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Problem 1 (Reducible Time-Delay Differential Equations) 10 Pts

Time-delay of dynamical systems can take different forms. Consider a dynamical
system of the form

ẋ(t) = f (t,x(t),y(t)) (1)

that depends both on its current state x(t) and on its entire history, through the
term:

y(t) =
∫ t

−∞

dτx(τ)g(τ− t) =
∫ 0

−∞

dτx(t + τ)g(τ), (2)

where g(t) is some kernel function. This kind of time-delay is called continuous
time-delay. An equation of this form is hard to solve, so one usually tries to re-
write the system in terms of coupled first-order non-delay differential equations,
e. g.:

ẋ(t) = f (t,x(t),y(t))ẏ(t) = h(t,x(t),y(t)). (3)

Consider now a linear system of the form:

ẋ(t) = ax(t)−by(t) (4)

where a,b ∈R and y(t) the moving (trailing) average of x(t) with an exponential
kernel:

y(t) =
∫ 0

−∞

dτx(t + τ)λeλτ , (5)

where λ > 0.
Rewrite this system in terms of a two-dimensional dynamical system of cou-

pled non-delay differential equations. (Hint: Use integration by parts to find ẏ.)
Investigate the system from a dynamical systems point of view (i. e. find fixpoints
and determine their stability).

Problem 2 (SIR model with testing and containment) 10 Pts

Consider a continuous SIR model of the following form:

τ İ = g(I)SI− I− rt (6)
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where 0 < rt < 1 is the constant removal of infected due to testing and tracing
capabilities, and:

g(I) =
g0

1+αI
(7)

is the growth rate reduced by containment measures, which depend on the
number of infected individuals. Also assume S≈ const� I.

1) Find the fixpoints of this system.

2) (Optional) Using a programming language of your choice, plot the eigenval-
ues for different values of g0S, α and rt . Specifically, plot the eigenvalues
for the range 0 < rt < 1, when g0S = 1.5. How do they change with α? And
when α → 0?
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