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Compact object zoo
● End products of stellar evolution (compact stars)

– White dwarfs (~rEarth, ~M☉) remnants of stellar 
collapse (<8M☉)

– Neutron stars (rNS~10km , ≲2.17 M☉ ≡MTOV, 
ρc≧ρ0); produced by supernovae (8M☉  to 
~25M☉), upheld by neutron degeneracy pressure

– Stellar black holes, equilibrium of degeneracy 
pressure against gravity breaks down, escape 
velocity reaches c; created by stars ≧25M☉

● Other compact objects

– Intermediate and supermassive black holes

– Exotic stars (Quark stars, Boson stars, etc.)
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Solving General Relativity
● GR solutions depend on the considered system

– with enough symmetries → analytical solutions

– with small parameters → pertubative solutions

– If no symmetries, strong fields and dynamic 
system → solutions by numerical relativity

– Evolution of the system → relativistic 
hydrodynamics

● Equation of state determines solutions: P(ρ) 

● Exact EOS for dense matter is not known → different 
models in use

● Mass radius relation, causality and (future) 
observations constraint EOS



Numerical Relativity and Relativistic Hydrodynamics 
of Binary Neutron Star Mergers

(3+1) decomposition of spacetime

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

A realistic numerical simulation of a twin star collapse, a merger of two 
compact stars or a collapse to a black hole needs to go beyond a static, 
spherically symmetric TOV-solution of the Einstein- and hydrodynamical 
equations.  
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Numerical relativity 1/4
● Evolve spacetime: 3+1 split → back to space+time

● Define spacelike hyper surfaces Σt with:

– Normal one form Ωμ = ∇μtand…

– Unit normals: nμ = - α Ωμ (future pointing)

● Spatial tensor contractions vanish:  vμ nμ = 0

● Differential geometry in Σt (metric, derivative ...):

– Metric: ɣρσ= gαβɣ
α
σɣ

β
ρ = gαβ + nαnβ

– Derivative: Dαf = ɣα
β ∇βf and Dαv

β =ɣα
σɣβ

ρ∇σv
ρ

– Spatial Riemann tensor: (3)Rρ
σαβvρ=2D[βDα]vρ 
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Numerical relativity 2/4
● Embed Σt  in the manifold with extrinsic curvature:

Kσρ = ɣα
σɣ

β
ρ∇(αnβ)= -1/2ℒnɣσρ

● Relate 4D and 3D curvature: Gauss, Cadazzi and Ricci 
equations (plenty calculations!)

● Adopt coordinates xα = [t, xi] and time vector tσ = α nσ+βσ

● Decompose Einstein to 3+1 equations  (Sσρ=ɣα
σɣ

β
ρTαβ):

– nn: (3)R+K2-KijK
ij = 16πρ (ρ=Tαβn

αnβ) Hamiltonian 
constraint (H)

– nɣ: Dj(K
ij-ɣijK) = 8πSi      Momentum 

constraint (M)

– ɣɣ: �tKij = α((3)Rij-2KikK
k
j+KKij - DiDjα – 8πα(Sij-1/2ɣij(S-

ρ))

+ βk�kKij + Kik�jβ
k + Kkj�iβ

k

– Definition of Kij:�t ɣij= -2αKij + Diβj + Djβi i,j=1,2,3
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Numerical relativity 3/4
● Coordinate freedom by α, β:

– ds² = -α dt² + ɣij (dxi + βidt) (dxj + βjdt)

● So far so good... but...

– Solve constraints for ɣij, Kij (H) and (M) are of no 
known math type

– Choose gauge α, β Singularities have to 
be avoided, have to be 
chosen before solution

– Evolve �t ɣij, �t Kij Not well posed equations! 
Numerics will fail.

