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Problem 1 (First Passage Time and Diffusion) 10 Pts

Let’s say we have a particle with Brownian motion moving in one dimension on
a horizontal bar that stretches between x = −a and x = a. If the particle exceeds
these boundaries, it falls off the bar. We would like to know the probability dis-
tribution for the time this happens. In other words, we want to find the “first
passage time” for passing either of the two boundaries −a and a. The probability
distribution for the particle is described by the diffusion equation

∂ p(x, t)
∂ t

= D
∂ 2 p(x, t)

∂x2 . (1)

Since the two boundaries are “absorbing”, p(|x| ≥ a, t) = 0 for all t. The particle
starts at x(0) = 0, that is, p(x,0) = δ (x).

1. Show that the solution for p(x, t) is
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by using the fundamental solution of the diffusion equation and imposing
the constraints p(a, t) = 0 and p(−a, t) = 0.

2. If
∫ a
−a p(x, t)dx is the probability distribution of being somewhere within

the boundaries, derive an expression for the probability of falling out of
these boundaries within a small time interval [t, t +∆t]. If this probability
is written as f (t)∆t, then f (t) is the first-passage time density that we are
looking for.

3. Calculate the average time that the particle stays within the boundaries as a
function of D and a.

4. (Optional) Try the same procedure with the case where the allowed region
is x ∈ [−∞,a) and the particle starts at zero. I.e., analyze the case where the
particle can only fall over one edge at x = a, coming from the left.
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Problem 2 (Bayesian Inference) 10 Pts

We are observing a drunk person who has difficulties walking only in one direc-
tion. Looking at him, in the beginning we believed that the probability of a step
forward (p) equals that of a step backwards (1− p). However, looking at him
again, we see that after an initial step back, he has walked straight forward for
the last 4 steps (that is, you have the evidence D = {∆x0 = −1,∆x1 = 1,∆x2 =
1,∆x3 = 1,∆x4 = 1}, where ∆x i is the direction of each step). We can still assume
that each step has two possible outcomes, with a fixed probability p of forward
and 1− p of backwards, but now with an unknown p value.

As a model of the world, we consider the P(p) prior probability distribution
of the parameter p. According to our expectations, this should be symmetric with
respect to 1

2 .

(a) Compare two prior models, namely P1(p) ∝ p(1− p) and P2(p) = 1:

(1) Calculate the P1,2(p|D) distributions for p, given the prior models P1 and
P2 and the evidence.

(2) Using the chain rule and the previous result, calculate the probability that
the next step will be forward, i.e. P(∆x5 = 1|D).

(b) How can you enhance your prediction of ∆xn+1 after you watched the person
taking one more step?

(c) A “naive” approach to estimating p from the evidence would be to divide
the number of forward steps by the number of total steps, which, in this case
would be 4/5 = 0.8. Compare this to the estimated p of your inferred dis-
tributions, which is the value of maximal likelihood. Discuss the reason for
possible differences.

2


	(SIR Model - revisited)10Pts
	(Bayesian Inference)10Pts

