
Experiments in Computer Simulations :
Collapse of an unstable Neutron Star to a Black Hole
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0 Class Information

• application form :

– if you want to do this experiment, please register via e-mail to me no later than on
the last Wednesday before the week in which you want to do the experiment; your
e-mail should include the following information: (1) student number, (2) full name,
(3) e-mail address.

• intensive course :

– 12 [hours] = 6 [hours/week] × 2 [weeks].

• when :

– Monday 9-16, two subsequent weeks upon individual arrangement with me; other
time slots may be arranged with me individually.

• where :

– Pool Room 01.120.

• preparation :

– an account for you on the “FUCHS” cluster of the CSC (http://csc.uni-frankfurt.de/)
will be provided; please read the quick starting guide on the CSC web pages before
starting the simulation.

• required skill :

– basic Linux knowledge.

• using software :

– Einstein Toolkit [5].

– gnuplot (http://www.gnuplot.info/)

– pygraph (https://bitbucket.org/dradice/pygraph).

– python (https://www.python.org/) and matplotlib (http://matplotlib.org/).

– Mathematica (http://www.wolfram.com/mathematica/).
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1 Introduction

Neutron stars are beside white dwarfs and black holes the potential final states of the evo-
lution of a normal star. These extremely dense astrophysical objects, which are formed in the
center of a supernova explosion, represent the last stable state before the matter collapses to a
black hole. Due to their large magnetic fields (up to 1011 Tesla) and fast rotation (up to 640
rotations in one second) neutron stars emit a certain electromagnetic spectrum. In our galaxy
we currently know about 2500 of these exotic objects, which are mainly observed as pulsars by
radio telescopes. Among the known neutron stars, there are some which are in binary systems
where the companion of the neutron star is either a normal star, a planet, a white dwarf or again
a neutron star; unfortunately a neutron star - black hole binary system has not been found until
now.

The most impressive binary system right now is the so called Double Pulsar: PSR J0737-
3039A/B, which has been discovered in 2003 (see [18, 16, 11] for details). The two neutron stars
in this binary system, which are only separated by 800,000 km, orbit around each other with
an orbital period of 147 minutes and a mean velocities of one million km/h. This system is
excellent for testing Einstein’s theory of general relativity and alternative theories of gravity in
the strong-field regime [17]. Another interesting feature is the observation of the periodic eclipse
of one pulsar by the other [10], which is a direct consequence of the almost edge-on geometry of
the orbit (see [1] for an animation of the orbit).

Due to the emission of gravitational waves, the distance between the two neutron stars
decreases with time and finally the two objects need to merge. The emitted gravitational waves
travel, almost unaffected, with the speed of light trough our galaxy. These little space-time
oszillations (the gravitational waves) could be detected on earth if the emitting source (the
merging neutron star binary system) is not to far away. Several gravitational wave antennas
are trying to detect at the moment these little space-time ripples [7, 6]. Right after the neutron
star merger process a new supramassive or hypermassive neutron star is formed, which could
be stable for longer times or collapse almost immediately to a black hole. During this process
a short gamma ray burst is emitted, releasing in less than one second the energy emitted by
our Galaxy over one year [23]. Space-based gamma-ray telescopes (e.g., the Swift gamma-ray
burst mission [12]) detect on average approximately one gamma-ray burst per day - however,
fortunately all of them appeared in distant galaxies. Last but not least it should be mentioned
that a triple system has also been observed, where two white dwarfs are orbiting around a
neutron star [20, 2].

In this computer experiment we try to simulate the collapse of a hypermassive neutron star
to a black hole. An analytic treatment of such a collopse is only possible if one simplifies the
real scenario in a rather crude way. The Oppenheimer-Snyder collapse (for details see e.g., [21]
page 612f) is the most simple description of a collapse of a star composed of uniform-density
pressurless dust - however, we cannot use this approximation in this experiment, as the neutron
star fluid is far from beeing pressureless. In our numerical approach, we will simulate the collapse
of a non-rotating neutron star and assume a spherical symmetry of the star and do not include
magnetic fields.

