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Exercise 1: sequence in Hilbert space

We consider an infinite Hilbert space H. Given a certain (normalized) quantum state |ψ〉 ∈ H,
and an orthonormal basis {|n〉}n∈N ∈ H, show that the sequence

|ψN 〉 =

N∑
n=0

〈n|ψ〉|n〉 (1)

converges in norm to |ψ〉 when N →∞, i.e. ‖ψ − ψN‖
N→∞−−−−→ 0.

Exercise 2: change of basis

Consider the operator U =
∑

n |ψ′n〉 〈ψn| which performs the transformation from the orthonor-
mal basis {|ψn〉}n∈N to the orthonormal basis {|ψ′n〉}n∈N.

(i) Show that U is unitary.

(ii) Explicitly show that the trace of a generic operator is invariant under the basis transfor-
mation, i.e. Tr(A′) = Tr(A).

(iii) Assuming that A|ψ〉 = a|ψ〉, show that A′|ψ′〉 = a|ψ′〉.

Exercise 3: spectral representation

Consider the Hermitian operator

A =

 1 2i 0
−2i 1 0

0 0 2

 . (2)

Explicitly write down its spectral representation, A =
∑

j ajPj , where aj are the eigenvalues of
A and Pj the corresponding projectors.
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Exercise 4: density matrix, mixed and pure states

We consider the following orthonormal basis for the Hilbert space of a spin-1 particle:

|−〉 =

1
0
0

 |0〉 =

0
1
0

 |+〉 =

0
0
1

 (3)

(i) Write the density matrix of the pure quantum state |Ψ〉 = 1√
2
|0〉+ 1

2 |−〉+ 1
2 |+〉.

(ii) Write the density matrix of a mixed state in which the probabilities of the three states are
w− = 1

4 , w0 = 1
2 , w+ = 1

4 .

(iii) Using the density matrices of the previous two points, compute the expectation value of
the operator

Sz =

−1 0 0
0 0 0
0 0 1

 (4)

(iv) Using the density matrices of the previous two points, compute the expectation value of
the operator

Sx =
1√
2

0 1 0
1 0 1
0 1 0

 (5)

(v) One way to measure the level of “mixedness” of a state is computing the von Neumann
entropy S = −Tr[ρ ln(ρ)] (where ln is the natural logarithm and ρ the density matrix of
the state). Compute the von Neumann entropy for the pure and mixed states of points (i)
and (ii). Can you write down the density matrix for the maximally mixed state, namely
the mixed state that gives the largest possible entropy for the Hilbert space of the problem
(S = ln(3) in our case)?
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