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Chapter 1

Introduction

This work is dedicated to the study of the vector and axial-vector spec-
tral functions of the 7 lepton within the framework of a U(2)r x U(2)gr
Linear Sigma Model with electroweak interaction. As an effective field the-
ory the Linear Sigma Model describes hadronic degrees of freedom based
on the symmetries of the Standard Model of Particle Physics. Therefore,
the following section aims at giving a general and concise introduction to
the Standard Model and the meaning of symmetries for contemporary ele-
mentary particle physics. In the next section the SU(3)¢ symmetry group
will be discussed in short, followed by an introduction to chiral symmetry
SU(2), x SU(2)g. In the last section of this chapter the Glashow-Weinberg-
Salam theory of the local group SU(2);, x U(1)y is presented. Important
concepts of the theoretical framework of the Standard Model, such as the
Noether Theorem, the Gauge Principle, Spontaneous Symmetry Breaking,
and the Higgs Mechanism will be introduced in the context of these three
symmetry groups. In Chapter 2 it will be first shown how the symmetries
of the Standard Model are realised within the global U(2);, x U(2)r Linear
Sigma Model and how electroweak interactions can be introduced to the
model on the basis of local SU(2);, x U(1)y symmetry transformations of
the hadronic degrees of freedom. The vertices that are relevant for the vec-
tor and axial-vector decay channels in weak 7 decay are extracted from the
Lagrangian with electroweak interaction in Chapter 3. This is followed by a
short introduction to the Kéllen-Lehmann Representation of spectral func-
tions and how these can be parametrised within the framework of this model
(Chapter 4). The results of the vector and axial-vector spectral functions
are presented in Chapter 5 and 6.



1.1 Standard Model

The forces that create and act on matter can be brought down to four fun-
damental interaction types; gravitation, electromagnetism, weak interaction
and strong interaction. The attempt to unify these interactions within one
theory has been a difficult task during the last century.

Electromagnetic phenomena were seen to be materialisations of two different
forces; electricity and magnetism and it is already about 150 years ago since
it is known that magnetism and electricity can actually be traced back to
the same source. In 1865 James Clerk Maxwell explained with the Maxwell
equations the relations between the spatial and time dependencies of the
electric and magnetic fields E and B [1]. Since then, the question what kind
of phenomena, electricity or magnetism, is observed, has become solely a
question of the reference frame. After the formulation of Einstein’s special
relativity in the framework of the four-dimensional Minkowski space, it was
discovered that the Maxwell equations were already covariant under Lorentz
transformations. They could now be written in a profound, yet simple way

O FM = pgj”, FM = HAY — 9V AP
PFM L QFFA L 9" FM =0 (1.1)

where F* is the field strength tensor of the electromagnetic four potential

A = (p, A).

In the late 1940s Richard Feynman, Freeman Dyson and Julian Schwinger
developed Quantum Electrodynamics (QED) as a Lagrangian-derived quan-
tum field theory for the electromagnetic phenomena. The electromagnetic
potential A" is now associated with the photon field and arises naturally as
the gauge boson of a theory with local U(1) symmetry.

Now, ever since the success of QED as a local quantum field theory, based on
the group U (1), many physicists believe that all of the known four fundamen-
tal interactions ought to be described in the framework of local quantum field
theories, where the interaction between matter fields is generated through
the presence of gauge fields. So far, that has been successfully achieved for
weak and strong interactions while the development of a theory of quantum
gravity still faces problems.

The Standard Model of Particle Physics describes all matter and its inter-
actions on a microscopic scale where the effects of gravity are negligible. It
is based on a Lagrange density whose degrees of freedom are fields that,
after canonical quantisation, represent wave functions of particles in space
time and a local SU(3)¢ x SU(2), x U(1)y symmetry group. To each sym-
metry group correspond interaction fields (gauge bosons) and matter fields
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(fermions). The fermions itself are divided in six quarks and six leptons and
they are organised with increasing masses in three flavour families each (see
Table 1.1).

Quarks Leptons
Flavour Mass clectric Flavour Mass clectric
charge e charge e
u 1.5 to 3.3 MeV 2/3 Ve 0
d 3.5 to 6.0 MeV ~ —1/3 e 0.51 MeV -1
s 105 MeV -1/3 Vi 0
c 1.27GeV 2/3 wo 105.66 MeV -1
b 4.20 GeV -1/3 Vr 0
t 171.3GeV 2/3 T 1.78 GeV —1

Table 1.1: Fermion families

While quarks carry the quantum numbers colour, electromagnetic charge
and weak isospin and are thus subject to all three fundamental interactions,
leptons only carry electromagnetic charge and weak isospin. The Glashow-
Weinberg-Salam Theory of Weak Interaction (GWS) describes electromag-
netic and weak interactions among quarks and leptons by means of a local
SU(2)r x U(1l)y symmetry group. Quantum Chromodynamics (QCD) de-
scribes the strong interaction between quarks on the base of a local SU(3)¢
group. Both, GWS and QCD, are so-called gauge theories where the interac-
tion fields arise from the requirement of invariance of the Lagrangian under
the transformations of the fields. An additional term in the Lagrange den-
sity, the properly normalized square of the field strength tensor, generates
the gauge field self interactions.

The electroweak phenomena of SU(2)r, x U(1)y are created by three massive
weak bosons (W*, Z%) and the massless photon. The requirement that the
Lagrangian should remain invariant under local SU(2)y gauge transforma-
tions was challenged by the observed masses of the weak bosons, since a mass
term would violate the symmetry. The skilful use of the concept of Spon-
taneous Symmetry Breaking plus the introduction of a scalar background
field, the Higgs field, solved that problem.

For SU(3)¢ there are eight massless gluons that generate the force holding
the coloured quarks confined. Due to confinement, neither quarks nor gluons
exist as single particle states. They only appear in colour-neutral bound
states of, e.g., mesons (Gq) and baryons (gqq). The existence of other colour-
neutral bound states, such as glueballs and tetraquarks, is currently under
research. Although lattice calculations yield strong evidence for its existence,
the glueball has not yet been unambiguously identified.
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A~ (@ddd)  A%ddu) At(uud) AT (uuw)
[ ]

7 (dds) Eo(uds) vt (uus)
[ [ [ ]

O~ (dss) Qo(uss)
[ ] [ ]

Q) (sss)
®

Figure 1.1: The SU(Ng = 3) baryon decuplet with I” = 3/27F.

While the leptonic fermions were already known and partly proven experi-
mentally, quarks were introduced as auxiliary degrees of freedom! that al-
lowed to organise the growing number of observed particles and resonances
during the second half of last century. On the base of Wigner’s group the-
ory developments hadrons could now be understood as multiplets of states
whose properties were explained by their quark content. For example the
baryon decuplet (Fig. 1.1) and the meson octet (Fig. 1.2) can be organised
as the 10, resp. 8, representations of SU(Ny = 3), with Ny referring to
the number of quark flavours. Based on the assumption that the quarks
might become massless for very high energies, the flavour group describes
the quarks as a degenerate multiplet under U(Ny) flavour transformations.

KY%a) K™(u)
[ ] [ ]
T (ad) 7, g 7 Hdu)
[ ] O [ J
(Tu + dd)

(au + dd — 25s)

Figure 1.2: The SU(Np = 3) pseudoscalar meson octet.

!Gell-Mann discusses a unitary symmetry group on the base of a set of fictitious
“leptons” which [are degenerate in their mass and] may have nothing to do with real leptons
but help to fix the physical ideas in a rather graphic way. He also proposed the algebraic
structure of the internal space of the quarks (colour space) and although he did not
explicitly mention the gluons as carrier of strong interaction he pointed out that there
might be an interacting vector field analogously to the U(1) gauge field of QED [2].
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Although, at first, this idea was heavily disputed, experimental evidence for
quarks as fundamental building blocks of hadrons was given only few years
later by results of pion nucleon collisions at Brookhaven National Laboratory
in 1970 [3]. These were explained by Drell and Yan in terms of partons
(nucleon constituents) that carry only a fraction of the charge of the electron.
Two partons, a quark of the nucleon and an antiquark of the pion annihilate
into a photon which in turn decays into a lepton pair u™u~ with the cross
section being proportional to the squared quark charge. For collisions of
7~ =ud (77 = ud) with 2C = 18u + 18d the theoretical prediction for the
ratio of the two cross sections is

1
o(n™N = ptp™) ~18Q% =18 <§> ,

4
o(m™N = pt ™) ~18Q2 = 18 <§>

o(mt™N — ptu~ 1
Ry = 2 “Jﬂ):—. (1.2)
o(n=N — utp~) 4

This agrees with the results from the experiment? where the ratio for the
two cross sections is 1
Rexp - Z .

However, some resonances (e.g., AT1) could only be explained as bound
states of three quarks with same flavour and spin. But as spin 1/2 particles
quarks have to obey Fermi-Dirac-Statistics and thus, follow Pauli’s exclusion
principle. For AT = ututut Pauli’s exclusion principle seemed to be clearly
violated and enforced the necessity of another additional degree of freedom,
colour.

The idea of colour as a new charge of the quarks was supported by the
results of ete™ annihilations at high energies as they were performed since
1967 at Stanford Linear Accelerator Center (SLAC). The ratio of the cross
sections o(ete™ — qq) and o(eTe™ — ptp~) could only be explained by a
factor N¢, accounting for the three additional colour degrees of freedom;

o(ete™ — hadrons) 9 4 1 1
oletem = utp™) CZQQ <9+9+9> (13)

Another reason for the success of the Standard model were predictions made
about the existence of new particles that up to that time had not been dis-

*This example is, e.g., found in [4].



covered®. Chapter IV in [5] gives a comprehensive overview about exper-
iments that led to broad acceptance of the idea of quarks being coloured
constituents of matter carrying fractional electromagnetic charges.

Furthermore, reflections on symmetries do not only allow for organising
particles within multiplets or describing interactions as exchange of gauge
bosons. They also give insight into the profound nature of conservation laws.
In the theoretical framework of the Standard Model (Quantum Field The-
ory, QFT) the symmetry properties of the particle multiplets are reflected
in the associated Lagrange density which then itself has to be invariant un-
der transformations of the fields. Invariance of a Lagrangian under certain
transformations then automatically leads to symmetric equations of motion.
Now, the Noether Theorem states that to each independent symmetry trans-
formation of the degrees of freedom corresponds a conserved quantity, the
Noether Current and that to each conserved current corresponds a conserved
charge.

There are external symmetries, described by the Poincare group?, and in-
ternal symmetries that refer to intrinsic particle properties as, e.g., strong
and weak isospin and electric charge. Global internal symmetries lead to the
classification of particles within multiplets, while local internal symmetries
lead to gauge bosons that generate interactions.

A transformation is called global if its parameter is constant and local if the
parameter is space-time dependent. Requiring invariance of the Lagrangian
under local transformations of the matter fields then deduces the existence
of massless spin-1 fields, the gauge bosons that couple to the conserved
charges. The result is a new, covariant derivative that transforms as the
fields themselves so that the Lagrangian remains invariant and the dynamics
between fermions and gauge bosons is generated in the covariant derivative®.

Thus, examining the symmetry properties does not only yield important
constraints on the Lagrangian and the allowed interactions between particles,
but also yields observable conserved currents and the interactions among
them.

3For example on page 31 in the Eightfold Way Gell-Mann and Murray predicted the
n meson as a pseudoscalar resonance x°, which should decay into 2y like ©°, unless it is
heavy enough to yield 7t + m~ 4+~ with appreciable probability[2].

4The group of Lorentz transformations is a subgroup of the larger-10 dimensional
Poincare group which is the symmetry group underlying such fundamental physical in-
sights as energy and momentum conservation which result from invariance under time
and space translations. Also, angular momentum conservation can be ascribed to invari-
ance under the rotation group O(3) which is also a subgroup of the Poincare group.