In the following the main theoretical concepts and basic equations are summarized, which
are needed to understand the background of the computer experiment (for details see [22],[19]
page 842f and [21] page 612f). Unless explicitly stated, we use in the following units in which
c = G = M� = 1.
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2 Theoretical Background

In the following the main theoretical concepts and basic equations are summarized, which
are needed to understand the background of the computer experiment. Einstein’s theory of
general relativity in connection with the conservation laws for energy-momentum and rest mass
are the groundings of the differential equations which we need to solve. The Einstein equation
and the conservation laws are summarized in the following set of highly non-linear differential
equations:

Rµν −
1

2
gµνR = 8π Tµν , ∇µTµν = 0 , ∇µ (ρ uµ) = 0 , (1)

where Tµν is the energy-momentum tensor, Rµν is the Ricci tensor, which contains first and
second derivatives of the space-time metric gµν , ∇µ is the covariant derivative and uµ is the
four velocity of the star’s fluid. The Einstein equation (first equation in (1)) describes in which
way the space-time structure need to bend (left hand side of the equation) if energy-momentum
is present (right hand side of the equation). In this experiment the energy-momentum, which
curves space-time, arises from the large energy amount of the neutron star matter.

In the following subsection we will describe the most simple model of a static, spherically
symmetric neutron star having an energy-momentum tensor of an ideal fluid.

2.1 The Tollman-Openheimer-Volkov equations

In a static, spherical symmetrical condition, the metric gµν and the infinitesimal line element
ds can be written as

ds2 = gµν dx
µdxν = − e2ν(r)dt2 +

(
1− 2m(r)

r

)−1

dr2 + r2dθ2 + r2 sin2 θ dφ2 . (2)

In the following we will use the expression of an ideal fluid energy-momentum tensor to describe
the neutron star matter

Tµν = (e+ p)uµuν + p gµν , e = ρ (1 + ε) , (3)

where e is the energy density, p the pressure, ρ the rest mass density and ε the internal energy
density of the neutron star fluid.

By inserting the Ansatz of the metric (2) together with the expression for the energy mo-
mentum tensor (3) into the equations (1) one derives the Tollman-Openheimer-Volkov (TOV)
equations (see e.g., [21]):

dm

dr
= 4πr2 e ,

dν

dr
=

m+ 4πr3p

r (2m− r)
,

dp

dr
= − (e+ p)

dν

dr
. (4)

For a given equation of state (EoS: a function p(e)) the TOV equation can be solved numerically
by fixing the central pressure pc and integrating outwards to the star’s surface where the pressure
is zero. It can be shown (Birkov Theorem, see e.g., [19], page 843f) that the metrical structure
outside the neutron star is identical to the Schwarzschild metric of a black hole (see subsection
2.2). The left picture of figure 1 shows the energy density profiles calculated within a realistic
EoS for three different central values of the energy density. Each star has a different mass and
radius, which is marked on the mass-radius curve (see right picture on figure 1). From this
mass-radius relation we see that there exists a maximum value of the total mass of the star
(Mmax), which cannot be exceeded. One can show (for details see [8]) that if the energy density
is higher than the energy density of the maximum mass star emax, the neutron stars become
unstable and either need to collapse to a black hole or migrate back to a stable neutron star
(see figure 5).
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Figure 1: Left: The energy density profiles of three neutron stars. Right: The neutron star
mass-radius relation (see [15, 14] for details).

In Task 2 of this computer experiment (see subsection 3.2) we will calculate the maximum
mass value for a given polytropic equation of state, (p = KρΓ, Γ = 2 and K = 100) and identify
the mass-radius region of stability.

2.2 Black holes

The metric of a non-rotating, chargeless black hole is given by the Schwarzschild metric (see
e.g., [19] page 820f)

gµν = diag

(
−
(

1− 2M

r

)
,

(
1− 2M

r

)−1

, r2 , r2 sin2 θ

)
, (5)

