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Problem 1 (Kullback-Leibler Divergence and Maximum Likelihood) 10 Pts

Suppose you have a random variable x that follows some underlying probability
distribution px(x). Furthermore, suppose you want to model this random variable
by proposing some distribution pmodel(x|θ) that depends on a parameter θ . You
have access to a set of N samples of x, i.e. {x1, ...,xN} and you would like to
estimate θ from these. One way to do so is by maximizing the likelihood function

θMLE = argmax
θ

N

∏
i=1

pmodel(xi|θ) . (1)

Show that for N→ ∞, this yields the same result as

θKL = argmin
θ

DKL (px(x)||pmodel(x|θ)) , (2)

which is the minimum with respect to θ of the Kullback-Leibler divergence be-
tween the true underlying distribution and your model distribution.
Hint: Start with the expression for θKL and show that this becomes θMLE for large
N.

Problem 2 (Kuramoto Model) 10 Pts

As seen in the class, the radius r of the critical coupling of the Kuramoto model
can be found to be

r =

√
1− KC

K
with Kc =

2
πg(0)

,

where g(0) is the value of the distribution of frequencies g(ω) at the center (fre-
quency 0). This result is only valid for g(ω) = γ/π

γ2+ω2 .
Prove that result departing from the equation

r = 〈eiθ 〉= 〈eiθ 〉locked = Kr
∫

π/2

−π/2
cos2(θ ′)g(Kr sin(θ ′))dθ

′ .

For this, solve the integral by using symmetric arguments and limiting towards
r→ 0+ with the target of obtaining an expression for the critical Kc. Further on,
expand g(ω) in Taylor series around r→ 0+ and evaluate the averaging integral
again, this time without considering any symmetry. You can then solve for r.
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