5This procedure is also called minimal coupling, since only those interaction terms be-
tween gauge and matter field are introduced that are necessary to retain gauge invariance.
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1.2 Quantum Chromodynamics

Quantum Chromodynamics is the theory of the strong interaction based on
a local SU(3)c symmetry group whose fundamental representation is given
by the SU(3)¢ quark vector

af
qf = qZ 7 f :u7 d7 87 c7t7b - (1'4)
qf

Each entry ¢", ¢9, ¢® is a four-dimensional Dirac spinor and red, green, blue
denote the colour degrees of freedom. They are the charges of strong in-
teraction. The interactions among the charged quarks are transmitted via
gluons, the gauge fields of SU(3)¢.

The Dirac Lagrangian
gDirac - Z Qf (/L’Y/lza‘u - mf) qf (15)
f

is symmetric under global SU(3) colour transformations. The transforma-
tions are performed by unitary (3 x 3) matrices U with

UUt=U'U =1 (1.6)
and

det(U) =1. (1.7)
They act on g according to

8 a
q— ¢ =Uq=exp (—i29a7> q

a=1
8. ya
~ (1_¢Zea7)q. (1.8)
a=1
The Gell-Mann matrices )\, are one representation of the N(Q; — 1 = 8 gener-
ators of SU(3) and obey the commutation relations
Ao sAb] = 2ifapeAe , with (a,b,c=1,...,8) , (1.9)

where fup. are the antisymmetric structure constants of SU(3). Under local
SU(3) transformations (6 — 0(z*)) the quark vector transforms as

8 \a 8 »a
q—q =exp <—i29a(9ﬁﬂ)7> q~ (11 - izaa(ﬂﬁ“)7> q. (1.10)
a=1

a=1
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A symmetry-violating term arises from the partial derivative because of
the space-time dependence of the transformation parameter. In order to
resolve this the partial derivative is promoted to a covariant derivative via
the introduction of gauge boson fields &/*

a

) A
Mgy — DMqp = 0"qp + ngCD%“EQf , (1.11)

where the gluon matrix &/* = 27}* % transforms under the adjoint represen-
tation of SU(3)¢ as
1

A — UMt — Uorut . (1.12)

Jaqcp

From U being unitary matrices it follows that
O, (UUTY =Ud, U + (9,U)UT = 0. (1.13)

It can then be shown that the terms from the partial derivative acting on U
are cancelled by the terms that arise from the transformation of the gauge
fields. Then the quark covariant derivative 2*q; transforms as ¢y,

, A
Pap — (P"qp) = 0"d} +igaco S T4

= U(a")0"qy + [0"U («")]qy
)— U

+igaep[U (") /U (" (@)U (2#)U (") gy

9acp
= U(a")P"qs , (1.14)

and thus maintains the symmetry of the Lagrangian under local SU(3)¢
transformations.

QCD is flavour-blind - gluonic fields do not distinguish between different
quark flavours and SU(3)¢ transformations act on the colour degrees of
freedom only - but in nature the quarks are not degenerate in flavour space,
so the fermionic term in the Lagrangian becomes a sum over all flavours.
And the QCD Lagrangian finally can be defined as [6]

Ny 8
. 1 a g
gQCD = chf (Zwugu—mf) qr — Zzﬁl“”?‘g (1.15)
=1 a=1
where
9(;:“/ = 8Mt£2{ay - 8”%“ — gQCDfabc%M%V (1.16)



is the field strength tensor of the gauge bosons and fu. are the antisym-
metric SU(3) structure constants®. From (1.15) the equations of motion for
quark and gluonic fields are then obtained as

(i 2" —my)gp =0, (1.17)

_ A
D“cg’fﬁu :gQCng]”?%CIf . (1.18)

The equations of motion for the gauge field show that the covariant derivative
acting on the field strength tensor is proportional to the matter current

_ Aa
Jva = qugfy,,qf . (1.19)
I

In the absence of matter the current on the right-hand side of (1.18) vanishes
Dr7z5, =0. (1.20)

In the QED analogue one obtains in the absence of matter 9, F*# = 0 for
the inhomogeneous Maxwell equations. Thus the photon field itself does not
carry charge and does not act as a source for itself. In Yang-Mills theories,
on the contrary, due to the non-Abelian nature of the group SU(3), the
result is

8V§'Lw = _gQCDfabc%wg\éuy . (121)

a

This accounts for the fact that gluons also carry colour and act as sources for
strong interaction themselves. The self-interaction of the gauge fields arises
from the commutator in the field strength tensor and is a general feature of
non-Abelian field theories.

From the Lagrangian one can directly read off the so-called tree-level vertices,
that allow for a perturbative QCD calculation of physical observables such
as decay widths. Quantities that are explicitly contained in the Lagrangian,
as here for example the coupling constant ggep in (1.12) and the quark
masses my in (1.15) are referred to as bare masses or couplings, respectively.
In order to obtain the physical values of these bare quantities, also the
interactions need to be considered. This leads to diverging contributions
and thus each theory has to be renormalised so that the physically relevant
values can be extracted.

In the case of the QCD Lagrangian, renormalisation results in an energy-
dependent coupling constant

_ Gacn(d?)

1.22
ol (122)

as(q?)

For an explicit representation of the SU(3) structure constants see refs. [7] or [8].
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also called the running coupling ag. The energy dependence of a,g is given
by the following relation

47
(11 — 235)In(q2/A2)

as(¢?) = (1.23)

where A refers to the Yang-Mills scale. From Equation (1.23) follows that, for
Ny < (11-3)/2, as it is realised in nature, g decreases with increasing energy.
For low energies ¢°> < 1 GeV? the value of the running coupling constant
increases, suggesting one possible explanation for the well-known feature of
confined quarks and gluons. Quarks and gluons cannot be observed as single
particle states, but as colour-neutral (white) objects only. For high energies
a new phase of matter is expected, the quark gluon plasma in which quarks
and gluons are deconfined, since for high energies the value of the running
coupling decreases (asymptotic freedom).

1.3 Chiral Symmetry

In the limit of massless quarks, the QCD Lagrangian reveals another funda-
mental symmetry: global U(Ny)r, x U(Ny)g transformations of the quark
Spinors

U(Ng)rL U(

¢S ULg . q " Upg (1.24)

where ¢ denotes an Ny-dimensional vector in flavour space with each entry
being a four-component Dirac spinor field.

The U(Ny) matrices Uy, and Ug act on the Dirac as well as on the flavour
space. They are defined as

) 5 NJ%—1 ) 5 NJ%—1
Uy =exp{—i=—= 3" 08t} . Up =exp{—i— 3 038,} .
a=0

2 2

a=0

(1.25)

From now on, for any Lie group U(Ny) the generators are denoted by ¢, and
a=0,1,2, ...,N]% — 1 while the NJ? — 1 generators of SU(Ny) are denoted

by t; and i = 1,2, ...,NJ% — 1. As in the QCD case they obey the SU(Ny)
commutation relations

[ti, t5] = ifijute - (1.26)

10



The field ¢ can be decomposed in its left- and right-handed” components by
the chiral projectors

1-— 1
P p,— 11T (1.27)
2 2
= q=(PL+ Pr)q=qL+qr ,
where ~° is defined as
7° =iy = s (1.28)

and v* are the Dirac matrices. In chiral representation® 4° is diagonal

- ((1) _01> , (1.29)

such that gz, q, are eigenvectors of v° with eigenvalues L, R (1 resp.).

For the decomposed fields ¢z, qr the QCD Lagrangian reads
Ny
Loco = UL w?"qL.s + AR WP 4R, 5)
f=1
Ny
=Y (@rgmsqrs + Qoymrar.y) — Zﬁ;}yﬁé‘” - (1.30)
f=1

"For massless particles chirality corresponds to positive or negative helicity, defined
as the projection of the spin onto the momentum vector

ST
S

hy = ==1.

s

After a Fourier transformation into momentum space (9" — p*) the equation of motion
for free, massive fermions reads

1—75 145
(Ypu —m)g = (Y*pp —m) (Tvq + %q) :

For massless fermions in chiral representation the Dirac equation above decouples into the

Weyl equations. In literature, however, the distinction between chirality and helicity is

often not made clear. As the weak interaction couples to chiral left-handed fields being

represented by the eigenvalues of 75 it seems important to make this differentiation here.
8In the chiral representation the 4-spinors are defined as

i~ ()

and the Dirac matrices are defined as
o_ (0 1 i_ (0 =o'
’)/ - Il O 9’ ’)/ - O,z O N

11



In the chiral limit where all quarks masses vanish, the above Lagrangian
is clearly invariant under chiral transformations (1.24). In nature, however,
chiral symmetry is not exact. While on the hadronic mass scale of 1 GeV
the masses of up and down quark and even the strange quark can be consid-
ered to be still small enough (m, ~ 0.0015 GeV, mg ~ 0.0035 GeV, mg =
0.105 GeV) to allow for the assumption of a chiral symmetry, the charm
mass m. = 1.27 GeV is already of the order of the hadronic masses, while
mp = 4.20 GeV and my = 171.3 GeV clearly exceed the scale where they
could be approximated as ”vanishing”. Considering the 2 x N]% chiral cur-
rents, derived from the Lagrangian with the quark mass terms included,
reveals the pattern of chiral symmetry breaking, according to the different
possibilities of mass degeneracy.

1.3.1 Chiral Currents and Symmetry Breaking

After the transformation defined in (1.24)

.,E/ﬂQCD — gQCD +5$QCD 5 (131)

6$QCD = QLtaVMQLaﬂH% + Q_Rta'YuQRaﬂH%z
— 07 (qrtaMqr — qrtaMqr) — i0%(qrtaMqr — qrtaMar) ,

(1.32)
where M is the diagonal quark mass matrix of rank Ny
M = diag(m,, mg, ms, me, mp, my) . (1.33)
Now the Noether theorem states that if a Lagrangian
L = ZL(Pa(a"), Opda(at)) (1.34)
is invariant under the transformations
ot — at =2t +0at | Py — P, = P+ JPF | (1.35)
then there exist the conserved Noether currents
0L
=——0¢, — 02l , O =0, 1.36
/a 3(%%) ¢a M/a ( )
and that to each conserved current corresponds a conserved charge
Qo = / Jod3z . (1.37)

12



The right-handed and left-handed currents can now be obtained by consid-
ering the variation of §.Z,cp with respect to the parameters 66y, and d60r

[9]

5$QCD

H = . 1.
/a(L,R) 5(({9“0%,}%) ( 38)

The QN? independent parameters 6y, and 04, are defined by the relations:

Vector transformation:
HLO, — HRO, ;
HLa + aRa

bra = 5" . (1.39)

Axial-vector transformation:

HLO, = _HRa )

_ —0L0 + ORa

Orq = 5 (1.40)

Letting the U(Ny)r, x U(Ny)g transformations act simultaneously on left-
handed and right-handed quark fields one can define global vector and axial-

vector transformations® according to
"SR g = UpUng = exp{~i6%ta}a (L41)
il ¢ = UUrq = exp{—7°0%t.}q . (1.42)

The currents corresponding to vector and axial-vector transformations are
then

5$QCD 5$QCD

H = = (q Mta 5 14
Ve = S(onag) T (anag) T TV 1 (1.43)
0% 0%
AP = 9D QD gapa Sy 1.44
"= Somen)  a(orany Tt (1.44)
with divergences
00.%, 00.%,
o QCD QCD _ .
a/JVa 69% + 89% Zq[Ma ta]q ) (145)
00.%, 06.%,
B Qcp QCD .- 5
O Al o0 505, iq{te, M}v°q . (1.46)

9Because of 4° in (1.42) the axial-vector transformations do not build a group, since
closure is not satisfied.
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Now the manifestations of chiral symmetry breaking and some of the experi-
mentally verified predictions made from the resulting constraints will be de-
scribed. Analogously to the irreducible representations of U(Ny)r, xU(Ny)r
the 2NJ% currents in (1.43) and (1.44) can be split into two singlet cur-
rents and two currents belonging to the adjoint representation of the group
(U(Ny) = U(1) x SU(Ny)).

