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Summation, Recursion and Stablilty
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problem setting

e evaluation of

1 n
xZr
= ——— dx
n /0 —

e by decomposition and summation
e by recursion and inverse recursion

e for various n and a > 1
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decomposition into a series

1 _n
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e term decomposition
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e polynomial devision
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e integration of partial terms
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e summing up and down yields different results for n > 2

e substraction of very large terms leads to large relative errors

°q

careful when subtracting large terms
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relative errors

e numbers/measurements a,, bg
with small relative errors «,

a, =a(l+a) bs =b(1+£0) a,b,a, >0 o, K0

e substracting two large numbers a,b > 0

aa—bﬁz(a—b) + (aa—l—bIB):(a_b)(l 4 aa—l—bﬂ)

ja — b

e may lead to very large relative errors

aa—+bp
@ — |

efor a =~ b
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Yn —

0

1 "

T+ a

dx

e recursion relation

straightforward recursion

Yn

e recursion is unstable
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.4783887813187210
.8394433687427600
.3418021084802000
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stability analyis of recursion formula

Yn = —QAYp—1 + —
n
small perturbation
consider time evolution of two closed-by trajetories: y,, 9,
€h = —QA€p1

e unstable (exponentially) for | —a| > 1

e Lyapunov exponent A > 0

e = | —al

e error growth exponentially with number n of iterations
(butterfly effect)

€Eh — € €
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dynamical system theory
dynamical systems with positive (negative) Lyapunov exponents
are denoted chaotic (regular)
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forward vs backward recursion

Yn —

eerror ¢, <1

e stable for

e starting with
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Yso = 0
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.0131376582682119 0.0131376581933773
.0114805601750236 0.0114805609233700
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.0083287138652537
.0076219522565537
.0071138107677960
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e all four methods for evaluating y, = fol

summation/recursion code

wn
T+a dw

e examine the dependence of the results on the value of a

e what happens for a €]0,1] ?

=
(=]

11.
12.
13.
14.
15.
16.

© 00 N o Ui Ao W N =

import java.lang.Math; // standard import, always useful
/** Summing up terms may lead to cancellation issues.

* y n=\int 0”1 x~n/(x+a)dx

*/
public class InteMultiMethods {

public static void main(String[] args) {
int maxN = 21;
double a = 10.0;
System.out.printf("\na = %6.1f\n\n",a);

// kkk  kokokkkokokkkkkkkkkkkk kkk

// *** summation of terms ***

// kKK kkkskskskskskskkkkkkkkkk kkk
for (int n=0; n<maxN; n+=2)

{
double resultSumUp = performSumUp(n,a);
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17. double
18. System
19.

20. }

resultSumDown = performSumDown(n,a);
.out.printf("n, y_n (up/down): %3d %22.16f %22.16f\n",

n, resultSumUp, resultSumDown) ;

21. System.out.println(" ");

22. // Skokdk  ckokckokckokskokskokkokskkkkkk kkk

23. // *** recursion relation ***

24. // kkk  kkokokdkkkokkkkkkkkkkk kkk

25. System.out.printf("%3s %22s %22s\n","n",

26.

27. for (int
28. {

29. double
30. double
31. System
32.

33. }

"forward recursion","backward recursion");

n=0; n<maxN; n+=2)

resultForward = forwardRecursion(n,a);
resultBackward = backwardRecursion(n,a);
out.printf("%3d %22.16f %22.16f\n",

n,resultForward, resultBackward) ;

34. } // end of InteMultiMethods.main

35.

36. /** Straight summing up of integrated terms.

37. */

38. public static double performSumUp(int N, double a) {

39. double result = Math.pow(-a,1.0*N)*Math.log((1+a)/a);

40. for (int
41. result

i=0; i<N; i++)

+= Math.pow(-a,1.0%i)/(N-1i);

42, return result;
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43, } // end of summationUP

45. /** Straight summing down of integrated terms.

46. */

47. public static double performSumDown(int N, double a) {
48. double result = Math.pow(-a,1l.0*N)*Math.log((1l+a)/a);
49. for (int i=N-1; i>=0; i--)

50. result += Math.pow(-a,1.0*i)/(N-i);
51. return result;

52. } // end of summationDown

53.

54. /** Solving the forward recursion.
55. */
56. public static double forwardRecursion(int N, double a) {

57. double result = Math.log((1+a)/a);

58. for (int i=1; i<=N; i++)
59. result = -a*result + 1.0/1i;
60. return result;

61. } // end of forwardRecursion

63. /** Solving the backward recursion.

64. */

65. public static double backwardRecursion(int N, double a) {
66. int startN = 50;

67. double result = 0.0;

68. for (int i=startN; i>N; i--)
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69. result = (1.0/i-result)/a;

70. return result;

71. } // end of forwardRecursion

72,

73. } // end of class InteMultiMethods
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