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Abstract. We performed a large-scale crawl of the world wide web, covering 6.9 million domains and
57 million subdomains, including all high-traffic sites of the internet. We present a study of the correlations
found between quantities measuring the structural relevance of each node in the network (the in- and out-
degree, the local clustering coefficient, the first-neighbor in-degree and the Alexa rank). We find that
some of these properties show strong correlation effects and that the dependencies occurring out of these
correlations follow power laws not only for the averages, but also for the boundaries of the respective density
distributions. In addition, these scale-free limits do not follow the same exponents as the corresponding
averages. In our study we retain the directionality of the hyperlinks and develop a statistical estimate for
the clustering coefficient of directed graphs. We include in our study the correlations between the in-degree
and the Alexa traffic rank, a popular index for the traffic volume, finding non-trivial power-law correlations.
We find that sites with more/less than about 103 links from different domains have remarkably different
statistical properties, for all correlation functions studied, indicating towards an underlying hierarchical
structure of the world wide web.

1 Introduction

The emergence of the world wide web (WWW) belongs
arguably to the most relevant events of the present time.
The interest in this system and in networks in general
permeated through all the society, including physics. This
led, at the turn of the century, to a large amount of stud-
ies of what with the time came to be known as “network
science”. Most studies of the WWW were performed, how-
ever, in the early 2000s [1–3] and large-scale studies of the
WWW are rather hard to find nowadays, despite the im-
mense growth of the internet in the last 10 years.

A remarkable finding of the first generation studies of
the WWW is the emergence of scale-free degree distribu-
tions, which can be explained potentially from the view of
preferential attachment, although the exponents obtained
are not universal [3]. Generally, one can assume that the
growth process of a complex network will be influenced by
inter-node correlations and that these dependencies will be
reflected in the resulting network topology. However, such
correlations are not easy to detect and characterize, and
have not been studied in depth. It is expected that a sim-
ple rule as preferential attachment cannot completely re-
produce the structures found in real-world networks, and
therefore more complicated models have been developed
to replicate the behavior [4–8].

a e-mail: gros07@itp.uni-frankfurt.de

Correlations between different properties are gener-
ally used as a proxy to study the internal structure of
the network. For instance, Vespignani and collaborators
studied correlations between the in-degree of a node and
that of a first neighbor of said node [6], showing a scale
free property (recently modeled by Takagi [9]); Ravasz
and Barábasi studied the local clustering coefficient as a
function of the in-degree [10], in order to obtain informa-
tion regarding the hierarchical structuring of the network.
However, real-world data about said correlations is not
abundant.

In the present work we study the complete dominant
core of the WWW by crawling 6.9 million domains and
57 million subdomains, including all domains with the
largest traffic (all domains with an Alexa rank, a web
traffic index discussed in Sect. 3.6, of one million or less
are included). Collapsing the data for the subdomains we
study the network of inter-domain hyperlinks (not web-
pages), containing about half a billion directed edges. We
find non-trivial correlations between in- and out-degree,
between the in-degree and the local clustering coefficient
and between the degrees of neighboring sites. In addition
to evaluate averaged quantities, we study the full den-
sity plots, finding novel scaling features for the bound-
aries of several correlation functions. We present, in ad-
dition, a formula for the clustering coefficient of random
directed graph characterized by given arbitrary in- and
out-degree sequences. Finally we present an analysis of
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Fig. 1. Left: a node with in-degree kin = 4 and out-degree
kout = 3. Right: two types of in-degree clusters, with the edges
always directed towards the central site (A).

the correlations between the number of in-links and the
Alexa rank of a domain.

2 Theory

For directed graphs we have to distinguish between the
distribution pin(k) and pout(l) of the in- and the out-
degrees k and l, respectively. There are, in addition,
two kinds of nearest neighbors, in-neighbors and out-
neighbors. Site B1 in Figure 1 is a nearest in-neighbor
of site A and a nearest out-neighbor of site B2. Alterna-
tively one could call B1 an ancestor of A and a descendent
of B2 [11]. For bi-directional links, as between B3 and B4
in Figure 1, in-neighbors are also out-neighbors. The total
number of in-links equals the total number of out-links,
the in- and out-degree coordination numbers

z =
∑

k

k pin(k) =
∑

l

l pout(l) (1)

are hence identical.