One can anticipate the following scenarios of mass degeneracy:

e all quarks are massless my = 0,

e all quarks are massive, but degenerate m, = mqg = ms = m, = m; =
my =m,

e all quarks are massive and not degenerate.

Within these scenarios one can analyse chiral symmetry from Equations

(1.45) and (1.46).

The U(1)y symmetry corresponds to the conservation of the quark number;
its generator is proportional to the unit matrix and thus commutes with all
other generators. From (1.43) the U(1)y current can be read off as

Vo' = @v"tog (1.47)
and its divergence is
Ve =iq[M,tolg=0. (1.48)

Thus, even for massive quarks, the U(1)y vector symmetry remains unbro-
ken and baryon number is always conserved.

While SU(Ny)y is broken in the case of massive and non-degenerate quarks
it is clearly preserved, if m, = mg = ... = my. Then the quark mass matrix
M commutes with all other generators

OV} =imypqll tlg=0, i=1,2,3. (1.49)

The NJ% — 1 vector currents are then conserved individually and SU(Ny)y
remains intact!®. SU(Ny)y is the standard flavour symmetry (isospin for
Ny = 2), as, for example, for the nucleon isospin doublet of SU(2)s.

10Flectromagnetic interactions break the vector symmetry explicitly which, e.g., results
in the Gell-Mann-Nishijima relation. A closer analysis of the electroweak interaction and
its symmetry breaking will be given in the following section about the Glashow-Salam-
Weinberg model.
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The SU(Ny) axial-vector currents Al are only conserved if the quark masses
are identically zero since

9, AL = q{t;, M}y tiq . (1.50)

The divergence of the U(1) axial current Al is obtained as
0, Al = 2igM~°q . (1.51)

and also vanishes in the chiral limit. This is, however, only true on the classi-
cal level. Calculations to first order of perturbation theory of the amplitude
of an axial current coupled to two vector currents coupled to gluons reveal
that the Ward identities can only be respected for either the vector or the
axial-vector current [7]. Since the symmetry under vector transformations
corresponds to conservation of baryon number, one chooses the U(1) axial
symmetry to be explicitly broken!!. For massless quarks and N. = 3 the
not conserved singlet current, corresponding to the 1 meson, then reads

N,
9, Al = 25%¢

. Fﬁyﬁa‘“’ with (ng = gwﬁFgﬁ). (1.52)

The anomalous axial singlet current yields the explanation of the massive n
meson which otherwise would be a massless Goldstone boson of the sponta-
neously broken axial-vector symmetry.

The contribution from the anomaly to the current corresponding to the
neutral 7 is

aNg
127
and yields a great confirmation of the chiral anomaly in the axial-vector
current in the presence of an electromagnetic field; the 7% — ~v decay rate
was predicted in agreement with the experimental result to be

aN, )2 m3

Droyy = (37Tf7r 6 ~7.7eV

by Adler, Bell and Jackiw [12]. Equations (1.52) and (1.53) show that the
symmetry breaking term depends on the number of quark colours N, but is
independent on assumptions about the degeneracy of the quarks in flavour

space!?.

0, Al = T, T (1.53)

1On the physical side this “true” breaking of the axial chiral symmetry is also at-
tributed to instanton effects as it has been shown by t’Hooft [10]. Detailed discussion on
the subject of the chiral anomaly can be found, e.g., in Chapter III-3 of [7] and Chapter
18 in [11].

12Bouchiat, Iliopoulos and Meyer [13] showed that for three generations of quarks and
leptons the anomalies cancel out separately for quarks carrying fractional electromagnetic
charges and if the number of colours is No = 3 [11]. This remarkably substantiates quark
colour as additional degree of freedom. Only when the anomalous contributions cancel
each other out, theories that are based on a local symmetry with anomalous currents will
be renormalisable and produce experimentally verifiable predictions.

15



Both vector and axial-vector isospin currents of the chiral model reflect
strong isospin symmetry which is for example seen in the almost exact de-
generacy of the hadronic mass spectra for the pion triplet (N; = 2) or
the kaon quadruplet (Ny = 3). They are also in accordance with the cur-
rents that are observed in electroweak, strangeness preserving semileptonic
interactions. Their relation is seen for example in the Goldberger-Treiman
relation

JenN = gA% ~12.5 (1.54)
K
which connects the effective strong-interaction coupling between pions and
nucleons ¢g,yy and the pion decay constant f, extracted from the weak
decay of the pion. The constant ga describes the ratio of the vector and
axial-vector couplings as they are measured in weak [ decay. Since the
weak interaction is a purely V-A interaction one would expect this ration
to be one. But as a consequence of the broken axial symmetry the ratio is
ga = g—é ~ 1.22. The experimental value from pion-nucleon scattering is
given by
gzNN
T— ~13.5 = g-nn ~ 13.03 .
47

which agrees with the theoretical prediction to about 4% [7, 14].

The Goldberger-Treiman relation can be derived from an assumption called

partial conservation of the axial current (PCAC). In SU(2)s the weak decay

of m — pv; is dominated by the axial current Af . The amplitude .#;_,,,,, de-

rived from the weak interaction Lagrangian of strangeness-conserving semilep-
tonic processes, is of current-current type and proportional to

(0lgy* (1 = °)tiglm;) = (O[V|m;) — (0] A¥ ;) .

In order to describe the transition between the vacuum J¥ = 01 and the
pion J = 07 it is necessary to demand a non-zero matrix element for the
axial current

(0|gy"~ytig|mj) = ipH frbije” 7 . (1.55)
The decay rate for the process m — uv; is then calculated to

_ GEmifR(mE —mp)?

T = pr

r cos’0c . (1.56)

3
dmm?

GF denotes the effective weak Fermi coupling and is defined as

2

g
Gr=—"2 . 1.57
P9z, (1.57)
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From (1.56) the vacuum decay constant of the pion fr can be determined
by experiment and its value is given by fr = 92.4 MeV.

Taking the divergence of (1.55) results in
(010, AL ()7 (p)) = —pup" frbije 7T = —m2 frd;e” P . (1.58)

With a pion mass of m + = 0.139 GeV the divergence of the axial current
can clearly be approximated by zero on hadronic mass scales of ~ 1 GeV.
Thus, at least for Ny = 2 and massive quarks, the axial chiral symmetry is
considered to be approximately conserved on the classical level.

1.3.2 Spontaneously Broken Chiral Symmetry

For Ny = 2 the irreducible representations of U(Ny)r, x U(Ny)g for mesons
are obtained as external products of their fundamental representations. The
mesonic states are then considered to be the bilinear combinations

scalar: 00 = qtaq,
pseudoscalar: o = iGtaq
vector: VI = qtoyPq
axial vector: Al = Gt,yH g .

With the unitary matrices Uy,Uys as they are given in (1.41) and (1.42)
the quark fields transform under SU(2) vector and axial-vector transforma-
tions'® according to
%4 Y
g — Uyg=~ (1—ibyt;) q,
A . i
g — Uaq =~ (1 —ivs04t) q - (1.59)

Under SU(2)y transformations the scalar, pseudoscalar, vector, and axial-
vector triplets therefore transform as

scalar: qtiq —  qtig + qeirbvitrq
pseudoscalar: iqtiv°q — gty q + iQEiijVjtk’Y5q )
vector: qtiv*q —  q@iyMq+ qeirlvitiyta
axial vector: ativ"y’q  — @iy g + qeirbv ity g .

(1.60)

13The following discussion of the chiral transformation of the mesons is based on the
introduction to chiral symmetry written by Volker Koch [14].
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This is only a rotation in strong isospace, e.g., one obtains for the pseu-
doscalar triplet

75 w40y x 7. (1.61)

The results for a vector transformation acting on scalar, vector, and axial-
vector fields can be written down analogously.

Now, under axial-vector transformations, the adjoint field transforms as
g — @ ~ q(1 —iv°04;t;), because v° anticommutes with ~o. Together with
the anticommutation relations {¢;,¢;} = d;; the pion triplet transforms as

iy tig — iy tiq’ ~ iq(1 — i 0ajt;) vt (1 — iv°0a;t;)q
= iqy°tiq + 045 (qt;7°7 tiq + @7°titj7°q) + O[04)
= iqy°tiq + 04;q{ti t; }q
= iqy "t + 0.4:qq - (1.62)

The purely pseudoscalar like state (~ 75) obtained an additional scalar con-
tribution (~ 1); the axial transformation performs a rotation of the pseu-
doscalar states into the scalar states as for example

72 74040 (1.63)
and analogously for vectors and axial vectors

P 0 x (1.64)

Since mesons are colourless bound quark-antiquark states, the symmetry
properties of QCD are expected to be also reflected in the hadronic spec-
trum. Under axial transformations scalars and pseudoscalars, as well as
vectors and axial vectors appear to be partners and should thus have the
same eigenvalues. As it was already noted, the symmetry corresponding to
vector transformations is related to conservation of strong isospin and is re-
flected in the spectrum of the pion triplet. But from hadron spectroscopy it
is also known that the difference between the p and the a; mass is already of
the order of the p mass itself (m, = 0.776 GeV, m,, = 1.23 GeV) and the
expected symmetry property, the degeneracy under axial transformations, is
not observed in experiment. On the other side, PCAC and the Goldberger
Treiman relation indicate that it is justified to assume that the axial symme-
try is at least approximately conserved. The resolution to this contradiction
is the spontaneous breaking of the axial symmetry.

Apart from the symmetry properties of the Lagrangian, the ground state
of the potential of a system (vacuum) also possesses symmetries. Provided
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that the ground state is not unique but consists of an infinite number of
degenerate ground states, the symmetry is spontaneously broken, if one of
these degenerate ground states is explicitly ascribed to the vacuum. The
ground state is then only invariant under transformations performed by the
broken generators.

For a O(N) symmetric Lagrangian of the form

# = S8 - (@) - (@) (1.65)

and p2 > 0 there is exactly one ground state at position ¢y = 0 and the
ground state has the same symmetries under O(N) transformations of the
fields ¢; — O;;0; ,i,5 = 0,1, ..., N — 1 as the Lagrangian. The number
of symmetries of the ground state is then the same as the dimension of
the symmetry group of the Lagrangian, and all W generators of O(N)

annihilate the ground state

) =Udy=0. (1.66)

Figure 1.3: Mexican hat potential of a O(N = 2) Linear Sigma Model with
&= (o,m)" and £ = L(04D)? — Lu2(@)? — A[(@)2]2.

Now, if u? < 0, the ground state is moved to a constant distance ¢q from the
origin (Figure 1.3). At first, the ground state is still invariant under rotations
in the N dimensional plane spanned by the fields ¢; ,4 = 0,1, ..., N —1, but
as soon as one ascribes this vacuum expectation value to one specific field

D = (¢0,0,0, ...,0), (1.67)
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the symmetry is spontaneously broken. The ground state is now only sym-
metric under transformations of a subgroup of the original symmetry group
and only the generators in the direction of ®g annihilate the ground state.

Goldstone’s Theorem [15] states that, if a continuous symmetry is sponta-
neously broken, there arise as many massless scalar fields as there are broken
generators in the ground state, or more precisely; if a Lagrangian is invari-
ant under a continuous symmetry group G and the number of generators
of G is N, while the ground state is only invariant under a subset H, with
dimension M, then, there are N — M massless spin 0 particles. Expanding
the potential about its minimum gives rise to the mass term of the field
corresponding to the unbroken symmetry, while the fields corresponding to
the broken symmetries are massless.

