar, A. (2015).  
Physical review letters, 115(9), 091101.



Gravitational Waves and the Maximum of the Rotation Profile



Merengue

Disco-
Fox

Tango

Wiener 
Walzer

(noch Solo)



The different Phases during the Postmergerphase of the HMNS



Time Evolution of the GW-Spectrum

The power spectral density profile of the post-merger emission is characterized by several distinct 
frequencies fmax , f1 , f2 , f3 and f2−0 . After approximately 5 ms after merger, the only remaining dominant 

frequency is the f2-frequency (See L.Rezzolla and K.Takami, arXiv:1604.00246)

Evolution of the frequency spectrum of the emitted gravitational waves for the stiff GNH3 (left) and soft APR4 (right) EOS.

Stiff EOS Soft EOS

Unfortunately, 
due to the low 
sensitivity at high 
gravitational 
wave frequencies, 
no post-merger 
signal has been 
found in 
GW170817.

But advanced 
detectors / next-
generation 
detectors will be 
able to detect!



Twin Stars
Usually it is assumed that this loss of stability leads to the 
collapse into a black hole. However, realistic calculations 
open another possibility: the collapse into the twin star on 
the second sequence. 

I.N. Mishustin, M. Hanauske, A. Bhattacharyya, L.M. Satarov, H. Stöcker, and W. Greiner, 
“Catastrophic rearrangement of a compact star due to quark core formation”, Physics Letters B 552 (2003) p.1-8



The Twin Star Collapse
Conservation of total baryonic massDensity profiles of the two twins

I.N. Mishustin, M. Hanauske, A. Bhattacharyya, L.M. Satarov, H. Stöcker, and W. Greiner, 
“Catastrophic rearrangement of a compact star due to quark core formation”, Physics Letters B 552 (2003) p.1-8



Exotic Stars

But, unfortunately, twin stars can not be created solely by a Hadron-Quark phase transition. 
Extremely bound hyperon mater, or kaon condensation could also form a twin star behaviour.

J. Schaffner-Bielich, M. Hanauske, H. Stöcker, and W. Greiner, Phys. Rev. Lett. 89, 171101 (2002)



The Twin Star collapse

M. Hanauske, Z.S. Yilmaz, C. Mitropoulos, L. Rezzolla and H. Stöcker

"Gravitational waves from binary compact star mergers in the context of strange matter", in Proceedings SQM2017

Radial oscillations of twin star configurations  



The Twin Star Collapse (red)

Radial velocity Density

Green contour line: Nuclear Matter density
Red contour line: Beginning of PT
Cyan contour line: End of PT



How to observe the QGP with gravitational waves from NS mergers?

The appearance of the hadron-quark phase transition in the interior 
region of the HMNS will change the spectral properties of the 
emitted GW if it is strong enough. If the unstable twin star region 
will be reached during the “post-transient” phase, the f2-frequency 
peak of the GW signal will change rapidly due to the sudden speed 
up of the differentially rotating HMNS.

Hybrid star mergers represent optimal astrophysical laboratories to investigate the QCD phase structure and in addition
with the observations from heavy ion collisions it will be possibly reach a conclusive picture on the QCD phase structure at high 
density and temperature.



.



r-process nucleosynthesis in 
binary neutron star mergers

.

Simulation of the relative abundances of 
heavy elements produced in a binary 

neutron star merger.

Ejected Mass as a 
function of time

Luke Bovard, Dirk Martin, Federico Guercilena, Almudena
Arcones, Luciano Rezzolla and Oleg Korobkin

arXiv:1709.09630v1 [gr-qc] 27 Sep 2017



.
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www.fias.uni-frankfurt/~hanauske/VARTC/ssnr2017



Summary

• On August 17, 2017, a long-awaited event has taken place: the Advanced LIGO 
and Virgo gravitational-wave detectors have recorded the signal from the 
inspiral and merger of a binary neutron-star system. 

• The analysis of the gravitational wave data in combination with the 
independently detected gamma-ray burst and electromagnetic counterpart 
results in a neutron star merger scenario which is in good agreement with 
numerical simulations of binary neutron star mergers performed in full general 
relativity.

• During the late post-merger simulation, the value of central rest-mass density 
will reach extreme values and it is expected that a hadron-quark phase 
transition will be present in the interior region of the HMNS.

• Astrophysical observables of the hadron-quark phase transition may be 
detectable when advanced gravitational wave detectors reach design sensitivity 
or with next-generation detectors.



Additional Slides



Time dependence of the Rotation Profile

Averaged fluid angular 
velocity on the equatorial 
plane for the ALF2-M135 
binary as averaged at different 
times and with intervals of 
length t = 1 ms.



EOSs
Several different EOSs : ALF2, APR4, 
GNH3, H4 and Sly, approximated by 
piecewise polytopes. Thermal ideal fluid 
component (Γ=2) added to the nuclear-
physics EOSs.

Additionally LS220-EOS used: Density and Temperature dependent EOS-table (Lattimer-Swesty)



SEARCH FOR POST-MERGER GRAVITATIONAL WAVES 
FROM THE REMNANT OF THE BINARYNEUTRON STAR MERGER 

GW170817 (see arXiv:1710.09320v1)

.

Unfortunately, due to the low 
sensitivity at high gravitational 
wave frequencies, no post-
merger signal has been found in 
GW170817.

But, the results indicate that 
post-merger emission from a 
similar event may be detectable 
when advanced detectors reach 
design sensitivity or with next-
generation detectors.



Warum (noch) keine Gravitationswellen von 
kollidierenden Neutronensternen?

Erste DatenaufnahmeWissenschaftliche Datenaufnahme in 2015

Nächste Datenaufnahme (Herbst 2016)Zukünftige Updates



Gauge Conditions

On each spatial hypersurface, four additional degrees of freedom need to be specified: 

A slicing condition for the lapse function and a spatial shift condition for the shift vector 

need to be formulated to close the system. In an optimal gauge condition, singularities 

should be avoided and numerical calculations should be less time consuming.   

Bona-Massó family of  slicing conditions:

“1+log” slicing condition:

“Gamma-Driver” shift condition:



The Gibbs Construction



Spectral Properties of GWs

Two characteristic GW frequency peaks (f1 and f2); 

the origin of f1 comes from t<3 ms. By measuring M, f1 and f2 one can set high constraints on the EoS.

“Spectral properties of the post-merger gravitational-wave signal from binary neutron stars”,
Kentaro Takami, Luciano Rezzolla, and Luca Baiotti, PHYSICAL REVIEW D 91, 064001 (2015)

Full spectral profile

(thin curve)

Spectral profile

( t >3 ms )

(thick curve)



Universal Behavior of f1 and fmax

Mass-weighted frequencies at amplitude maximum f
max

shown as a function of the tidal deformability parameter κT
2
.

Values of the low-frequency peaks f
1

shown 

as a function of the tidal deformability parameter κT
2
.



Universal behavior of the f2-peak

Values of the high-frequency 

peaks f
2

Shown as a function of the 

tidal deformability 

parameter κT
2
.



Gravitational Waves Equation of State

L.Rezzolla and K.Takami, arXiv:1604.00246

K.Takami, L.Rezzolla, and L.Baiotti, Physical Review D 91, 064001 (also PRL 113, 091104)

The detection of GWs from merging neutron star binaries 

can be used to determine the high density regime of the EOS. 

With the knowledge of f
1
, f

2
and the total mass the system, 

the GW signal can set tight constraints on the EOS.



The deconfiened Quark Matter 
will be Macroscopically Confient by the Event Horizon