Clustering coefficient model for directed graphs

In order to calculate the relevance of correlations between
in- and out- degree in the structure of the network, we have
developed a statistical model of the clustering coefficient
for given distributions of in- and out- degree which are
uncorrelated.

We define with

qout(l) =
(l + 1) pout(l + 1)

Nq
(2)

the excess distribution [12] of outgoing links of a nearest
in-neighbor. The normalization constant Nq =

∑
l l pout(l)

is just the coordination number z, see equation (1). Equiv-
alently we define via

q̄in(k) =
1

Nq̄

∑

l

pin,out(k, l) l (3)

the degree distribution (not excess) of incoming links of a
nearest in-neighboring site. Here pin,out(k, l) is the prob-
ability that a site has l out-links and k in-links (joint dis-
tribution function), with the usual relations

∑

k

pin,out(k, l) = pout(l), (4)

∑

l

pin,out(k, l) = pin(k) (5)

for the marginal distribution functions. The normalization
constant Nq̄ in equation (3) is given by the coordination
number z,

Nq̄ =
∑

k

∑

l

pin,out(k, l) l =
∑

l

l pout(l) ≡ z.

For the clustering coefficient Ĉ (the “hat” symbol stands
here for the clustering coefficient of a directed graph) we
now consider two in-neighbors, having respectively, with
probabilities q̄in(k) and qout(l), k in-links and l excess out-
links (as stubs).

We now assume that the distributions qin(k) and
q̄out(l) of the two neighbors are independent of each other.
The probability, for a graph with N nodes, that a given
pair of in- and out-stubs are connected is then 1/(Nz),
where Nz is the total number of in- or out-stubs, and
hence

Ĉ =
1

Nz

∑

k,l

q̄in(k) k l qout(l)

=
1

Nz3

(
∑

k

k pin,out(k, l)l

)(
∑

l

pout(l + 1)l(l + 1)

)
.

Transforming now into a sum
∑

s over sites, every site s
being characterized by an in-degree ks and out-degree ls,
one obtains

Ĉ =
1

Nz3

(
1
N

∑

s

ksls

) (
1
N

∑

s

(ls − 1)ls

)
, (6)

which coincides with the usual expression [11] for non-
directed graphs (apart from a factor ls instead of ls − 1
in the first factor), by taking ks = ls for s = 1, . . . , N .
A fully-connected network results in Ĉ = 1 under this
formula.

We note that expression (6) for Ĉ may actually violate
the sum rule Ĉ ≤ 1, due to the neglect of inter-site degree
correlations, when applied to a real-world graph. As an
example consider a network composed out of a single star,
like the site C in Figure 1, but with bi-directional edges.
For a un-directed (and loopless) star the degree sequence
is

k1 = l1 = N − 1, ki = li = 1, i = 2, . . . , N,

with an intensive coordination number z = 2(N −
1)/N ≈ 2. The statistical formula (6) for the clustering
coefficient would, on the other hand, diverge

≈ 1
N23

(
1
N

(
(N − 1)2 + (N − 1)

))2

∼ N

23

in the thermodynamic limit N → ∞. A substantial devi-
ation of Ĉ from the true clustering coefficient is hence a
measure for the strength of inter-site degree correlations,
expression (6) being valid for graphs with vanishing inter-
node correlations.
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Fig. 2. Probability distributions p(k) for the in-degree (main
panel) and the out-degree (inset), log-log plot. The dashed
lines, corresponding to power-law distributions, have slopes
γin = −2.29(1) and γout = −2.42(4), respectively, for the in-
and the out-degree.

