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Contents of the whole Lecture

• Chapter 1

• General Relativity of Black Holes and Compact Stars 

• Elementary Particle Physics and the Interior of a Compact Star

• Chapter 2

• Numerical Relativity and Relativistic Hydrodynamics

• The Einstein Toolkit

• Chapter 3

• Binary Mergers of Compact Stars

• Gravitational Waves and Internal Properties of Hypermassive 
Neutron Stars



General Things

• Transparencies and additional Information:

• http://th.physik.uni-frankfurt.de/~hanauske/VARTC/ssnr2017/

• http://th.physik.uni-frankfurt.de/~hanauske/VARTC/ (in German)

• Software and Computer-Codes:

• Maple

• C++, MPI and OpenMP

• Einstein Toolkit

• Python

http://th.physik.uni-frankfurt.de/~hanauske/VARTC/ssnr/
http://th.physik.uni-frankfurt.de/~hanauske/VARTC/


www.fias.uni-frankfurt/~hanauske/VARTC/ssnr2017



Chapter I
Practical part of Chapter I

• Learn how to use Maple to solve several (not to complicated) problems in GR

• Learn the basics of parallel programming in C/C++ MPI-OpenMP

Non-Rotating Black Holes
Event horizon, photon-sphere, test particle falls into a 

black hole, geodesic motion of a massive test particle (or 

a massless photon) around a black hole, ISCO, …

Properties of Neutron Stars
Density profile inside a neutron star, mass-radius 

relation, spacetime curvature inside and outside the 

neutron star, ...

Rotating Black Holes
Horizons, ergosphere, the frame-dragging effect, 

ISCO’s, ...



Geodesic motion around a black hole

The ISCO and the photon sphere



Rotating Black Holes (Kerr black holes) 



Frame dragging and gravitomagnetism



Chapter II
Practical part of Chapter II

• How to download and build (compile) the Einstein Toolkit

• How to run a test simulation (static_tov.par)

• Run and visualize (Mathematica or Python) one of the following problems

• Migration of an unstable neutron star to a stable configuration

• Collapse of an unstable neutron star to a black hole

• Collapse of a neutron star to a quark star (twin star collapse)



Credits: Cosima Breu, David Radice

and Luciano Rezzolla

Density Temperature

Chapter III
Gravitational Waves from colliding Compact Star Binaries in the context of Strange/Exotic Matter



Gravitational Waves detected!!!

Credit: Les Wade from Kenyon College.

Collision of two Black Holes 

GW150914

Masses: 36 & 29 Sun masses

Distance to the earth 410 Mpc
(1.34 Billion Light Years)

Längen – Differenz < 𝟏𝟎−𝟏𝟖 m



Gravitational Waves from Neutron Star Mergers

Neutron Star Collision (Simulation) Collision of two Black Holes



Chapter III
Gravitational Waves from colliding Compact Star Binaries 

in the context of Strange/Exotic Matter



Chapter III
Gravitational Waves from 

colliding Compact Star Binaries 
in the context of 

Strange/Exotic Matter



Chapter III
Gravitational Waves from colliding Compact Star Binaries 

in the context of Strange/Exotic Matter



The Theory of General Relativity

A little more than 100 years ago (1915), Albert Einstein 
presented his new theory of gravity „General 
Relativity“ (GR) to the public.

GR was a very revolutionary theory. The Einstein equation says that all forms of energy and
momentum bends the structure of spacetime and this curvature of spacetime is the
underlying reason of the gravitational force. -> Curvature of spacetime = Energy



The First Experimental Validation of GR
The Solar Eclipse in the Year 1919

Unfortunately, not many physicists believed in Einsteins Theory. This changed
abruptly after the solar eclipse in the year 1919:



Gravitational Lensing



The Einstein-Ring

LRG 3-757: Observed with the Hubble Telescope in the year 2007



Other Einstein-Rings



The Schwarzschild Solution

1915 Einsteins Gravitation: 
Gravity is curvature of spacetime

1916 Karl Schwarzschild:
… was born in Frankfurt in the year 1873. First 
analytic solution of the Einstein equation – only
three months after Einsteins article! Metric of
spacetime outside a spherically symmetric body
(metric of a non-rotating black hole without
charge). 
Unfortunately, Schwarzschild died only one
month later as a soldier in the first world war.



What are Black Holes?

Buco Nero
Threshold of the curvature: Stabil objects (e.g. neutron stars) are no longer possible

We have overcome a 
barrier and created a 
black hole!



