Complex and Adaptive SoSe 26 — 06.07.2026

Dynamical Systems C. Gros, D. Nevermann

Exercise Sheet #9

Problem 1 (Computing neural tangent kernels)

Consider a single hidden layer network with scalar in- and output,
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where both the output weights v; and the input weights w; are adaptable.

(a) Compute the neural tangent kernel O(z,2") = Vy f(z) - Vo f(2') for gen-
eral N and general differentiable transfer function o(2).

(b) Specialize to a linear network, o(z) = z, and N =1, i.e. f(z) =vwz.
Give the explicit tangent kernel and evaluate it for v = w = 1.

(c) A single training pair (x!, F) = (1,2) is learned via gradient flow, 9 =
n(VefH)(F — f1), starting from v(0) = w(0) = 1. Assuming the lazy
regime, in which the tangent kernel keeps its initial value, solve for
fU(t) = f(z';9(t)) explicitly.

Problem 2 (Attention! A problem about attention)

In causal dot-product attention, every token ¢ of a context of Np tokens
generates query, key and value vectors, Q;, K;, V; € RP. The output of the
attention layer is

1
—Beys; B —Be;; .
Yzzg Oéij."j, Oéijzieﬁj, ZZ_E eﬁj, ez-j—Q,ij,
j<i ! j<i

where the causality condition 7 < 7 restricts attention to the past, and [ is
an effective inverse temperature, cf. (10.61) in the lecture.

(a) Count the number of overlaps e;; that need to be evaluated for the full
context and verify the claim from the lecture notes that the computa-
tional effort of attention scales as O(NZ D).

Consider now a minimal concrete example, a context of just Ny = 2 tokens
with two-dimensional activities
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for which query, key and value matrices are all given by the identity, such

(b) Compute all causally allowed overlaps e;;, j < 1.

(¢) For g =1, compute the attention weights as; and ags, together with the
output ys of the second token.
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