Now, looking at the O(2) example in Figure 1.3, one can understand the
o field as the radial component of ® and 7 as the tangential component.
Then, radial excitations of ® along the o axis do cost energy (m, # 0),
while excitations of ® in the tangential direction are along the trough of the
potential and do not cost energy (m, = 0). Thus, the pions are considered to
be the massless Goldstone bosons of the spontaneously broken axial-vector
symimetry.

For the SU(2)r x SU(2)g scalar and pseudoscalar mesons this means that
the potential is invariant under axial-vector rotations in the plane of the
chiral partners ¢ and .

Since the o meson carries the quantum numbers of the vacuum (07) it can
be chosen to take on the expectation value of the ground state ¢q

o—=0+d¢g.

Then the symmetry is spontaneously broken and the three pions (J© = 07)
are considered to be the Goldstone bosons. In the Lagrangian, there are now
new contributions to the mass terms that are proportional to the square of
the vacuum expectation value. Thus, the mass difference between the pion
and o resonances is explained by means of a spontaneously broken chiral
symmetry. The same mechanism gives rise to the mass difference between p
and ap. In the chiral limit, where chiral symmetry is exact, a; and p become
degenerate in mass after the chiral phase transition (' > T¢).
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1.4 Glashow-Weinberg-Salam Theory

Besides its symmetry under local SU(3)¢ and global SU(2)r, x SU(2)g the

QCD Lagrangian without mass term'4
gDirac = Z qifzfyuauqf . (169)
!

is also invariant under SU(2), x U(1)y gauge transformations. The indices
L and Y refer to the groups generated by the weak isospin and hypercharge
operators I3 and Y. These two groups provide the framework to describe
electromagnetism and weak interaction within a unified gauge theory.

Electric charge @ as immediately experimentally observable quantum num-
ber is related to hypercharge Y and the third component of weak isospin I3
by the Gell-Mann-Nishijima relation of the weak interaction

Q=1+ % . (1.70)

All fermions - leptons and quarks - are subject to electroweak interactions.
Weak interaction bosons couple only to fields with weak isospin I3, e.g.,
either left-handed particles or right-handed antiparticles, and thus weak
interaction violates the symmetry under charge C' and parity P conjugation
individually, while it preserves combined C'P transformations (Figure 1.4).

In the two flavour case the SU(2);, fundamental representation for up and
down quark is given by a left-handed doublet state ¢; describing the fields
that transform under SU(2); and two right-handed isosinglets g2, g3 that
do not transform under SU(2),

u
q1 = (dL> , @2 =UR, q3 =dR . (1.71)
L

As for chiral symmetry left-handedness and right-handedness are defined by
the eigenvalues +1 of 4° in chiral representation. The quantities gg, g7, are
the eigenvectors of 4°. They are obtained by the chiral projectors given in
(1.27).

Another important peculiarity about the weak interaction eigenstates is that
they are not the eigenstates of the strong interaction, but a rotation among

MFor fermionic fields such a mass term would read
Zm =m(qLqr + qrar). (1.68)

Since it mixes the left- and right-handed fields it is not invariant under SU(2)r x U(1)y
transformations of qr,qr. A closer description of the fermionic masses and their gauge
invariant generation in the Lagrangian can be found for example in Chapter 20.2 of [16].
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ur, cr, tr ur,Cr,tr

Lety-L T p_oy--2

2 3 3
ur,Cr,tr R UR, CR, LR
Iszé,yzé - 13:0,Y:§
ur,cr,tr op UR,CR, IR

T

Figure 1.4: Charge and parity transformations of up, charm and top quark.

those. Denoting the weak eigenstates with d’, s’, b’ their relation to the chiral
(strong isospin) eigenstates is described by the Cabibbo-Kobayashi-Maskawa
matriX VCKM

dl
S/ — VCKI\/I S . (1 .72)
v b

For three flavours this reduces to a rotation about the Cabibbo angle 6¢
d\ [ cosbc sinfc\ (d
<s’> - <—sin6’c cos@c> <s> ’ (1.73)

The following introduction into the Glashow-Weinberg-Salam Theory will
be only applied to the quarks of the first family v and d, where d is now
already defined as the weak quark spinor, so that the prime, referring to the
prefactor cos 0 of u, can be omitted.

Now, in terms of the weak eigenstates!® the non-interacting Lagrangian can
be written as

Lo =1V 0uq1 + i@ 0puqe + 137 0ugs - (1.75)

5The GWS model is trivially extended to all lepton families by adding the correspond-
ing terms. Since the neutrinos are considered to be their own antiparticles there is only
one right-handed singlet in each family

14
< ;j) , r . (1.74)
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In Section 1.3 it was shown that the Lagrangian in (1.75) is invariant under
global SU(2);, transformations. Since any U(1) transformation is propor-
tional to a phase factor only, .7} is also invariant under combined SU(2)r, x
U(1)y transformations according to

a— ¢ =UUrq,
g2 — ¢5=Uyqa ,
a3 — q3 = Uygs . (1.76)

Now, invariance of the Lagrangian (1.75) under local SU(2);, transforma-
tions of the doublet

a1 — ¢y =Ur(a")q = e~ 0 @t g, (1.77)

is again obtained via a covariant derivative. If the weak gauge bosons
WH(zH) = WH(aH)t" transform under local SU(2);, adjoint representation
as

W (@) L8 Uy (YW () U () — gaMUL(mM)Uz(xu) . (L78)

the covariant derivative reads
oM — gt = ot —igWh(aH) | (1.79)
and the weakly interacting Lagrangian reads

gweak = “jl’y,u-@“(h . (180)

Both, left- and right-handed quarks, are subject to electroweak interactions
and should therefore transform under local U(1)y. Generally, the gauge bo-
sons couple to the charges of the symmetry group; while left-handed fields
carry weak isospin and right-handed fields do not, both, left- and right-
handed fields, carry electromagnetic charge. Also, provided that due to the
Anderson-Higgs mechanism the weak gauge bosons are massive, the third
component of the physical weak interaction boson Z is a mixed state of the
U(1)y and SU(2)[, gauge fields B* and WJ'. This gave rise to the Gell-Mann-
Nishijima relation of the weak interaction, describing the relation between
the quantum numbers of bare and physical fields.

Now, in order to incorporate the fact that the neutral currents B* and W'
couple differently to left- and right-handed fields, the transformations of the
doublet and the singlets have to be proportional to the corresponding U(1)y
eigenvalues y1,y2, and y3. Thus, for U(1)y the transformation law is

@ — q) = Uy,q1 = 19@g,
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43 — ¢ = Uy,qo = ¥29@) gy |

g5 — gh = Uyyqs = /gy . (1.81)

The gauge field corresponding to the gauge group U(1)y is denoted by B*
and transforms as

B0y pur — pr o Lopgeny (1.82)
g/

For each quark state ¢; one obtains a covariant derivative according to the
transformation properties of ¢; under SU(2)r, x U(1)y

D = 9% — igWh (a) — igly, B (¥ ,
DY = 0" —ig'y, B (")
DY = ot — ig'ys B*(zH) . (1.83)

With the transformations (1.78) and (1.82) of the gauge bosons W* and B*
the covariant derivatives transform as the quark fields themselves and thus
maintain the local symmetry of (1.80), where D is replaced with D; ,i =
1,2,3. The dynamical contribution of the gauge fields is contained in the
field strength tensors. For the abelian U(1)y field B* it reads

BM" = 9FBY — 9" B (1.84)

and is invariant under SU(2);, x U(1)y transformations. For the non-abelian
gauge bosons

WH = WY — Q*WH —ig[WH, W"], WH =W (1.85)

is obtained, with WH# transforming as the adjoint representation

v SU@)L xUQ)y
Rt ekl £%

WH ULwH Ul (1.86)

The weakly interacting quark Lagrangian can be written down as

3
. 1 1
Low = E gDl qi — ZBWBW — ZWWWW . (1.87)
i=1

In order to maintain gauge invariance the gauge bosons of Yang-Mills theo-
ries have to be massless. While this holds for the photon ~, the interaction
field of Quantum Electrodynamics, the weak interaction bosons actually are
massive. They carry a mass of my,+ = 80.399 GeV and m o = 91.188 GeV
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[6]'6. The contradiction of the massive gauge bosons W=, Z° was resolved
by spontaneous symmetry breaking, this time applied to a isospinor scalar
field ¢ implemented by a ¢* interaction Lagrangian

L = (0"€h)(01€) — pPete — 2(5*5)2 : (1.88)

This so-called Higgs field carries weak isospin [ = % and hypercharge Y = 1.
It transforms under the electroweak symmetry group like the left-handed

e~ (%) - (1.89)

fermion fields,

N R U (1.90)
Both fields, ¢+ and €9, are complex-valued
1 .

£ = —2(53 +i4) (1.91)
1 .

fo=—=(& +i&2) . (1.92)

V2

To render the symmetry of .Z local, the partial derivative in (1.88) is again
replaced by a covariant derivative according to the one acting on the left-
handed doublet

DHE = oM¢ — igWhE —ig' BRE . (1.93)
Thus the weakly interacting Lagrangian for the Higgs field reads
L = (DN (D) = V(©) (1.94)

with the potential defined as

V(e) = wele+ Sl (1.95)

In the Goldstone mode where p? < 0 the minima of the potential lie on a
circle with

—9.2
0lelo) = /== = Vg

16Since usually the exchanged momenta in an interaction process are much smaller
than the T bosons masses, their propagator reduces to 1/M7, and thus explains the short
range or “weakness” of the weak interaction. It was not obvious from the beginning that
it is only of short range and not weak in terms of its coupling strength which is actually
of the order of the electromagnetic coupling.
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Now the real part Re[¢p] = & is chosen to take on the expectation value of
the ground state. Then, the minimum of V() is not degenerate anymore
and is defined to be

(0[€1/0) = V28
and (0162[0) = (0]&5/0) = (0]&4j0) = 0. (1.96)

The local symmetry of Xgm enables different isospin transformations of &
at each point in space time, this freedom to choose a distinct orientation
for £ in isospace has to be removed by a gauge-fixing procedure. In unitary
gauge where £ is set to be in the t3 direction only, all fluctuations of the
ground state that would affect the fields &3, &3, and &4 vanish and thus &(x*)
for each point in space-time is defined as

0
£(at) = <§0+ c(\%)) - (1.97)

The interaction of £ with the electroweak bosons is then derived from the
covariant derivative (1.93) according to

0 g 0 q 0
DFE = guc | —iZWWH —i=BH 1.98
. (%) " (éﬁ%) " (&wﬁ) (1.98)
and
et w 1 owo\2 9258 w2 N2 §8 1 ! o2
(DHEN(DHE) = 5(0"¢)" + == IWp)" + (W3)'] + - (gWy — g'BY)
+ products of higher order . (1.99)

The Higgs field kinetics are now described by the first term in (1.99). The
degrees of freedom &3, &3, and &4 in the definition (1.92) are now the massless
modes of the scalar field, while the vacuum expectation value of £ gives rise
to self-interaction terms of the gauge fields. So to say, the three Goldstone
modes are eaten by the three SU(2); gauge bosons so that they become
massive.

Now, the charged physical fields are identified as
_ W Fawy
V2

and the physical neutral weak boson Z° is associated with a linear combina-
tion of the gauge bosons of the SU(2);, x U(1)y local symmetry. It mixes
the ¢y and t3 components of the bare gauge fields (Weinberg mixing)
1
W - [y
ZF = g,2+92(9W3 gB").