3 Results

Using the crawlers of the former file search engine Find-
Files.net [13], we crawled, mostly in 2011, 57 million sub-
domains of type http://subdomain.domain.com, finding
a total of 494 million hyperlinks in between them. For
a network analysis we collapsed all subdomains onto 6.9
domains of type http://www.domain.com. The network
of inter-domain hyperlinks has about 223 million directed
links, the average degree is 32. 0.7 million of the 6.9 million
domains in the collapsed network are isolated in the sense
that they have no in-links, they cannot be reached from
the core of the world wide web. A further one million sites
have just a single hyperlink directed to them.

The crawling strategy started from the set of the
about 32 million subdomains referred-to in Wikipedia1

and DMOZ2 (all languages), with further systematic addi-
tional extensions. We included, in particular, the one mil-
lion domains with the largest traffic volume, in terms of
the Alexa rank. This data set, which we denote with FF-
2011, hence corresponds essentially to the complete rele-
vant part of the world wide web, in terms of traffic volume.

3.1 In- and out-degree distributions

The degree distributions of hyperlinks have been observed
to follow a power law ∼ kγ , with an exponent close to the
limiting case γ → −2 (when the mean degree would di-
verge in the thermodynamic limit) [2,3,14,15]. In Figure 2
we present the probability distributions [16] for both the
in-degree and the out-degree.

The fitting of power law distributions can easily be
oversimplified, leading to many possible inaccuracies as
explained for instance in references [17,18]. In this work

1 www.wikipedia.org
2 www.dmoz.org

Fig. 3. Density distribution pin,out(k, kout) of domains with
in-degree k and out-degree kout. The density is shown in
log scale, as well as both axes. The solid line represents
the average 〈kout〉(k). The probability density is normalized,∫∫

pin,out(k, kout)dkdkout = 1.

we have used the method of maximum likelihood as de-
scribed in [18] for the fitting of the power law and the
estimation of the error in the exponent γ. Note, that a de-
viation from a pure power law distribution can be observed
in Figure 2, particularly for small degrees k < 100 (which
are ignored in the fitting). However, the investigation of
better fitting laws and their corresponding theoretical jus-
tification transcend the purpose of this publication.

Over a range of about 2 orders of magnitude, start-
ing from k ≈ 102, the data can be approximated quite
nicely by power law distributions, with exponents γin =
−2.29(1) and γout = −2.42(4), respectively, for the in- and
the out-degree. These results are in agreement with ear-
lier studies [13,19,20] where |γin| < |γout| is observed. The
absolute magnitude of the values reported for the scaling
exponents vary slightly from study to study, either be-
cause of the evolution of the internet with time passing,
or due to the size of the respective databases.

3.2 Correlations between in- and out-degree

In Figure 3, the density distribution of nodes having an
in-degree k and an out-degree kout, is presented, together
with the average out-degree 〈kout〉(k), for sites having an
in-degree k. In- and out-degree do not seem to be partic-
ularly correlated, on a first sight. However, the average
out-degree shows two regimes with approximated power-
law scaling, for k < 103 and k > 103, with exponents
γ = 0.55(2) and γ = 1.24(4), respectively. The exponents
of the power laws followed by average values as a function
of a variable are calculated in this work via linear regres-
sion in the log-log plot. In the case that the joint distri-
bution pin,out(k, kout) would factorize, pin,out(k, kout) →
pin(k)pout(kout), the mean out-degree

〈kout〉(k) =
∫

p(k, l) l dl → pin(k) z, (7)

http://www.epj.org
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would functionally follow the in-degree distribution
pin(k), where z ≈ 32 is the average (in- and out-) de-
gree of our internet data. However, as shown in Fig-
ure 2, the marginal in-degree distribution pin(k), falls
approximately like k−2.29, viz substantially faster than
equation (7) would imply. In- and out-degree are hence
non-trivially correlated. We will discuss the nature of the
respective correlations in more detail further below when
discussing the distribution of local clustering coefficients.