where M defines the total mass of the black hole. A real singularity occurs at the center of the
black hole (r = 0), where all of the mass is located and the energy density becomes infinite. The
Schwarzschild metric describes the properties of a black hole in a gauge which can be regarded
as the viewpoint of an observer at rest which is located at spatial infinity. Apart from the
real singularity at r = 0, a coordinate singularity at r = 2M excists where space and time
changes their properties. The left diagram in figure 2 illustrates this strange property of the
Schwarzschild black hole by visualizing the light cones of in- and outgoing photons in a space-
time diagram. A particle which is falling in such a Schwarzschild black hole will never reach the
inner area (r < 2M) of the black hole and for the outside observer the object seems to become
frozen at the event horizon at r = 2M (see [13] for an illustration of these effects). However, the
coordinate singularity of the Schwarzschild metric is not a real singularity and a particle falling
into a black hole will indeed travel trough the event horizon and reach the center of the black hole
in a finite time. This fact can be easily understood if one transforms the coordinate system into a
coordinate frame moving with the particle, e.g., the Eddington-Finkelstein coordinates describe
a photon falling with the speed of light radially into a black hole from the photon’s viewpoint
(see right diagram of figure 2). The space-time diagram clearly shows, that the particle travels
trough the event horizon, but has no way to communicate with the outer world if it is inside the
black hole at r < 2M .
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Figure 2: Space-time diagram of a black hole in Schwarzschild (left picture) and Eddington-
Finkelstein (right picture) coordinates.

2.3 The gravitational collapse of a neutron star to a black hole

The last two subsections both were dealing with static solutions of the Einstein equation.
However, to simulate the evolution of a collapse of a neutron star, we need to reformulate the
equations 1 and solve the time dependent problem numerically.

Figure 3: Visualization of the (3+1)-formulation
of general relativity (picture reference: [21]).

This reformulation, the so called (3 + 1)-split,
starts by slicing the 4-dimensional manifold
M into 3-dimensional space-like hypersurfaces
Σt. The space-time metric gµν is then also
divided into a purely spatial metric γij and a
lapse function α and a shift vector βi:

gµν =

(
−α2 + βiβ

i βi
βi γij

)
(6)

The lapse function α describes the difference
between the coordinate time t and the proper
time of a fluid particle τ (dτ = α dt). The
shift vector βi measures how the coordinates
are shifted on the spatial slice if the fluid par-
ticle moves an infinitesimal time step further
(see figure 3). By inserting the metric (6) into

the Einstein equation one can reformulate the equations into a system of first order differential
equations, the so called ADM equations. As the ADM equations are not ’well posed’ (for details
see [21]), the equations need to be further transformed into the Baumgarte-Shapiro-Shibata-
Nakamura-Oohara-Kojima (BSSNOK) formulation [24, 9]. This BSSNOK formulation of gen-
eral relativity together with the relativistic hydro equations are finally used as the grounding
equations in our computer program.

If the central density of a neutron star exceeds the maximally allowed value ρc and the
star collapses to a black hole, its radius shrinks until it reaches the value of the location of
the event horizon of the corresponding black hole at r = 2M . Similar as already described
in subsection 2.2, the final outcome depends highly on the chosen gauge (which means on the
observer’s viewpoint). In our simulations, a specific gauge is used, which is neither similar to
the Schwarzschild nor to the Eddington-Finkelstein case. To slow down the evolution near the
real singularity a singularity avoiding gauge, the so called ’1-log’-slicing condition is used. In
addition, the ’gamma driver’-shift condition has been used to push the spatial coordinates near
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the singularity outwards (for details see [21], page 343f). In this gauge no real or coordinate
singularity could appear during the numerical evolution.

Figure 4: Schematic evolution of the relevant surfaces in
the collapse of an ideal fluid (picture reference [22]).

Fig. 4 depicts the global szenario
of a collapsing neutron star in a
space-time diagram (for details see
[21], page 612f). The radius R of
the star is decreasing with time and
at the point where the star’s sur-
face cross the event horizon (EH) the
black hole arises. The event horizon
actually comes into existence some-
what before the black hole is formed.
The EH grows from zero size until it
reaches r = 2M , which is exactly the
point where the star’s surface crosses
the EH. After the formation of the
EH in the stars center, two trapped
surfaces form at a certain distance.
The outermost trapped surface, the
apparent horizon (AH) is always in-
side the event horizon (for details see
[21], page 615f). In contrast to the
EH, which is a global property of the
whole manifold M, the AH can be
defined on each space-like hypersur-
face Σt.