WHE (1.100)
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The boson masses are then obtained as

My + = (1.101)

9¢ 21 2

—, Mgo = 4+ g4— .
\/5 A g g \/5
The remaining degree of freedom is used to construct the massless photon
field orthogonal to Z°

1
AF = ﬁ(ng +4gBH). (1.102)
g°+yg
This is nothing else than a change of basis from the vector space that spans
the SU(2)r, x U(1)y bare gauge fields W*, B* into the basis of the physical
fields W+, Z°, A*. This mixing of the bare gauge fields is also described by
a rotation about an angle Oy

AR\ [ cosby  sinfy B#
<Z“> o <—sin9w COSHW> (Wf) ' (1.103)
The Weinberg angle 6y is defined by the relations

/

J = cosOyy, g _ tanfy, (1.104)
g

VP

and one obtains e = ¢'sinfy = gcosfy. The Weinberg angle has been
experimentally determined by the ratio of the weak boson masses to be

M?
sin?fy =1 — FVQV =0.222 . (1.105)
Z

The Weinberg mixing has no influence on the charged currents. The flavour-
changing interactions between the charged bosons W* and the left-handed
quark doublets are thus given by

L+ = glur, dp)y, (Wt + Wht?) <UL>

dr,
) 0 W —iwk w
=9 Aoy | wpewy (d)
0 L
V2

1— 5 1= 5
(uw LW d 4 dy— W“‘u) .

Sl

(1.106)

The above Lagrangian will be exactly the same for the lepton fields as they
have been defined in (1.74). Figure 1.5 also gives an example for lepton
flavour- changing processes.
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u

Figure 1.5: Flavour-changing weak processes

The interactions with the neutral bosons have to be calculated from

;3
_ g _
Lows = 90 W0 +5 Y vidivuBa: - (1.107)
i=1
From there one can already see that interactions generated by the neutral

currents are between the fermions and antifermions of both chiralities. After
rotating the bare fields into their physical counterparts this becomes

3
Ly =Y equQiAlq +

i=1

3
> G — ay®)Z4q; . (1.108)

2sinfyy cosbyy “ -
1=

The factor v — ay® describes the V-A structure of weak interaction. The
neutral-current couplings vy and ay are, according to [17], found in Table
1.4.

The first term in (1.108) is the well-known QED interaction Lagrangian,
where (Q; denotes the electromagnetic charge operators

3

2
Q1= (8 01> , Q2= ; , Q3= —% . (1.109)

The second term contains the interaction vertices between the neutral Z
boson and the left- and right-handed quarks.

e Ve U d

2vy —1+4+4sin’Oy 1 1—§sin29W —1+§sin29w

2a; —1 1 1 —1

Table 1.2: Neutral-current vector and axial-vector couplings

Now, the most important characteristics of weak interactions have been
presented. The next chapter will describe the Linear Sigma Model, followed
by an introduction of weak interactions according to the GWS model of
electroweak interactions.
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Chapter 2

Linear Sigma Model and
Electroweak Interaction

2.1 The Linear Sigma Model

Linear sigma models are effective quantum field theories, where the princi-
ples of the Standard Model are applied to the hadronic degrees of freedom.
In the energy region of ~ 1 GeV quarks are still confined and their bound
states can be observed as the light mesonic resonances. The Linear Sigma
Model with U(Ny = 2), x U(Ny = 2) symmetry attempts to describe the
phenomenology of the scalar (o, dp), pseudoscalar (7, 7), vector (w, ), and
axialvector resonances (f1, @1). They are parametrised by direct products
of the quark vectors in U(2);, x U(2)r fundamental representation for up
and down quarks. Then from Standard Model symmetry considerations a

Lagrangian
< =ZL(®,L* RM)
is constructed.

Now, in this U(2)z, x U(2)r Linear Sigma Model, ® is defined as the external
product of the quark spinors in the fundamental representation

‘I)z'j ~< qLqR >ij - (2.1)

In the above equation 7 and j denote the flavour indices 7,7 = 1,2 and the
quark vectors are defined as

qr = <Zi> N ES (Zg) - (2:2)
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Thus, for mass-degenerate up and down quarks, the matrix-valued field ®
reads explicitly

O~ V2Gjr Gip, i5=1,2. (2.3)

Since @ is an object in the product space of the U(2)r, and U(2)g irreducible
representations, the left-hand side and right-hand side in (2.3) are not the
same. However, the matrix-valued field ® and the external product of the
flavour vectors obey the same transformation law under chiral transforma-
tions. The same holds for the left- and right-handed fields that are discussed
below.

The [2®2] irreducible representations of U(2), x U(2) g are given by one left-
handed and one right-handed doublet, hence the field ® transforms under
U(Q)L X U(Q)R as

- @ = UL U], . (2.4)

The transformation is generated by the unitary matrices
Up = e_wCLLt“, Ur = e Whta (2.5)
with t, being the U(2) generators.

Using the left-handed chiral projector Pp, defined in Equation (1.27), ®;;
can be decomposed into its scalar and pseudoscalar contributions according
to

D, ~ \/ECL‘,R Qi = \/icijfqi = \/iquLqi
1 1
= —=q(1-)g = —=(Gg — G7°q) , Lj=ud. 2.6
\/ﬁqj( 7°)ai ﬁ(qjq@ 7;7°q:) J (2.6)

For left- and right-handed fields L* and R* the analogue procedure, this
time applied to direct products of the fundamental and “anti”-fundamental
representations of U(2) and U(2)gr respectively, yields the definition for
vector and axial-vector fields

i 1 i
LY ~V2q5,9" 41 = —= (@76 + GV ) (2.7)

-8

R = V205607 4in = —= (@7 4 — 47" ai) - (2.8)

V2

They transform separately under the adjoint representations of U(2), and
U(2)r as

LM —ULL"US , R* — UrR"U}, . (2.9)

30



Now, according to the strong isospin eigenvalues I3 of their constituents the
fields are embedded into the algebra of strong isospin by means of the U(2)y
generators

1/10 1/0 1 1(0—i 1/10
to_i(o 1>’ t1_§<1 0)’ t2_§<i 0)’ 753_5(0—1) (2.10)

and
O =, LH=LH* RF=RH". (2.11)

The generator ¢y corresponds to U(1) and t; (i = 1,2,3) correspond to the
subgroup SU(2) with commutation relations

[ti ,tj] = isijktk .
The SU(2) structure constants are given by

1, for even permutations of 123
gijk = § —1, for odd permutations of 123
0, otherwise .

Finally, the scalar, o,, and pseudoscalar degrees of freedom, m,, are repre-
sented in ® by

® = (0 +in)tg + (do +i7) - t = (04 + im) tq - (2.12)

Vector, V#, and axial-vector mesons, A*, are introduced by left-handed and

right-handed fields

LH = (VI 4+ Aty = (W + fi% + (" + ) - T,
Rt = (VI — AVt = (W' — It + (" —al) - . (2.13)

Again, the index a = 0, 1, 2, 3 denotes the generators of U(2), while the index
i =1,2,3 denotes the SU(2) generators.

Having thus attributed the light mesonic states to their representation in @,
L* and R*, the Lagrangian of the model can be constructed. It is based on
a free Klein-Gordon Lagrangian for scalar and pseudoscalar fields with a &%
potential

Ly =Tr[(#01) (9" ®)]— mATr[dT®] — A\ Tr[(®Td)?] — Ao (Tr[dTe])? . (2.14)

The Lagrangian % is invariant under global U(2)r, x U(2) g transformations
(2.4) of ®.
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The parameters of a global transformation are space-time independent and
together with the invariance of the trace under cyclic permutations of its
arguments the invariance of the derivative term in %4 can be seen from

Tr(04®' 1) (9 ®')] = Tr[(I“Ur®U} ) (*ULDUL))]
= Ty[Ug(0"®)U} UL (9#®)UL)] = Tr[(9* 1) (0")] .

The same holds for all other terms in %) as they contain only products of
® with its hermitian conjugate ®T.

When vector and axial-vector fields were, in a variety of ways [18, 19, 20],
introduced into the Linear Sigma Model they where first treated as massive
Yang-Mills fields of a local chiral symmetry. They transform as the adjoint
representation of the chiral group and they are spin 1 fields. Thus, it seems
obvious to construct a chirally invariant Lagrangian based on the assumption
that the left- and right-handed fields are the gauge bosons of a local U(2), x
U(2)r symmetry. Consequently, the global U(2); x U(2)r symmetry was
set to a local one as it has been done by [18, 19, 20] for an O(4) model and
by [21] for the U(2) model. However, there is no local chiral symmetry in
the QCD Lagrangian and the present Linear Sigma Model is also based on a
global chiral symmetry. But, the local model is still the basis on which the
chirally invariant terms for vector and axial-vector mesons were constructed
and the restraint of a local symmetry was lifted only later.

At first, the partial derivative in (2.14) is replaced by a covariant one and
generates the dynamics between scalar and vector mesons

D'® = 9hD — g (L'D — BRY) |
(D'®)t = 90t + gy (R’@T - qﬂLM) (2.15)

and (2.14) becomes

Lp = Tr[(D"®T)(D"®)] — m2Tr [@T @} ~ \Tr [(@T @)2] — Xo(Tr [@T @} ).
(2.16)

The Lagrangian is invariant under local transformations if the left-handed
and right-handed fields transform as

" —ULLMUT + g—leLa“UT, (2.17)
RF —URRMUT, + éURﬁ“U; . (2.18)

In the global model, the second term in (2.18) becomes zero and the trans-
formation laws in Equation (2.9) are obtained.
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While maintaining gauge invariance by constructing a covariant derivative
on the basis of a local chiral symmetry is effortless, introducing a mass term
for the vector and axial-vector fields already breaks chiral gauge invariance.
One could also think about introducing a scalar field, similar to the Higgs
mechanism for the electroweak interactions, but the main advantage of a
local chiral symmetry would be that the gauge field couplings could all be
described by the same coupling constant g; in (2.15).

However, most important is that the models based on a local chiral symmetry
cannot describe the phenomenology of vector and axial-vector mesons [20].
Thus, one reduces chiral symmetry to a global one and can then simply add
a mass term according to

2

%Tr [(L“)2 + (R”)ﬂ . (2.19)

The invariance of the partial derivative term under global chiral transforma-
tions can be seen from

D'p — (D'D)' = UL(9 @)U}, — igy (ULL“U} UL 8UY, — UL oUURR UL,
= UL(@"®)U}, — igy (U L*0U}, — U@ RU)
_ v, prav, (2:20)
and for the mass term from
m / / / !
TTI'(L“ L'u —|— RN R/J )
m
= %Tr[ULLHUzULL“Uz + UrR,ULURRMUT)
- %Tr[LHL“ + R,RY) . (2.21)
Again, only the invariance of the trace under cyclic permutations was used.

The dynamics of the Yang-Mills bosons is encoded in the field strength
tensors for left- and right-handed fields

L =9otLY —9"L" , RN =0"R" —0"R"' . (2.22)
They transform covariantly under U(Ny)r and U(Ny)r
L — U L"Ul, R — UgR™ U}, . (2.23)

They are generally obtained from the commutator of the covariant deriva-
tive and thus should also contain non-Abelian contributions from the left-
and right-handed fields. With a local chiral symmetry, these non-Abelian
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contributions would then be proportional to the coupling constant g;. Since
this model is only invariant under global transformations, one can define
new additional couplings for each contribution that would arise from the
commutator in the field strength tensors. Thus, L* and R* have been
redefined and contain the derivative terms only.

