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Gravitational Waves detected!!!

Credit: Les Wade from Kenyon College.

Collision of two Black Holes 

GW150914

Masses: 36 & 29 Sun masses

Distance to the earth 410 Mpc
(1.34 Billion Light Years)

Längen – Differenz < 𝟏𝟎−𝟏𝟖 m



Gravitational Waves from Neutron Star Mergers

Neutron Star Collision (Simulation) Collision of two Black Holes



The Einstein Equation

EOS:  P (ρ , T )



The Hadron-Quark Phase Transition

Image from http://inspirehep.net/record/823172/files/phd_qgp3D_quarkyonic2.png



The QCD – Phase Transition and the Interior of a Hybrid Star

Center of the StarSurface of the Star

See: Stable hybrid stars within a SU(3) Quark-Meson-Model,

A.Zacchi, M.Hanauske, J.Schaffner-Bielich, PRD 93, 065011 (2016)
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The Gibbs Construction



Numerical Relativity and Relativistic Hydrodynamics 
of Binary Neutron Star Mergers

(3+1) decomposition of spacetime

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

A realistic numerical simulation of a twin star collapse, a merger of 
two compact stars or a collapse to a black hole needs to go beyond a 
static, spherically symmetric TOV-solution of the Einstein- and 
hydrodynamical equations.  



The ADM equations

Time evolving part of ADM

Constraints on each hypersurface

Extrinsic Curvature:Spatial and normal projections of the energy-momentum tensor:Three dimensional covariant derivative

Three dimensional Riemann tensor

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

The ADM (Arnowitt, Deser, Misner) equations come from a reformulation of the Einstein equation using the 
(3+1) decomposition of spacetime.



From ADM to BSSNOK

The 3+1 Valencia Formulation
of the Relativistic Hydrodynamic Equations

Unfortunately the ADM equations are only weakly hyperbolic (mixed derivatives in the three dimensional 
Ricci tensor) and therefore not ''well posed''.  It can be shown that by using a conformal traceless 
transformation, the ADM equations can be written in a hyperbolic form. This reformulation of the ADM 
equations is known as the BSSNOK (Baumgarte, Shapiro, Shibata, Nakamuro, Oohara, Kojima) 
formulation of the Einstein equation. Most of the numerical codes use this (or even better the CCZ4) 
formulation.

To guarantee that the numerical solution of the hydrodynamical equations 
(the conservation of rest mass and energy-momentum) converge to the right 
solution, they need to be reformulated into a conservative formulation. Most 
of the numerical “hydro codes” use here the 3+1 Valencia formulation.  



Finite difference methods

Discretisation of a hyperbolic 
initial value boundary problem.

High resolution shock capturing methods (HRSC methods) 
are needed, when Riemann problems of discontinuous 
properties and shocks needs to be evolved accurately.

All figures from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)



Gauge Conditions

On each spatial hypersurface, four additional degrees of freedom need to be specified: 

A slicing condition for the lapse function and a spatial shift condition for the shift vector 

need to be formulated to close the system. In an optimal gauge condition, singularities 

should be avoided and numerical calculations should be less time consuming.   

Bona-Massó family of  slicing conditions:

“1+log” slicing condition:

“Gamma-Driver” shift condition:





Simulations of Binary Neutron Star Mergers

Credits: Cosima Breu, David Radice

and Luciano Rezzolla

Density Temperature



EOSs
Several different EOSs : ALF2, APR4, 
GNH3, H4 and Sly, approximated by 
piecewise polytopes. Thermal ideal fluid 
component (Γ=2) added to the nuclear-
physics EOSs.

Additionally LS220-EOS used: Density and Temperature dependent EOS-table (Lattimer-Swesty)



Numerical Setup

BSSNOK conformal traceless formulation of the ADM equations. 
3+1 Valencia formulation and high resolution shock capturing 
methods for the hydrodynamic evolution. Full general relativity 
using the Einstein-Toolkit and the WHISKY/WhiskyTHC code for 
the general-relativistic hydrodynamic equations.

Grid Structure:

Adaptive mesh refinement (six ref. levels)

Grid resolution: (from  221 m  to  7.1 km)

Outer Boundary: 759 km

Initial separation of stellar cores: 45 km



HMNS Evolution for different EoSs
High mass simulations (M=1.35 Msolar)

.

Central value of the lapse 
function α

c
(upper panel) 

and maximum of the rest 
mass density ρ

max
in units 

of ρ
0

(lower panel) versus 
time for the high mass 
simulations.



Gravitational Waves

Gravitational-wave amplitude for the ALF2-M135 binary at a distance of 50 Mpc.



HMNS Evolution for different EoSs
Low mass simulations (M=1.32 Msolar)

.

Central value of the lapse 
function α

c
(upper panel) 

and maximum of the rest 
mass density ρ

max
in units 

of ρ
0

(lower panel) versus 
time for the low mass 
simulations.



Gravitational Waves

Gravitational-wave amplitude for the ALF2-M125 binary at a distance of 50 Mpc.



