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Exercise 1: variational method (basic principles) (6 Points)

We consider a generic Hamiltonian H, with eigenvalues En and (normalized) eigenstates |φn〉,
labelled by the integer index n such that E0 < E1 < E2 < ... (i.e., no degeneracy is present).
Within a variational approach, one tries to approximate the ground state of H by a certain trial
wave function, denoted by |Ψvar〉. The variational principle states that the variational energy,
i.e. the expectation value of H over the state |Ψvar〉, is always larger than (or equal to) the exact
ground state energy, i.e.

Evar =
〈Ψvar|H|Ψvar〉
〈Ψvar|Ψvar〉

≥ E0 (1)

(i) Prove the variational principle. (3 Points)
Hint: expand |Ψvar〉 over the eigenstates of H (and normalize it).

(ii) The variational principle implies that the energy of any trial wave function |Ψvar〉 will be
an upper bound of the exact energy. Thus, in actual variational calculations, one tries
to devise a clever variational state |Ψvar〉 and tune its parameters to minimize Evar, in
order to find the best approximation for the ground state energy. Assuming that |Ψvar〉 is
normalized, we can quantify the distance between |Ψvar〉 and the exact ground state |φ0〉
by the quantity

δ = 1− |〈φ0|Ψvar〉|2 ≥ 0

The distance δ vanishes only when |Ψvar〉 is equal to the exact ground state.

Therefore, it is clear that small values of δ indicate that the trial wave function is close to
the exact ground state. Show that

δ <
Evar − E0

E1 − E0

This useful equation shows that, in order to have a good approximation of the ground state
wave function (i.e. δ � 1), it is sufficient that the variational error on the ground state
energy is smaller than the gap to the first excited state, (E1 − E0). (3 Points)
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Exercise 2: variational method (application) (7 Points)

Consider a non-relativistic particle with massm in one dimension (x ∈ [−∞,∞]), subjected
to a potential

V (x) = −a exp(−αx2)

with a, α ∈ R and a, α > 0. Using the variational method with the trial wave function

|Ψvar〉 = b exp(−βx2),

with b, β ∈ R and β > 0, show that there exists (at least) one bound state in the exact
spectrum of the Hamiltonian.
Hints: sketch the behaviour of the variational energy as a function of β. Throughout the
exercise, you may want to use the result for the Gaussian integral∫ ∞

−∞
e−A(x+B)2dx =

√
π

A
(A > 0)

Bonus question (1 extra point): assuming that |Ψvar〉 is a good approximation of the
exact ground state, can you think of another trial wave function which could be used to
target an excited state of the Hamiltonian?

Exercise 3: benzene (C6H6) (7 Points)

Figure 1: Benzene molecule with the p-orbitals of C atoms involved in the tight-binding model.

Benzene is an organic molecule containing six carbon atoms and six hydrogen atoms, arranged in
an hexagonal shape. We want to consider a minimal tight-binding model for benzene, involving
only the 2p-orbitals of the carbon atoms which are perpendicular to the plane of the molecule
(see Fig. 1)1. For simplicity, we can ignore the spin degree of freedom, which does not play a
relevant role for this exercise. We can write the Hamiltonian of benzene as

H = −t
5∑

n=0

(c†nc(n+1)mod6 + c†(n+1)mod6cn),

where c†n and cn respectively create and destroy an electron in the p-orbital of the nth carbon in
the hexagonal ring, and t is a constant. The six carbon atoms are labelled by n ∈ [0, 1, 2, 3, 4, 5].
Note: we assume that the usual anticommutation relations for fermions hold, i.e. {cn, c†m} = δn,m.

(i) What physical processes are described by the terms forming the Hamiltonian? (1 Point)
1the other 2p-orbitals and the 2s-orbital of each carbon atom form planar sp2 orbitals.
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(ii) To find the eigenvalues of the Hamiltonian, we can perform a basis change, introducing the
new fermionic operators dk and d†k for the molecular orbitals of benzene, such that

cn =
1√
6

∑
k

ei
2π
6
kndk

dk =
1√
6

∑
n

e−i
2π
6
kncn

with k ∈ [0, 1, 2, 3, 4, 5]. Use the transformation to rewrite the Hamiltonian in the diagonal
form

H =
∑
k

Ekd
†
kdk,

where Ek are eigenenergies of benzene. (2 Points)

(iii) How are the energy levels of the molecule? What value of k gives the lowest-energy orbital?
How does the associated molecular orbital look like in real space? (2 Points)

(iv) So far we have ignored the spin degree of freedom for simplicity. In reality, all the molecular
levels that you have found can be filled by two electrons, one with spin ↑ and one with spin
↓. In other words, the Hamiltonian is

H =
∑
k

∑
σ=↑,↓

Ekd
†
k,σdk,σ.

Note: the energies Ek do not depend on the spin and are the ones that you found in the
previous point. Knowing that the system contains 6 electrons and that t ≈ 2 eV, give an
estimate of the absorption spectrum of benzene. Is it a coloured substance? (2 Points)
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