3.3 Mean clustering coefficient

The local clustering coefficient Ci is given by the num-
ber of linked nearest neighbors of site i, relative to the
total number of possible links between the neighbors. For
directed graphs there are in- and out-neighbors and var-
ious possible 3-site loops, as illustrated in Figure 1, also
known as network motifs [21,22]. Here we examine the in-
clustering coefficient. For a given site i the in-clustering
coefficient Ci is given by the average number of links in be-
tween the in-neighbors of site i. In Figure 1, the sites (B1,
A, B2) form an in-loop of site A, contributing to CA, while
the sites (B4, A, B3) contribute two in-loops. We focus on
the in-clustering coefficient since the number of in-links is
a measure for the importance of a site, contributing to its
traffic volume.

We find, for the FF-2011 network data, a mean clus-
tering coefficient C̄ =

∑
i Ci/N of C̄ = 0.18. This is, for

two reasons, a surprising high value. Firstly the connec-
tion probability p is very low, being just p = 4.6 × 10−6.
Secondly, a quite large number of sites, 0.27%, has a van-
ishing local clustering Ci = 0, and only a small fraction,
0.3%, of domains, mostly with small degrees, have a max-
imal local clustering coefficient of unity.

We can assess the impact of correlations on the for-
mation of local loops by considering identical degree se-
quences for the in- and out- degree, as extracted from the
FF-2011 network data, but considering various types of
correlations between the in- and out-degree of each node.

– Applying equation (6) to the actual network, the ob-
tained value amounts to Ĉmodel = 1.5. This value
is over the maximum C = 1, indicating towards
very strong correlations between the in- and the out-
degree distributions, compare the discussion below
equation (6).

– For a network having the same degree distributions
pin(k) and pout(l) for the in- and the out-degree as the
actual network, but without correlations between these
degrees, viz assuming a joint probability distribution
pin,out(k, l) → pin(k)pout(l), the clustering coefficient
obtained by equation (6) would amount to Ĉdecorr =
2.4 × 10−3.

– A network where the in- and out- degrees are anti-
correlated (nodes with largest in-degree are mapped
to the smallest out-degree), would amount to an even
lower Ĉanticorr = 3.2 × 10−4.

– For a network with a maximally correlated distribution
of in- and out- degree (nodes with the largest in-degree

Fig. 4. Probability density P (k,C) of pairs of in-degree k and
local clustering coefficient C. The density, and both axes are
given in log scales. The solid line represents the average value
〈C〉(k), as a function of in-degree k. The probability density is
normalized,

∫∫
P (k, C)dkdC = 1.

being mapped to the largest out-degree), would re-
sult again in a higher-than-unity clustering coefficient
Ĉmaxcorr = 3.2, when using equation (6).

We hence conclude that the in- and out-degree are quite
strongly correlated positively for the world wide web.

3.4 Distribution of local clustering coefficients

In Figure 4, the density of (k, C) pairs is shown in a
log-log scale, where k is the in-degree and C the local
clustering coefficient. The density distribution has upper
and lower cutoffs scaling approximatively like ∼ kγ , with
γmax ≈ −1.3 and γmin = −2. The lower limit has a sim-
ple explanation. The lowest non-zero local clustering co-
efficient is realized when just a single loop exist out of the
k(k − 1) possible triangles,

Cmin =
nl

k(k − 1)
∝ k−2, (8)

when setting the number of loops nl to one. The exponent
of the upper limit, γmax ≈ −1.3, implies, compare (8),
that the number of local loops scales like ∼k0.7. We have
presently no explanation for this scaling behavior.

The average value of 〈C〉(k), as a function of in-degree
k, follows mostly a power law for small k < 103, with
an exponent γ = −0.27(2). For larger k > 104 the ex-
ponent changes towards γ = −1.04(7) for the mean local
clustering coefficient. This last exponent is in agreement
with previous observations found in reference [10], and
are a fingerprint for a hierarchical network structure. The
change in behavior at the point k = 103 is also observable
in the correlation between the in-degree and the degree of
nearest neighbors, as we will show in the next sections.