The non-Abelian contributions to the field strength tensors appear together
with other chirally invariant higher-order interaction vertices with couplings
92+ 93,94, g5 and ge in L3 and .Z

Ly =—2igy(Tr[Lyw[Ly, L)] + Tr Ry, [Ru, RJ]]) (2.24)

Ly = g{Tx[L'LYL,L,] + Tr[R"R"R,R,|}
+ gu{Tx[L*L,L"L,] + Tr[R* R, R"R, |}
+ g5 Tr[RFR, | Tx[LF L, |
+ ge{Tr[L,, L*|Tx[L,, L"] + Tr[R,, R*|Tr[R,, R"]} . (2.25)

Because the field strength tensors are obtained as the commutators of the
covariant derivatives, they inevitably transform covariantly by definition.
Thus, the Lagrangian for L* and RV finally reads

1
Lir = 7T (D7) + (R™)?] + 5HTr (D) + (R + Lo+ 24
(2.26)
Additional chirally invariant terms between the scalar, pseudoscalar and
vector and axial-vector fields are added as

h
L5 = éTr((I)“I))Tr[LuL“ + R, R" + hoTr[®'L, L' + &R, R' D]

+ 2h3 Tr[®R,OTLH] . (2.27)

They generate other possible interactions and will also modify the equations
for the physical vector and axial-vector masses.

2.1.1 Spontaneous Symmetry Breaking, Field Renormalisa-
tion, and Mass Terms

In Chapter 1.3 the chiral symmetry of the QCD Lagrangian has been dis-
cussed. It was shown that chiral symmetry is broken explicitly by the quark
masses and spontaneously by the non-vanishing vacuum expectation value of
the chiral condensate. Moreover, even for vanishing quark masses the global
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axial symmetry is broken by the U(1) 4 anomaly. For massive but degenerate
quarks the symmetry under axial transformations is completely violated and
for non-degenerate massive quarks SU(2)y is broken, too, leaving U(1)y as
the only unbroken symmetry.

To emulate this pattern of explicit chiral symmetry breaking two additional
terms are introduced into the model

Zusp + La = Te[H(®T + )] + c(det® + detdT) . (2.28)

The first term

Losp = Tr [H(@T + @)} (2.29)

emulates the explicit breaking of the SU(2) vector symmetry corresponding
to the different possibilities of quark-mass degeneracy. The matrix H is
diagonal in flavour space and defined as

H = hat® (2.30)

where the elements h, correspond to the quark masses and ¢, to the U(2) gen-
erators. The explicit symmetry breaking term affects the vacuum by tilting
the ground state towards the direction of the respective generators. Because
the chiral condensate must carry the quantum numbers of the vacuum, only
the generators that correspond to the non-charged particles (¢y and t3 for
Ny = 2) are used to simulate the explicit breaking of chiral symmetries and
the matrix H is defined to be diagonal (h; = hg = 0), in order not to violate
the symmetry under charge conjugation by off-diagonal terms.

Vanishing quark masses correspond to an unbroken chiral symmetry, thus all
coefficients h, would be set to zero and the U(2)y as well as the symmetry
under axial transformations remains unharmed. For hg # 0 and all other
hi23 = 0 the explicit symmetry breaking term represents the case of non-
vanishing but degenerate quark masses where SU(2)y is still intact. For
non-vanishing and non-degenerate quark masses one would also set hg # 0
to break SU(2)y explicitly.

The present Linear Sigma Model is based on the assumption of massive
but mass-degenerate up and down quarks. On the hadronic mass scale, the
mass difference between up and down quark is small enough to be neglected.
Hence, m, = my and therefore hy # 0 and hs = 0. This also corresponds to
the fact that after the symmetry has been spontaneously broken, only the
sigma field has a vacuum expectation value. Thus, the ground state is tilted
towards the ty direction. More information about how explicit symmetry
breaking of QCD in nature is realised in Linear Sigma Models with different
numbers of quark flavours is, e.g., found in [22].
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The second term in (2.28)
Zn = c(det® 4 detd')

corresponds the the U(1)4 anomaly and breaks the symmetry explicitly to
U(2)y x SU(2)a. According to the transformation of ® as given in (2.4) the
term yielding the U(1)4 anomaly becomes

Ln — c[det® + det q>/T] =c :det(UL(I)U;) + det(UR<I>TU£)]
= ¢ [det (e_w%t“@ew%t“> + det (e‘ie%taqﬂew%ta)]
= ¢ |det (e_i%(gil/tﬁeita)q)ei%(Gg,ta—agta)>
+ det (ai%w%tafezta)(I)Tei%(eavtﬁe%ta))]
=c —det (e*witafb) + det <ewi&t“ (I>T>}
=c _det (efi'g%tofi@%ti‘l)) + det <6i9%to+i€f4t¢qﬂ)}
=cC —det (e_iefaxti> det (e—iegtoq))
+ det <ewilti> det (ei(’g\to)@T)}

=c —exp (Tr[—i0%t;]) det (e_iegt‘)‘l))

+ exp (Tr[i0t;]) det <ew94t°)<I>T>}
TN (231)

hence, because the SU(2) generators t;,i # 0, are traceless matrices, £
transforms into

Lr=c [det (eiig%toq)) + det <ei€2\t°<1>T)} (2.32)
and thus breaks, as it has been shown above, the axial symmetry U(1)4.

Finally, the full Lagrange density for the global U(2)z, x U(2)g Linear Sigma
Model with scalar, pseudoscalar, vector, and axial-vector degrees of freedom
is

L =Ls + LR+ Lesp+ LN+ LB+ L+ 5
= Te[(D"®1)(DF®)] — m2Tr [@T @] — AT [(@T @)2} — o(Tr [@T @] )?

T [ = (B 4 e [+ (Y]

+Tr [H(qﬂ + @)} +o(det® + detd) + L+ L+ % . (2.33)
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In terms of its mesonic components the Lagrangian without the higher-order
terms .23 4 5 reads

1 oL 1 .
Z = 5[5”0+91(nff+ﬂ'a?)]2 + 5[0“n—91(0f{‘+ao-a’f)]2

1 . L
+ 510"d0 + g1(7* x o +nat + 7]

| S PR
+§[5M7T—91(7TXﬁ"+0af+aoff)]2

2

m B ., A s .
—70(02+772+a3+7r2)—f(a2+772+a3+712)2

A2 (1 2 =2 =2)2 ~ —\2 _, 2
-5 Z( +n*+ds+ 7)) + (0do +n7)” + (do x 7)
1 w, v v, 2 1 Y v oppN2

1 T
=0 =0 g (< < )

1 . . . . 2
LR @ a7 X A )]

mi o 9, 2 w2y, L o o 9 o
—i—T(w“ +o" T+ LT a )+§c(0 —dy—1n" +7°) + hoo .

(2.34)

The Lagrangian %5 also contains vector and axial-vector self-interactions
and thus affects the equations describing their physical masses. In terms of
its mesonic fields one obtains

h
L5 = ElTr[fﬁT@]Tr[LuL“ + Ry RY] + hoTr[®TL, L' + OT R, R 9]

+ 2h3 Tr[®R,®TL,,]
hy

= B4 @4 ) (bl 2, )

h
+

B[ (02 o @3 ) (o 4 )

A (fap da + wp ) - (N7 + oo + (@) X ﬁ))}
1 e e oL
+ ha{2[(@ x A% = @ ) = (G x 7P + (- 7)?
+ (@1 X 60)2 — (@1 C_1’0)2 - (ﬁu X C_[O)2 + (ﬁu GB)Q]
— (fiy—wp) 0 + o® + @+ 7°) — (" + 0°) (@i, — pp)
- 4f1,u[0-(_ilp‘ 60 + 775;1“' T — ﬁﬂ' (7? X 60)]

Ayl Go +npy - 7 — e (7 x )]}
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The analysis of the mass spectra of the scalar resonances o and 7 indicates
(Section 1.3) that chiral symmetry is dynamically broken by a non-vanishing
vacuum expectation value of the ground state.

In the hadronic sector of QCD spontaneous breaking of chiral symmetry is
realised by shifting the o field by its non-vanishing constant vacuum expec-
tation value (0|grqr|0) ~ ¢o such that the excitations of the field ¢ around
its ground state can be studied. Since the o resonance is the only scalar reso-
nance that is equipped with the quantum numbers of the vacuum (J P 0t)
it is considered to take on the role of the chiral condensate. The potential
for o can be read off from the Lagrangian (2.34) as

1 1 A
Vie) = 5(771% — c)o2 + 1 <)\1 + 71> ot — hoo . (2.35)

The effect of the explicit symmetry breaking term Z.gp is clearly seen in
the potential above. By means of —hgo the ground state is tilted towards
the positive o direction and the vacuum loses its symmetry under axial
rotations.

Setting m3 — ¢ < 0 results, before explicit symmetry breaking (hg = 0), in
an infinite number of degenerate ground states along a circle in the plane of
the chiral partners at! o = ¢y. The vacuum expectation value ¢q is defined
as the value that minimises the potential

d
Vel g
do o=do
A
= (mj — )¢ + <>\1 + f) ¢y —ho=0. (2.36)

At this point (hg = 0) the vacuum is still invariant under rotations in the
plane of the chiral partners. The symmetry is spontaneously broken if sigma
is shifted about its vacuum expectation value

o(z") — o(z") + ¢p . (2.37)

Applying (2.37) to the Lagrange density results in the following additional
terms for L

1 , o
5 | ~201000" nf1' + G+ 20008 (0 12 + fldy - af )]

1An explicit expression for ¢o, dependent on the bare parameters mo, A1, A2, ¢, ho,
can be obtained by Cardano’s method and has been explicitly calculated in [23]. In the
following discussion ¢g is simply taken as a constant. It will be expressed in terms of the
physical, observable masses for p and a1 and the pion decay constant fr.
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+ % [~201000"% - @ + G105 * + 20g7 (0@ * + [l - @Y + (7 x 7) - @)
- %3((/)3 + 2¢00)
- % [0 + 4650 + 6680 + 4poo® + 208 + dgoon’® + 2674
+ddoody + 2057 + ddooi?]
- % 3 (68 + 4630 + 6630 + 4go0® + 263 + Aéoo” + 2035
+dooody + 2057 + ddoo ) + (Padg + 2¢000dg + 2¢ondo - )]
+ oty + 5e(63 + 2600) (2.38)

For %5 one obtains the following additional terms
hy _ ~ hy _ "
7¢00(f12u + wi + alzu + plzu) + Z¢(%(f12u + wi + a12u + p12u)
ha " ~ ha " "
+ = Go0 (il + Wi+ @1 + A1) + T 0(fr + wi + AL+ )
+ h2¢0(f1,u60 : C_ilu + W,ua:(] ) p_)
hs . _ h3 _ _
+ 7¢OU(_fl2u + wi - a12,u + p12,u) + Z(ﬁg(_fﬁu + wi - a12u + p12u)
+ h3og [wﬂéo . ﬁ— fl,uc_iO . 51ﬂ +7- (alﬂ X /7)] . (239)
The blue terms, being proportional to the field self-interactions, give addi-

tional contributions to the quadratic scalar, pseudoscalar, vector, and axial-
vector meson terms

3 )\2 2 9 1 )\2 2 52

5 <)\1 + 7) 00' s 5 ()\1 + 7) ¢07T s
1 Ao 1 39 s
3 (+ ) de 3 (n+52) diat

1 1 -
[g% + 5+ ha — hg)] 27 [g% + 5+ ha — hg)] pRat? .
Together with the symmetry breaking terms arising from the U(1) 4 anomaly
1
c(det® + detd’) = 50(02 + 72 —n?—ak),
the meson masses are obtained as
2 2 WAPE:
my, = mg+ 3 )\1—1—7 oo —cC, (2.40)
2 2 A2\ o
Mg, = mg + ()\1 + 37> o5+ c, (2.41)
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A
m?l = 72 [m% + <)\1 + 72> 2+ C:| , (2.42)

m2 = 72 [mg—i— )\1—1—&)(]53—0]:@, (2.43)
2 bo
¢2
¢2
m, = mg, =mi + (9160)” + (b1 + hz — hs). (2.45)

The constants hq, ho, h3 arise from .45 and not from the explicit symmetry
breaking term Z.sp, where apart from hg all other h, = 0. As it will be
shown later, the factor Z? in the mass terms of the pseudoscalar states is due
to a wave-function renormalisation that will take place in the course of the
procedure that removes the unphysical, bilinears marked in red in (2.38).
Without spontaneous symmetry breaking Z would be equal to one. The
above equations clearly show that spontaneous symmetry breaking prompts
the mass difference between the chiral partners o, m and 7, dy. The mass
degeneracy between the vector and axial-vector chiral partners is lifted by
a commensurate shift of the axial-vector mass terms.