Evolution of the rest-mass density distribution

Rest mass density distribution ρ(x,y)

in the equatorial plane

in units of the nuclear matter density ρ
0

Gravitational wave amplitude

at a distance of 50 Mpc

ALF2, High mass model: Mixed phase region starts at 3ρ
0 

,initial NS mass: 1.35 Msolar



The Angular Velocity in the (3+1)-Split

The angular velocity Ω in the (3+1)-Split is a combination 
of the lapse function α , the φ-component of the shift 
vector βφ and the 3-velocity vφ of the fluid (spatial 
projection of the 4-velocity u):



Angular velocity 

Ω

The Angular Velocity in the (3+1)-Split

The angular velocity Ω in the (3+1)-Split is a combination of the lapse 
function α , the φ-component of the shift vector βφ and the 3-velocity 
vφ of the fluid (spatial projection of the 4-velocity u):

Φ-component of 

3-velocity vφ
Frame-dragging 

βφ
Lapse function 

α

Focus: Inner core of the differentially rotating HMNS

M. Shibata, K. Taniguchi, and K. Uryu, Phys. Rev. D 71, 084021 (2005)
M. Shibata and K. Taniguchi, Phys. Rev. D 73, 064027 (2006)
F. Galeazzi, S. Yoshida and Y. Eriguchi, A&A 541, p. A156 (2012)
W. Kastaun and F. Galeazzi, Phys. Rev. D 91, p. 064027 (2015)

(3+1)-decomposition

of spacetime:



ALF2-M135 

binary 



ALF2-M125 

binary 



The Structure of the Angular Velocity Ω



The Structure of Ω 



Logarithm of the density Temperature

.

Central value



Temperature Angular Velocity

.

Central value



The Co-Rotating Frame

Simulation and movie has been

produced by Luke Bovard



Possibility of Twin Stars
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Central value



.

Central value



.
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The Hadron-Quark Phase Transition

Image from http://inspirehep.net/record/823172/files/phd_qgp3D_quarkyonic2.png



Averaging Procedure for Ω

In order to compare the structure of the 
rotation profiles between the different 
EOSs, a certain time averaging procedure 
has been used:



Time-averaged Rotation Profiles

Time-averaged rotation profiles for different EoS

Low mass runs (solid curves), high mass runs (dashed curves).

( R* , Ω* )
Soft EoSs:

Sly

APR4

Stiff EoSs:

GNH3

H4



Dependence on Pi-Symmetry and Grid Resolution



Time dependence of the Rotation Profile

Averaged fluid angular 
velocity on the equatorial 
plane for the ALF2-M135 
binary as averaged at different 
times and with intervals of 
length t = 1 ms.



Ω*(t) [rad/s] and R*(t) for ALF2, M=1.35



Ω*(t) [rad/s] and R*(t) for ALF2, M=1.25



Dependence on the time averaging window
For all EOS the same time averaging window. From the left to right the data refer to 

time windows [6 ; 11]; [6 ; 13] and [6 ; 15] ms, respectively. 



Dependence on the time averaging window

Averaged angular-velocity profiles when the avering windows is set to be 7 ms for all EOSs 
and masses, but where the initial averaging time is varied and set to be 5 (red line), 6 (blue 
line), 7 (green line), and 8 ms (black line), respectively. The four lines refer to averaging 
windows given by [5; 12], [6; 13], [7; 14], and [8; 15] ms, respectively; note that the top part 
of each panel refers to the low-mass binary, while the bottom one to the high-mass one.



Angular Velocity away from the equatorial plane



Spectral Properties of GWs

Two characteristic GW frequency peaks (f1 and f2); 

the origin of f1 comes from t<3 ms. By measuring M, f1 and f2 one can set high constraints on the EoS.

“Spectral properties of the post-merger gravitational-wave signal from binary neutron stars”,
Kentaro Takami, Luciano Rezzolla, and Luca Baiotti, PHYSICAL REVIEW D 91, 064001 (2015)

Full spectral profile

(thin curve)

Spectral profile

( t >3 ms )

(thick curve)



GW-Spectrum for different EOSs

See:

Kentaro Takami, Luciano Rezzolla, and Luca 
Baiotti, Physical Review D 91, 064001 (2015)

Hotokezaka, K., Kiuchi, K., Kyutoku, K., 
Muranushi, T., Sekiguchi, Y. I., Shibata, M., & 
Taniguchi, K. (2013). Physical Review D, 
88(4), 044026.

Bauswein, A., & Janka, H. T. (2012).  Physical 
review letters, 108(1), 011101.

Clark, J. A., Bauswein, A., Stergioulas, N., & 
Shoemaker, D. (2015).  arXiv:1509.08522.

Bernuzzi, S., Dietrich, T., & Nagar, A. (2015).  
Physical review letters, 115(9), 091101.