Spacetime Diagram of a Black Hole in Schwarzschild Coordinates
(Viewpoint from an observer which is at infinity at rest)

Spacetime structure is flat

Curvature of the structure of spacetime around a black hole

Event 

Horizon



Spacetime Diagram of a Black Hole 
in infalling Eddington-Finkelstein coordinates

(Viewpoint from an observer which falls with the speed of light into the black hole)



How does a black hole look like?



The huge black hole in the center of our galaxy



The huge black hole in the center of our galaxy



Cloud of dust falls into the black hole



We will soon see the first picture of the black hole!

EU-Project BlackHoleCam
L.Rezzolla, H.Falke und M.Kramer

Black hole cam is a European funded project, which is a partner 
in the Event Horizon Telescope and not a separate network! 



Python-Animation from
Dr. Christian Fromm

International collaboration project of Very Long Baseline Interferometry (VLBI) 
at mm (sub-mm) wavelength  

Create a virtual radio telescope 
the size of the earth, using the 
shortest wavelength 



M87 Sgr A*

Mass (Msun) 3-6 x 109 (?) 4 x 106

Distance 16 Mpc 8.5 kpc

Luminosity 1044 erg/s 1036 erg/s

Mdot (Medd) 10-4 10-8

BH Spin Axis Gal disk? 10-25 deg los

@ the BH? Maybe Yes

B field @ BH 60-130 G 10-100 G

Scattered? No yes

Shadow Size 640 AU 0.5 AU

Shadow Angle 20-40 mas 52 mas

GM/c3 8 hrs 20 sec

Jet Power 1042-1043 erg/s ?

Bilder von zwei schwarzen Löchern werden erwartet



The simulated picture of the black hole

Simulations
from

Dr. Ziri Younsi



Properties of Neutron Stars

radius ~ 10 km, mass ~  1-2 Sun masses, large magnetic fields ~ 1011 Tesla, 

high rotation (up to 716 Hz)

NASA/Goddard Space Flight Center



Pulsars are Rotating Neutron Stars 

Currently we know about 2500 Neutron Stars 



Millisecond and Second Pulsars

PSR B1937+21 (1.56 ms)

PSR B0329+54 (0.715 s)
PSR B0531+21 (33.5 ms)

Crab Pulsar



Binary Neutron Star Systems

The Double Pulsar (PSR J0737-3039A/B): 

Observed in 2003

Eccentricity: 0.088

Pulsar A:  P=23 ms, M=1.3381(7)

Pulsar B: P=2.7 s, M=1.2489(7)

Only separated 800,000 km from each other

Orbital period: 147 Minuten

Pulsar A is eclipsed by Pulsar B 

(30 s for each orbit)

Distance shrinks 

due to Gravitational Wave emission

→ They will collide in 85 Million Years!

McGill NCS Multimedia Services Animation by Daniel Cantin, DarwinDimensions)

Kramer, Wex, Class. Quantum Grav. 2009



Observed Masses in Binary Neutron Star Systems

PSR J1906+0746

144-ms Pulsar, observed in 2004  

Orbital Period: 3.98 hours, 

Eccentricity: 0.085

Pulsar Mass: 1.291(11)

Mass Companion: 1.322(1)

Observed between 1998-2009, 

after 2009, the pulsar disappeared 

because of spin precession

Van Leeuwen et al, arXiv:1411.1518

Some of the known Neutron Stars (NS) are in binary systems:

NS-Planet, NS-(white dwarf) or NS-NS binary



Picture from J. Antoniadis et.al. Science 2013

PSR J0348+0432

Orbital Period: 2.46 hours

Pulsar mass: 2.01+-0.04

Mass of the white dwarf:

M=0.172+-0.003

A Two Solarmass Neutron Star 



Die Einstein Gleichung

Mass, Energy and Momentum of the System

Equation of State of elementary matter

( density, temperature )

Spacetime curvature

Properties of the 

Spacetime metric

100 years ago, Albert Einstein presented the main equation of General Relativity: The Einstein-Equation



From the Einstein Equation to the TOV equation

p..



The Energie-Momentum Tensor



The Tolman-Oppenheimer-Volkoff Equation

p..