There is a group of nodes with very high clustering co-
efficients C � 1 around the k ∼ 103 region (close to where

http://www.epj.org
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Fig. 5. The probability density distribution P (k, knn) of
the in-degree k and the in-degree knn of nearest neighbor
sites. Both the density distribution and the axis are given
in log scale. The solid line corresponds to the average value
〈knn〉(k). The probability distribution is normalized, such that∫∫

P (k, knn)dkdknn = 1.

the upper limit with the γmax → −1 slope intersects the
abscissa), which somewhat falls of the line. After analyzing
some of the domains involved in this region, we conclude
that this group of nodes does not represent the intrinsic
network structure of the WWW, belonging most proba-
bly to link farms3. These nodes are however responsible
for the jumps in 〈C〉(k) at k ∼ 103.

3.5 Nearest-neighbor degree correlations

In Figure 5, the density of pairs (k, knn) is shown, where
knn is the in-degree of a first neighbor, and k the in-degree.
The dots with higher densities for low k values are rela-
tively large groups of linked domains which share exactly
the same pairs of in-degree and first-neighbor in-degree.
The domains do not seem to be particularly related al-
though we do not discard the possibility that they may
belong to link farms, as they clearly stand out of the gen-
eral behavior of the density distribution.

When analyzing the average 〈knn〉(k) as a function of
the in-degree k, we observe a very weak increase for small k
until k ≈ 103. We can fit this increase fairly good for 10 <
k < 103 with a power law of exponent γ = 0.11(2). This
behavior would be in agreement with the one observed
in the canonical Barabási-Albert model [2,14], though it
differs with with a 1998 WWW network study [14].

In the range from k ≈ 103 to k ≈ 106 we observe a
change in the behavior of the average 〈knn〉(k), as it starts
decaying with increasing k. This decay follows a power-law
as well, with an exponent of about γ = −0.27(4). This
decay is closer to the results found in reference [14] for

3 Link farms are websites consisting of a large number of
links, designed with the target of increasing the index ranking
of certain websites to search engines.

Fig. 6. Density of pairs (A, k), where A is the Alexa index
and k the corresponding in-degree of the domain. The den-
sity is given in log scale, as well as both axes. The solid line
shows the average 〈k〉(A), as a function of A. The probability
is normalized, such that

∫∫
P (k, A)dkdA = 1.

a subset of the 1998 internet data and the fitness model
developed therein (which decays with γ = −0.5). However,
the decay is observed in our results for much higher degree
k than in reference [14], which has data limited to k ≤ 103.
We speculate that this difference is due to the size of the
network studied, although it might be possible that the
evolution of the WWW in the last 10 years is responsible
for the structural change.

3.6 Correlations between in-degree and Alexa index

We have analyzed the correlations of the Alexa rank4 with
respect to the in-degree k. The Alexa rank is arguably one
of the most popular measures of the traffic received by an
internet site, and therefore, its relevance. The ranking is
proprietary, so the general public does not have access to
the specifics of its calculation, although according to the
official information, it is derived from the traffic observed,
with data partly retrieved from users who installed the
Alexa add-on to their web browser5. In this ranking, the
site with the most traffic has rank A = 1, the following
largest rank A = 2 and so on. The rank does not provide
any information about the precise amount of traffic, such
that a larger A index does not give any indication of how
much less traffic does that site receives, but rather only
that it receives less traffic than the sites with smaller A.

In Figure 6, we present the density of domains as a
function of its in-degree k and Alexa rank A. We only
analyze the Alexa rank for sites having an in-degree k >
20, with a few exceptions, due to constraints in retriev-
ing the Alexa rank data. We observe a distribution lim-
ited from above and below approximately by two power
laws with exponents γupper ≈ −0.4 and γlower ≈ −1.7.

4 www.alexa.com
5 http://www.alexa.com/company/technology
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Fig. 7. Probability distributions normalized by their marginal
distributions: (a) p(k,C)

p(k)p(C)
, (b) p(k,kout)

p(k)p(kout)
, (c) p(k,knn)

p(k)p(knn)
,

(d) p(k,A)
p(k)p(A)

, all densities in log scale.