Shifting o about its constant vacuum expectation value has broken the
SU(2)4 symmetry spontaneously and gave rise to N]% — 1 = 3 Goldstone
bosons, the pions. The scalar o took on the role of the Higgs field in the
electroweak Lagrangian. Its vacuum expectation value ¢y couples to the
scalar and pseudoscalar singlets and gives rise to additional mass terms
which, even without explicit chiral symmetry breaking (hy = 0), realize the
mass difference between the chiral partners oy and m, as well as between p
and aj. In nature the pions are indeed massive (hg > 0), but from PCAC
one can also conclude that the explicit breaking of the axial symmetry is
only small. The pions are thus considered to be the quasi-Goldstone bosons
of the spontaneously broken axial symmetry.

The bilinear terms marked in red in (2.38)
291000 nf1,  291900"'T - @y

appear as off-diagonal couplings of the pseudoscalar and axial-vector fields
and then the bare fields in the Lagrangian would not be the eigenvectors of
the interaction Hamiltonian, but mixed 7dy, and 7fy, states.

Now, if chiral symmetry was local, these bilinear contributions could be
removed by a 't Hooft gauge-fixing term [21] according to

Lar = — i(QL(M)2

oY (Oufi + Eg100m)*

1
2%
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1 1
2% %

If now as for the GWS model the vacuum is set to the t3 component only
and £ — oo (unitary gauge), then £ p would reduce to

(auﬁﬂ)Q (au‘_ﬂf - 591@07?)2 . (2-46)

1 BTN | -
~g1600,f{'n = SEGE0N” — g1000uTY - T — SEGTOFT

and cancel the bilinear terms in (2.38). Using the 't Hooft gauge fixing
would be desirable as it maintains renormalisability. However, chiral sym-
metry is only global and applying the 't Hooft gauge fixing does not remove
the unphysical mixing terms moreover, effective theories do not have to be
renormalisable and gauge symmetry is already broken by the vector and
axial-vector masses.

Another possibility is to redefine the axial-vector fields, fi, and d,, and
consider the bare fields as mixed states of their physical composites. The
axial-vector bare fields are then replaced by

APy AP 4 wdlr, | (2.47)

It should be remembered that m4t* = nty + 7 - t. In order to remove the
bilinear terms in (2.38), w is defined as

w= 912 (2.48)

2
mal

Now, in order to examine the procedure of removing the unphysical bilinear
terms, only

Lo + Lom + $¢0 (2.49)

will be considered, where % is the scalar Lagrangian with the contributions
from SSB being separated into £, and Zy\ that are affected by the shift
of the axial-vector fields.

After the shift of the axial-vector fields, the scalar Lagrangian without the
contributions from spontaneous symmetry breaking reads

1

gq) 25

{(0"0)* +291(0") [n(f{' + wd"n) + 7 - (@ +w0"7)]
+@E ML+ wdtn) + 7 - (@) + wd' 7))}
+ % {(@"n)° = 20" W)l (f1' + wd"n) + do - (@] +wd"7)]
+i[o(f' + wd'n) + do - (@ + wo 7))}

1
5 (0130 + 201(040) - [ x o + (@} + w0 R) + 7S + w0
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+i [ x do + (@) + wo'T) + T+ wdkn))?}
1
+5 {(0,7) = 2g1(0,7) - [ x P + o(@ + wo'T) + do(ff' + woHn)]
+i[7 x p + o (@ +worR) + do(f' +wd'n)*}

SI\D

A 9 o
(o P )+ ) = (o a7

um

1 R R S L
1 (02 + 772 + (_z% + 7'('2)2 + (ody + 777'(')2 + (@p x 71')2

N~ o

+ = c(0® — a2 —n* +7%) + hgo. (2.50)

For the Lagrangian of the vector and axial-vector fields one obtains

1 1
Lo = = (0" = 0wh)? = L[S + wdn) = O (fff +wdn)]”
1
L@~ )+ 201 (0~ )

(p" x p¥ +af x a + wo'a x wo'Rw)
+gi (P x p¥ + @ x @ +wo'E x wd”'R)?]
1
7 { [oM(@ + wd"7) — 0% (@ + worw))?
+2g1 [O*(a@ + wo"'T) — O (@ + wd'T)] -
[P x al + p" x wd'R +a x p¥ + wor'T x p¥]
+gi[p" x @ + p" x wd' T+ @Y x p¥ + wd'R x pr*}
2
m
+ 5t W ()7 + 2w 0+ w?(0)? + (@)
+2wd) - M7 + w? (0" R)?] . (2.51)

After redefining the axial vectors the additional terms in %3 that arise from
SSB and contain the unwanted bilinear terms are

Ly = —{ 21600 0} + 297 oFw f{'0¥n + 291 pow(9"n)* + gL By £
+gidgw? (0"n)? + 20093 [0 (fI' + wd'n)?
+(f1' 4+ wdn)do - (@ + wdT)]}
+ %{—291%3’” @ + 263 p3wal! - 97 + 291 pow (9" 7)? + glodal
+giogw? (0T + 2¢0gi [0 (@ + wd"F)?

+(f{‘ + wofn)dy (c?‘f + wolT) + (7 x pM) - (5‘1‘ + w&“ﬁ)Q]}
b (2.52)

where the ellipsis hides the terms that are unaffected by the redefinition.
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Together with the shifted axial-vector fields the terms in % that are also
affected by the spontaneous symmetry breaking read

%qﬁoa[(fm + wdyum)? + wi + (@1 + w0, 7)* + ﬁfﬂ]
+ %qﬁg [ f12ﬂ + 2w f1,0,m + w*(9um)* + wi
+ap, + 2wdyy, - 07 + w (0u7)? + 1]
+ %QSOU[(JCM +wdn)® + Wi + (@1 + w0, ) + ﬁﬁ]
+ %%[f%u + 2w f1,0,n + w%@,m)2 + wi
a0, + 2wiy, - 7+ w (0,7)% + pL]
+ hagol(f1 + wym)do - (@1, + wO,T) + wydo - P]
+ %QSOU[—(JCM + wdyun)® + Wﬁ — (@1 + wd,T)* + ﬁﬁt]
R~ 1~ 2w i — @)’ +
- C_qu — 2wy, - 0,7 — w?(9,7)? + 12ﬂ]
+hado{wpdo - p'— (fiu +wun)do - (@1, + wIT) + 7 - (@1 + wIT) % 71} -

(2.53)
Adding together the red terms in (2.51), (2.52), and (2.53) yields
22 2 Lo 1, A
(=910 + gid5w + miw + §¢ow(h1 + hy — h3)] fywd"n (2.54)
2 2 2 Lo 1 =
[—g9100 + g7 Ppw + miw + §¢Ow(h1 + hy — hg)]a@y - wok'w . (2.55)

With w as defined in (2.48) and m2 = m? + g}¢% + 3¢3(h1 + ho — h3) the
prefactors of the bilinear terms cancel each other
1
— 160 + g dow + miw + §¢3w(h1 + hg — h3)

_ —2g1p0m2, + 29393100 + 2migido + dig1do(ha + ha — hs)
2m2,

_q190 [(=m3 + 975 + mT + 365(h + ha — hy)]
_ 2

=0 . (2.56)

Now, the kinetic terms of  and 7 obtained additional prefactors. They are
seen in the blue-marked terms in (2.51), (2.52), and (2.53) that, after being
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added to the kinetic term in (2.50), reduce to

1 1 1 1
5 g1¢ow + 59%@2)71)2 + §m%w2 + §¢3w2(h1 + ha — h3)

_ ynil — (91¢0)?

2.57
2 mgl ( )

In order to obtain the canonically normalised kinetic terms, the pseudoscalar
fields must additionally be renormalised by a constant Z
n—2Zn, wT— Z7T, (2.58)

where Z2 is defined as

2 2
mijw mi
Thus, the “unsolicited” prefactor is absorbed by a renormalisation of the
pseudoscalars fields.

This is the renormalisation Z that was mentioned in the equations of the
pseudoscalar masses in (2.42) and (2.43).

To determine ¢q the relations for the vacuum expectation value (2.36) and
the pion mass (2.43) are recalled

[m%—i—()\l-k%)(b%—c}ZQ =m7%
A
kﬁ+<h+~§>ﬁ—%¢ﬂ—%::o.

From here the parameter hy that generates the explicit breaking of chiral
symmetry is calculated to be
2
mzdo

ho = 22 . (2.60)
The assumption that the pions are the quasi-Goldstone bosons of an approx-
imately conserved chiral symmetry as it is expressed in the PCAC relation
9, A = m2 frm; yields

¢ o 2
—mom; = My frm;

7z
such that finally ¢g can be expressed as

o =Zfr= miﬂ%@ﬁﬁ. (2.61)

my

The chiral condensate is thus determined to be proportional to the pion
vacuum decay constant f; and the pion renormalisation constant Z.
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2.2 SU(2)p x U(1)y and Weak Interaction

In Section 1.4 the Gell-Mann-Nishijima relation was introduced as
Y
Q - I3 + 57

with @ being the electromagnetic charge of a Dirac field, I3 its weak isospin
and Y its hypercharge. In the GWS model of electroweak interactions the
the physical photon field that couples to the charge ) is a linear combi-
nation of the bare SU(2) x U(1)y gauge fields W§' and B*. The photon
couples with same strength @ to fermions and their antifermions, while W'
only couples to fields with weak isospin I3. Thus, B* couples to both left-
and right-handed fields but with different strength. In order to answer the
question how the group SU(2)r, x U(1)y acts on the mesonic field ® so that
the characteristics of the GWS model are reproduced, the constituent quark
fields in ® will undergo a transformation according to the one discussed in
Section 1.4.

2.2.1 U(1)y Transformation

Under local U(1)y the left-handed doublet ¢; = (ur,dr)” and the right-
handed singlets g2 = ug, g3 = dr, according to (1.81), transform as

q; — qg = inqi s (2.62)
with the unitary transformation matrix
Uy, = e @) 5 =123

and assigned hypercharges
1 1 1
y1=2<Qu—5>=Qd+5=— (2.63)

2
Y2 = 2Q, = Y3 =2Qq = -3 (2.64)

4
3 )
The scalar and pseudoscalar fields were defined as
1 .
Dy o~ ﬁ(@l% =@ a) ~ 2k Gy 0hj=ud . (2.65)

The matrix for scalar and pseudoscalars is defined as

- [URUL d:RUL
o (P v 60
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Since ® obeys the same transformation laws as the external product of the
left- and right-handed quark vectors, the transformation of ® under U(1)y
can be found by transforming the constituent fields. Their transformation
properties are well-known from the Standard Model of Electroweak Interac-
tions. Therefore the U(1)y transformation acts on ® according to

o U(lé o ~ aRe—inGYuLeiyley JRye—iy?ﬁyuLeiyl@Y
- ﬁRe*ZyﬁYdLelyl@y dRe*ZySGYdLel?Jl@y

. 4,1 - 202 1
Ug Uy et(—3+3)0 druy et (5+3)0y

- . 4,1 - 202 1
,a ,dLEZ(7§+§)9y d d 62(§+§)9Y

1 - 1
apuge 2% dpuetz?
== .1 — .1
apd e 2% dnd et2f
- .
_ (tuguy  dguy, e il 0
Ugdy, dgdy, 0 eiéey .