Neutron Stars 
(Simplest model: Nonrotating, spherical symmetric, static, ideal fluid)

Tolman-Oppenheimer-Volkoff Equation
Space-Time Metric 



The Einstein Equation

EOS:  P (ρ , T )



Elementary Matter

If the denities or temperatures are very high, additional Hyperonic Particles can occure



Hadronic Particles
(Barions and Mesons)



Neutron Stars (NS)

Relativistic Mean-Field Hadronic Models



Composition of Neutron Star Matter

Particle composition vs baryonic density

M. Hanauske, D. Zschiesche, S. Pal, S. Schramm, 
H. Stöcker, and W. Greiner, Astrophys. J. 537, 958 (2000)

Neutron star matter conditions:                     
Charge Neutrality                                  
β-equilibrium                                   
Strangeness production



Nuklear and Neutron Star Matter



Neutron Star Properties
Left: The neutron star radius as a function of its 

mass. A low, middle and high density star is shown. 
Additionally the onset of hyperonic particles is 

visualized.

Middle: Energy density profiles of three neutron stars with 
different central densities and masses. The low density 

stars do not contain any hyperons, whereas the other two 
stars do have hyperons in their inner core.

Right: Time-time component of the metric tensor as a function of 
the radial coordinate. The solid line corresponds to the inner 

TOV-solution, whereas the doted curve depicts the outer 
Schwarzschild part.

Wrong EOS



The Hadron-Quark Phase Transition

Image from http://inspirehep.net/record/823172/files/phd_qgp3D_quarkyonic2.png



The QCD – Phase Transition and the Interior of a Hybrid Star

Center of the StarSurface of the Star

See: Stable hybrid stars within a SU(3) Quark-Meson-Model,

A.Zacchi, M.Hanauske, J.Schaffner-Bielich, PRD 93, 065011 (2016)



Hybrid Stars

Hadronic Model + Quark Model (eg. NJL model or MIT-Bag model)

MIT-Bag modelLagrangian density of the NJL model



The Gibbs Construction

Hadronic and quark surface: Charge neutrality condition is only globally realized

The pressure in the mixed phase depends on two independent chemical potentials



The Gibbs Construction
Particle composition:Hadronic and quark surface:



The Gibbs Construction
Particle composition:Hadronic and quark surface:

M. Hanauske, Dissertation, "Properties of Compact Stars within QCD-motivated Models"



The Gibbs Construction
Particle composition:Hadronic and quark surface:

M. Hanauske, Dissertation, "Properties of Compact Stars within QCD-motivated Models"



The Maxwell Construction

Image from M.G. Alford, S. Han, and M. Prakash, Phys. Rev. D 88, 083013 (2013)

Pressure and baryon chemical potential stays constant, 
while the density and the charge chemical potential jump 

discontinuously during the phase transition.

If the surface tension between the hadron and quark phase is relatively large, the mixed phase could 
completely disappear, so that a sharp boundary between the two phase exists. The Hadron-quark phase 

transition is then described using a Maxwell construction.



Hybrid Star Properties

Mass-Density relation Energy-density profiles

Matthias Hanauske: "How to detect the QGP with telescopes", GSI Annual Report 2003, p.96

In contrast to the Gibbs construction, the star’s density profile within the Maxwell construction (see right figure) 
will have a huge density jump at the phase transition boundary. Twin star properties can be found more easily 

when using a Maxwell construction.



Twin Stars
Usually it is assumed that this loss of stability leads to the 
collapse into a black hole. However, realistic calculations 
open another possibility: the collapse into the twin star on 
the second sequence. 

I.N. Mishustin, M. Hanauske, A. Bhattacharyya, L.M. Satarov, H. Stöcker, and W. Greiner, 
“Catastrophic rearrangement of a compact star due to quark core formation”, Physics Letters B 552 (2003) p.1-8



The Twin Star Collapse
Conservation of total baryonic massDensity profiles of the two twins

I.N. Mishustin, M. Hanauske, A. Bhattacharyya, L.M. Satarov, H. Stöcker, and W. Greiner, 
“Catastrophic rearrangement of a compact star due to quark core formation”, Physics Letters B 552 (2003) p.1-8



Neutron Stars, Hybrid Stars, Quark Stars and Black Holes

At which density the phase transition to the Quark-Gluon-Plasma appears and a detailed analysis of the 
properties of this transition is still somewhat uncertain. The theoretical modelling is often still based on effective 

theories of the QCD interaction and therefore different species of compact stars are possible..



Neutron Star                          Black Hole

p..



A good Illustration of the Properties of a Black Hole

The funnel looks exactly like 
the diagrams used to illustrate 
the curvature of a black hole



Black Holes and the German Reichstag



Black Holes and the German Reichstag