The lower limit is however less pronounced, due to the
lack of samples.

The solid line in Figure 6 shows the average in-degree
〈k〉(A), for sites having and Alexa rank A. We observe a
very marked power law decay

〈k〉 ∼ 1
A0.71(2)

, 〈A〉 ∼ 1
k1.8(1)

. (9)

The exponents are not the inverse of each other, since
〈A〉 and 〈k〉 are distinct averages. There is a saturation
at k ∼ 106 for the scaling regime, presumable due to our
constraint k > 20 for the Alexa index. We find this scaling
particularly interesting, since the Alexa rank is not derived
directly from the topology of the network but rather from
the traffic generated by users. For site administrators the
relatively weak decay (9) implies that the traffic generated
by in-coming hyperlinks can be a relevant contribution to
the overall traffic volume.

3.7 Normalization studies

We have performed a visualization study of the data dis-
cussed hitherto by considering relative joint distribution
functions, which are obtained by dividing a given joint
probability distribution by the product of the respective
marginal distributions,

p(x, y)
p(x)p(y)

, p(x) =
∫

p(x, y)dy, p(y) =
∫

p(x, y)dx.

In the absence of correlations, viz when p(x, y) →
p(x)p(y), the respective density plots would be homoge-
neous and flat.

In Figure 7a, we show the relative density
p(k, C)/(p(k)p(C)) for pairs of in-degree k and local

clustering coefficient C. The distribution is quite homoge-
neous and the upper and lower limits of the distribution
are exalted in comparison with the plot of the bar joint
distribution presented in Figure 4.

In Figure 7b, we present the relative joint density for
the correlation between in- and out-degree. The distribu-
tion is considerably more homogeneous than the respec-
tive bare probability density shown in Figure 3. However,
a substantial enhancement remains for small in- and out-
degrees.

From the shape of the joint nearest-neighbor degree
distribution presented in Figure 5, it would be tempting to
think that its shape is mostly determined by the marginal
distributions, i.e. that p(k, knn) ≈ p(k)p(knn), and that
therefore k and knn would be essentially decorrelated. This
is, however, not the case, as we can see in Figure 7c. In this
plot the correlations are seen more clearly in terms of the
relative joint distribution. We can observe that the result-
ing relative distribution still shows a stronger correlation
when both in-degree and the in-degree of the neighbor are
small.

In Figure 7d, we present the relative density distribu-
tion of sites having an Alexa rank A and an in-degree k. As
for the case of the clustering coefficient C, the distribution
maintains the very marked upper and lower limits, being
otherwise essentially only slightly more uniform than the
orginal data shown in Figure 6.

4 Links from 103 distinct domains

The present study shows that many properties of the
WWW are characterized by non-trivial correlations. We
observe that the joint probability distributions, for several
of the properties tested, follow power-law scaling for the
respective averages. Additionally, the distributions have,
in many instances, density distributions which are lim-
ited by power laws. The power law limiting functions do
not share exponents neither with that of the marginal dis-
tributions, nor with the respective average value of the
property studied. Interestingly one also observes power-
law scaling for a seemingly unrelated quantity, the Alexa
traffic rank, which decays as a function of in-degree and
also the average in-degree decays moderately weakly as a
function of the Alexa rank.

We found that the statistical properties of the
world wide web differ remarkably for domains receiving
more/fewer than about 103 hyperlinks from different do-
mains. The change in behavior is observed for the correla-
tions between in- and out-degree, between in-degree and
local clustering coefficient and between in-degree and the
in-degree of neighbors. This observation points towards an
underlying hierarchical structure of the WWW, with the
“elite” of the internet domains, receiving links from more
than one thousand different domains, being made-up by
about 20 × 103 sites.

We would like to acknowledge the support of the German Sci-
ence Foundation (DFG).
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