Time Evolution of the GW-Spectrum

The power spectral density profile of the post-merger emission is characterized by several distinct 
frequencies fmax , f1 , f2 , f3 and f2−0 . After approximately 5 ms after merger, the only remaining dominant 

frequency is the f2-frequency (See L.Rezzolla and K.Takami, arXiv:1604.00246)

Evolution of the frequency spectrum of the emitted gravitational waves for the stiff GNH3 (left) and soft APR4 (right) EOS.

Stiff EOS Soft EOS



Gravitational Waves and the Maximum of the Rotation Profile



Universal Behavior of f1 and fmax

Mass-weighted frequencies at amplitude maximum f
max

shown as a function of the tidal deformability parameter κT
2
.

Values of the low-frequency peaks f
1

shown 

as a function of the tidal deformability parameter κT
2
.



Universal behavior of the f2-peak

Values of the high-frequency 

peaks f
2

Shown as a function of the 

tidal deformability 

parameter κT
2
.



Gravitational Waves Equation of State

L.Rezzolla and K.Takami, arXiv:1604.00246

K.Takami, L.Rezzolla, and L.Baiotti, Physical Review D 91, 064001 (also PRL 113, 091104)

The detection of GWs from merging neutron star binaries 

can be used to determine the high density regime of the EOS. 

With the knowledge of f
1
, f

2
and the total mass the system, 

the GW signal can set tight constraints on the EOS.



How to observe the QGP with gravitational waves from NS mergers?

The power spectral density profile of the post-

merger emission is characterized by several 

distinct frequencies f
max

, f
1 
, f

2 
, …, f

2-PT

Outlook

Maximum of the rest mass density ρ
max

in units of ρ
0

versus time for the high mass simulations.



Hybrid Star Properties

Mass-Density relation Energy-density profiles

Matthias Hanauske: "How to detect the QGP with telescopes", GSI Annual Report 2003, p.96

In contrast to the Gibbs construction, the star’s density profile within the Maxwell construction (see right figure) 
will have a huge density jump at the phase transition boundary. Twin star properties can be found more easily 

when using a Maxwell construction.



Twin Stars
Usually it is assumed that this loss of stability leads to the 
collapse into a black hole. However, realistic calculations 
open another possibility: the collapse into the twin star on 
the second sequence. 

I.N. Mishustin, M. Hanauske, A. Bhattacharyya, L.M. Satarov, H. Stöcker, and W. Greiner, 
“Catastrophic rearrangement of a compact star due to quark core formation”, Physics Letters B 552 (2003) p.1-8



The Twin Star Collapse
Conservation of total baryonic massDensity profiles of the two twins

I.N. Mishustin, M. Hanauske, A. Bhattacharyya, L.M. Satarov, H. Stöcker, and W. Greiner, 
“Catastrophic rearrangement of a compact star due to quark core formation”, Physics Letters B 552 (2003) p.1-8



Exotic Stars

But, unfortunately, twin stars can not be created solely by a Hadron-Quark phase transition. 
Extremely bound hyperon mater, or kaon condensation could also form a twin star behaviour.

J. Schaffner-Bielich, M. Hanauske, H. Stöcker, and W. Greiner, Phys. Rev. Lett. 89, 171101 (2002)



Possibility of Twin Stars in Hybrid Star Models

Master Thesis:

“From Neutron Stars to 

Hybrid Stars”

by Ms Zekiye Simay Yilmaz



Possibility of Twin Stars in Hybrid Star Models



Twin Stars within a Hybrid Model (Gibbs Construction)



Twin Stars within a Hybrid Model (Gibbs Construction)



Initial Configuration of the Neutron and Hybrid Stars



Initial Configuration of the Neutron and Hybrid Stars



The Twin Star Collapse



The Twin Star Collapse

Master Thesis:

“From Neutron Stars 

to Hybrid Stars”

by Ms Zekiye Simay

Yilmaz



The Twin Star Collapse (red)

Radial velocity Density

Green contour line: Nuclear Matter density
Red contour line: Beginning of PT
Cyan contour line: End of PT



The Twin Star Collapse (brown)

Radial velocity Density
Green contour line: Nuclear Matter density
Red contour line: Beginning of PT
Cyan contour line: End of PT



Pure Quark Stars including a Chiral Phase Transition



EOS fitted with Piecewise Polytropes

The phase transition to a 

chirally restored phase

EOSs for different values of the 

vacuum Pressure (Bag Constant B) 
Master Thesis:

Ms Christina 

Mitropoulos



Mass-Radius Relation of TOV Stars



Possibility of Twin Stars in a certain Range of Bag Constant



Twin Star 
Collapse

Master Thesis:

“Quark Stars and the chiral 

Phase Transition”

by Ms Christina Mitropoulos



The deconfiened Quark Matter 
will be Macroscopically Confient by the Event Horizon



The different Phases during the Postmergerphase of the HMNS



Merengue

Disco-
Fox

Tango

Wiener 
Walzer

(noch Solo)



The Ballroom Dance 
of a Binary Neutron Star Merger
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