3 Tasks

3.1 Task 1: Set Up Laboratory

In practice we will use the publicly available Einstein Toolkit [5] (see also [3] for an
animation of the history of the code structure and [4] for recent developements) and compile
and run the simulations on the CSC-FUCHS cluster (http://csc.uni-frankfurt.de/).

- Download the Einstein-Toolkit on your Fuchs account.

- Compile the code and perform a test run.

- Check the results and visualize some properties using gnuplot.

3.2 Task 2: Maximum mass of a TOV star

In this task the value for the maximum mass Mmax of a non-rotating neutron star using a
polytropic equation of state (K = 100 , Γ = 2) is calculated. By knowing the maximum mass
value, the maximal possible central density emax and the minimal radius of the star Rmin is also
defined. These values separate the star’s mass-radius relation into a stable and unstable branch.
The following subtasks should be carried out:

- Please calculate the following values: Mmax in units of [M�] and [km], ρmax in [g/cm3] and
Rmin in [km].
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- Compare the maximum mass value with the known observational masses of neutron stars
and discuss your results.

- Please plot the following diagrams: Mass-radius relation M(R) in units of [M�]-[km],
mass-ρc diagram in [M�]-[g/cm3] and mark the stable and unstable regions in both plots.

- Please show three different neutron star density profiles (ρ(r), in units of [km]-[g/cm3])
in one picture. Choose one profile within the stable region (ρc < ρmax), one within the
unstable branch (ρc > ρmax) and one profile should be the profile of the maximum mass
star (ρc ≡ ρmax).

3.3 Task 3: Migration of an unstable neutron star to a stable configuration

Figure 5: The mass of the neutron star versus
the central density (in units of ρ0 := 2.705 1014

g/cm3). An unstable neutron star could migrate
to stable star or collapse to a black hole.

Please use in this task an initial value of
the central density, which is far beyond the
stability threshold (ρc >> ρmax) and evolve
the neutron star with time. Show that by us-
ing the Einstein Toolkit, the natural evolution
of this unstable neutron star follows a migra-
tion to a corresponding stable star which has
a much smaller central density and a larger
radius (see figure 5). The following subtasks
should be carried out:

- Please show the time dependence of the
central density (ρc(t), in units of [ms]-
[g/cm3]) in order to visualize the migra-
tion of the unstable neutron star to the
stable star.

- Please show the density profile of the ini-
tial unstable neutron star (ρ(r, t = 0))
and the final star at the endpoint of
your simulation (ρ(r, t = tend), in units
of [km]-[g/cm3]) in one picture.

- In order to visualize the evolution of the
star and the underlying space-time structure, please generate a contour-plot movie of the
following quantities on the equatorial plane: ρ(x, y, t) and α(x, y, t), with t ∈ [0, tend].

3.4 Task 4: Collapse of a neutron star to a black hole

Please use in this task again an initial value of the central density which is beyond the
stability threshold (ρc > ρmax) and in addition, perturb the star’s density profile to have an
overall higher value than the profile of the TOV star. Show that by using the Einstein Toolkit,
the evolution of this perturbed neutron star follows a gravitational collapse to a black hole.
Please perform in addition a second simulation, where the parameter ’excision’ is turned on.1

The following subtasks should be carried out:

- To visualize the collapse, please show the time dependence of the central density (ρc(t),
in units of [ms]-[g/cm3]) and the time evolution of the central value of the lapse function
αc(t).

1If the parameter ’excision’ is turned on, the program sets (after it has detected the apparent horizon for the
first time) the density inside the apparent horizon to atmospheric values.
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- Follow the evolution of the outermost and innermost apparent horizon and plot the radius
of these two surfaces as a function of time.

- Plot a combined space-time diagram, where you display the outermost and innermost
apparent horizon and the trajectories of three fixed density values. Choose for the lowest
density a value which is near to the atmospheric density to show the time evolution of the
surface of the neutron star.

- When will the event horizon be formed? Compare the radial position of the event horizon
(REH) with the initial neutron star mass and check whether REH = 2M - discuss your
results.

4 Final Report

You have to submit the report within four weeks after performing the simulation. Please
summarize what you have learned and include the results of all the tasks and a discussion of
them in your final report.
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