● Solution: conformal transformation: ɣij(x
i)=ɸ⁴(xi)ɣ~

ij(x
i)

– ɸ(xi) > 0; induces conformal geometry 
(R~,D~

i, ...)
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Numerical relativity 4/4: conclusion
● Further steps:

– Conformal trafo yields elliptic equation for (H’)

– Transverse (divergence free), traceless 
decomposition of Kij=Aij+1/3ɣijK yields elliptic 
operator for Aij=ɸ⁻10Ãij

– Trafo of equations yields 4 coupled, elliptic 2nd 
order PDEs, can be solved numerically!

– Solvable with boundary conditions (problematic 
for BH with spin >0.9)

● Evolution of initial data: e.g. BSSNOK equations

– ∂tɣ*ij=…; ∂tÃij=…; ∂tɸ= …; ∂tK=…; ∂tΓΓi = ...
(see [1])

● Alternative formulations: CCZ4, generalized 
harmonic formulation



The ADM equations

Time evolving part of ADM

Constraints on each hypersurface

Extrinsic Curvature:

Spatial and normal projections of the energy-momentum tensor:Three dimensional covariant derivative

Three dimensional Riemann tensor

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

The ADM (Arnowitt, Deser, Misner) equations come from a reformulation of the Einstein 
equation using the (3+1) decomposition of spacetime.



From ADM to BSSNOK

The 3+1 Valencia Formulation 
of the Relativistic Hydrodynamic 

Equations

Unfortunately the ADM equations are only weakly hyperbolic (mixed derivatives in the 
three dimensional Ricci tensor) and therefore not ''well posed''.  It can be shown that 
by using a conformal traceless transformation, the ADM equations can be written in a 
hyperbolic form. This reformulation of the ADM equations is known as the BSSNOK 
(Baumgarte, Shapiro, Shibata, Nakamuro, Oohara, Kojima) formulation of the Einstein 
equation. Most of the numerical codes use this (or even better the CCZ4) formulation.

To guarantee that the numerical solution of the hydrodynamical 
equations (the conservation of rest mass and energy-
momentum) converge to the right solution, they need to be 
reformulated into a conservative formulation. Most of the 
numerical “hydro codes” use the 3+1 Valencia formulation.  



Finite difference methods

Discretisation of a hyperbolic 
initial value boundary problem.

All figures from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

High resolution shock capturing methods 
(HRSC methods are needed, when Riemann 
problems of discontinuous properties and 
shocks needs to be evolved accurately.)



Gauge Conditions

On each spatial hypersurface, four additional degrees of freedom need to be specified: 
A slicing condition for the lapse function and a spatial shift condition for the shift vector 
need to be formulated to close the system. In an optimal gauge condition, singularities 

should be avoided and numerical calculations should be less time consuming.   

Bona-Massó family of  slicing conditions:

 “1+log” slicing condition:

“Gamma-Driver” shift condition:
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Twin stars
● Solutions for NS with two equilibria

 

Image Credit: Glendenning 1998



Teil III
Inhalte des Teil III:
• How to download and build (compile) the Einstein Toolkit
• How to run a test simulation (static_tov.par)
• Run and visualize (Mathematica or Python) one of the following problems

• Migration of an unstable neutron star to a stable configuration
• Collapse of an unstable neutron star to a black hole
• Collapse of a neutron star to a quark star (twin star collapse)







Das Einstein Toolkit



Das Einstein Toolkit: Download



ET-Download auf dem Fuchs-Cluster



Das Einstein Toolkit: Setup mit 
SimFactory



Das Einstein Toolkit: Kompilierung



Das Einstein Toolkit: Weitere 
Informationen

https://www.youtube.com/watch?v=EO4d32ch6OI
https://www.youtube.com/watch?v=p5bq2iUO3DE
https://www.youtube.com/watch?v=MNpyd_o0MT4
https://www.youtube.com/watch?v=Qg6PwRI2uS8
https://www.youtube.com/watch?v=ZW3aV7U-aik
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Equation of State examples
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FSU2H Twin star oscillations
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