Since 6y is infinitesimal the transformation can also be written down as an
expansion in Ay, such that

D ~ URUr, CZRUL 1— Z%@y + O[Qy]z 0

o TLRU,L CZ_RUL + ﬁRuL C{_RUL _Z % GY O
o ’ELRdL dR,dL ’ELRdL deL 0 +Z % HY
+ ’ELRUL dipﬂLL O I:HY] 2 0
ﬂRdL deL 0 O[HY]2

. (urug ci_RuL _ Z@_y UR Uy, J_RuL +1 0

- ’ELRdL dR, dL 2 aRdL dR dL 0 - 1 )
The transformation of ® can now be expressed in terms of the already given
strong isospin algebra spanned by {t;} = {3}

" @ = QUL ~ D — iy D L3, (2.67)

with

Uy = éfr(@s,

The Lagrangian without the explicit symmetry breaking terms %4 and %Z.sp
£ = Ty[(D"®T)(D"®)] — mTr [qﬁcb] T [(qﬁ@)?} — A(Tr [qﬁcb] )’
1
= JTe (L) = (R*)?] 4+ T (L) + (R
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+ L+ L+ L (2.68)

is invariant under local U(1)y transformations if a vector field B*t3 is intro-
duced in the covariant derivative

Di® =0, —igi(LF'® — ORM) + z‘g’(IDBMtg . (2.69)
Then B¥t3 transforms under adjoint representation as

Bt'ts — (B"ts) = Uy B"t3UY + éUy@“U}T/. (2.70)

The invariance of .Z is preserved if the covariant derivative transforms un-
der U(1)y as the field itself. The covariant derivative also contains the
interaction terms between the scalar, pseudoscalar, vector, and axial-vector
fields. Since U(1)y is a subgroup of SU(2)r x U(1)y and the vector fields
are treated as massive Yang-Mills bosons their transformation leaves the La-
grangian invariant if they transform as the adjoint representation? as well:
P — LM = Uy L'UY, = P
R* — R" = Uy R*UY, . (2.71)
For the covariant derivative one obtains
(DF®) = 0"®' —ig) (LM @ — &' RM') +ig ' (B t3)
= YUY —igi (L' ®UY, — dU Uy R*UY)
+ig (BUL) (Uy B t3U7 + éUyaﬂU;)
= (0"®)U] + U —igi (L' OUY — ®RMUT)
+ ig/ ®U Uy B t3UY, — ®UY Uy 0" U,
= (9"®)U), — igi(L'DU] — DRIUL) + ig @B 13U,
T T
+ ®o'Uy, — ©O"Uy,
= (D*o)U] . (2.72)

2This can also be seen by applying the transformation explicitly to left- and right-
handed fields. The left-handed doublet only transforms with an overall phase factor,
while the transformation of the right-handed ”doublet” becomes dependent on the same
overall phase and t2, which turns out to be equivalent to the transformation under the
U(1)y adjoint representation:
R* —s RM' = Uy R*U{, = "vts pre=t0v1s
~ (1 + ieyt;g)R'u(l - ieyt3)
= R" 4 2ify R"t2 + O[fy]>.
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Thus

Tr[(D"®)' T (D*®)'] = Tr[Uy (D, ®)! (D"®)U]
— Tx[(D"®)U{ Uy (D )]

= Tr[(D*®)T (D" ®)). (2.73)
Now, one could also introduce the other weak gauge bosons into the model.
However, the group SU(2)z is non-Abelian - the relation eA+? = edeB
only holds for commuting matrices A and B - so one cannot simply repeat

the steps above and transform each composite field in order to find the
transformation law for ® under SU(2)p.

2.2.2 Vector Meson Dominance

Another possibility to construct gauge-invariant interaction vertices between
the weak bosons and ® is Vector Meson Dominance (VMD). The following
résumé about VMD is based on the introduction given in [24].

Sakurai developed VMD to answer the question of how the photon couples
to hadronic matter (here pions). The higher-order self-energy contributions
of the photon propagator do not only consist of virtual eTe™ pairs but also of
virtual quark-antiquark pairs. As the photon is a vector field, these hadronic
(gq) vacuum polarisations should be vector-like, too. VMD is now based on
the assumption that the hadronic contributions to the photon self-energy
consist only of the known vector mesons. The field-current identity states
that the hadronic electromagnetic current is proportional to a vector meson,
the neutral p meson

m2

v = 200 - (2.74)
9p
Equation (2.74) was later generalised to the p triplet, where the neutral pg
is the third component of an isospin triplet.

Different attempts were made by Sakurai, Lurie, Kroll, Lee, and Zumino
to generate interactions between the vector mesons and hadronic matter.
There was the idea from Sakurai to treat the vector mesons as the gauge
fields of a local SU(2) strong isospin symmetry, but it had the problem of
a vector-meson mass term which destroyed gauge invariance. Lurie coupled
the vector mesons within a global SU(2)y symmetry to conserved hadronic
currents. Later, Kroll, Lee, and Zumino introduced the interactions between
the vector mesons and hadronic matter in terms of the field-current identity
in Equation (2.74).
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Today there exist basically two representations of vector meson dominance,
VMD1 and VMD2. In both representations Sakurai coupled the vector
mesons to hadrons (pions) by the covariant derivative

DR = 0,7 — GprnP X 7 (2.75)

Based on the assumption that the p self-interactions are negligible, the cur-
rent J% is defined as

JE = (7 x 7)o = i(n~OHnt —mt M) (2.76)

and accounts only for the terms that correspond to the neutral component
,02 interacting with two charged pions3. Thus, from now on, pu is understood
to refer only to the neutral p meson component pg. Both representations,
VMD1 and VMD?2, are based on the Lagrangian

1 1 1
gVMD = _ZFMVFﬂV - ZPMV : PW + §m§pu : pﬂ — YprrmPu J# : (277)
The dynamics of the photon field and of the vector field are described by
F,, and p,, respectively, with both of them being ordinary field strength
tensors. Now, VMD1 and VMD2 differ in the way they couple the photon
field to the p meson

e VMDI1 generates the p interaction by

—eA,JE — 2 Pl (2.78)
29,
Because of the derivatives in the field strength tensors the coupling of
the photon to p depends on the exchanged momenta ¢? and vanishes for
¢> — 0. Then the contribution of the direct photon-hadron coupling
in eA, J§ becomes dominant and describes the energy region below
the p meson’s mass.

e VMD2 generates the interaction by

m?) / , L [fe 2 2 / /
—e—= p, AMT 4 - <—> my Ayt AR (2.79)
9p 2 9p
Despite the photon mass term in VMD2 the photon propagator turns
out to be of the correct form, if one assumes that its self-energy con-
tributions consist only of vector mesons.

3This accounts for the fact that the neutral p meson decays almost entirely via the
two pion channel.
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If the coupling of p is the same for all interactions g, = g,rr, the above
representations are equivalent to each other. The transition from VMD2 to
VMDI1 is made by a transformation of the fields. The field p*’ in VMD?2 is
a mixed state of p* and A* of VMD1

e
pL =put—Au, (2.80)
9p
/ e?
A = A1 - = (2.81)
P
02
d=el——=. (2.82)
9p

2.2.3 Electroweak Interactions

Now, how can VMD be of use for introducing the weak bosons by minimal
coupling into the Linear Sigma Model? In the U(2); x U(2)r model the
scalar and pseudoscalar fields are obtained from the direct product of a
left-handed quark doublet and a right-handed anti-doublet. The covariant
derivative in (2.68) generates interactions between left- and right-handed
fields with ®. While the bare weak bosons W*# couple only to fields that
carry weak isospin (left-handed fields), the U(1)y gauge field B* couples
to both, left- and right-handed fields. Moreover, B* is a mixed field of the
physical fields A* and Z*.

One can now assume that the vacuum polarisation of the bare gauge field
B* consists only of hypercharged quark-antiquark pairs. Similarly the self-
energy contributions of the weak bosons W#* would only consist of left-
handed quark-antiquark pairs. Therefore W# can be regarded as being
“proportional” to the left-handed fields in L*, while the hypercharge gauge
field B* should contain contributions from L* and R* since left- and right-
handed fields carry hypercharge.

That way one can ensure that W# couples only to the left-handed content in
®, while B* couples to both. Together they should also yield the Weinberg
mixing of the physical fields and thus allow for describing the interactions
of the charged and neutral electroweak currents.

The U(1)y gauge boson B* couples to the hypercharge with y; as given by
(2.64). Since the hypercharge values differ for right-handed up and down
quark the analogue to the field-current identity reads

/ /
g (y1 O g (y2 O
= LH 4+ = RH
2 ( 0 y1> + 2 < 0 y3>
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9 <y1uL’Y“uL 0 > g <y2uR’Y“UR 0 > (2.83)
2 0 yrdpyHdy 2 0 ysdpytdr ) ’
Based on the assumption that, as depicted? in Figure 2.1, the left-handed
vacuum polarisation of B* couples to the left-handed quark fields in L* and
the right-handed vacuum polarisation of B* couples to the right-handed
fields in R,, one can now express L* and R* in terms of the U(1)y gauge
field B*.

R, CdR BH BH :dL L,
UR ur,
W :dL L,
ur,

Figure 2.1: The bare U(1)y gauge field B* couples to the left- and right-
handed fields L, and R, while the SU(2)r, gauge field W* only couples to
the left-handed fields L,,.

This basically means that the vector and axial-vector fields obtain an addi-
tional contribution from B*

/
9 (y1 O
J Ny B* | 2.84
201 <0 y1> (2:84)
/
g (y2 O
R“—>R“+—< )B“ 2.85
291 \0 y3 (2.85)

and the covariant derivative becomes

g 0 g 0
DM@:&M@-z’gl{[LM+—<yl )B“}@—(I)[R’H——C/z >BMH
291 \0 w1 291 \ 0 y3

/
. 9 |(y1 O y2 0
— OhD — igy (LMD — DRM) — L BiD — & B
o ) 2[<0 yl) (0 ys) ]

/
. 9~ (Y1 — Y2 0
=MD — igi (LH'® — PR*) —i=® B* .
91( ) 2 ( 0 Y1 —y3>

4The graph in Figure 2.1 is only used as an visualisation of the idea. It is not a
Feynman diagram! It also has to be remembered that ur and dr couple with different
strengths to the hypercharge gauge field.
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Together with the hypercharge values y; = 1/3, yo = 4/3 and y3 = —2/3
this reduces to

DH® = 9'® — igy (LFD — DRM) + ig ® B (2.86)

and reproduces the result (2.69) that was previously obtained from directly
transforming the quark components.

This is equivalent to defining R* as
/

R* — R* + L Brey (2.87)
g1

and can now be generalised to describe SU(2)y, interactions.

The gauge field of U(1)y lies in the direction of t3 as a consequence of
the fact that, in order to obtain QED from SU(2); x U(1l)y, the U(1)y
gauge field couples with different strength to the different flavours of the
right-handed fermions. Since the weak bosons couple universally to the
left-handed flavours, one can immediately see that

oty Lwe, wr=wi, (2.88)
91

after ® has been transformed under local SU(2), according to®
O — UL®, Up=e Wil (2.89)

With (2.87) and (2.88) the covariant derivative finally reads

DH® = 0D —igy | (LM + LWH)D — O(RH + L BH
=M — igy (L'® — PR!) +ig ®B* — igWHD .
The Lagrangian
& = Tr[(D*o)2DHrD] — 1 Ty[W,, W + B, B
—  m2Tr[®TD] — N\ Tr[(®TD)%] — \o(Tr[@T])2
(2.91)

— ITR[(L)2 — (R)Y) 4+ BETY[(L)2 + (R*)?]
+ LB+L+ L

®The signs in the exponent of the definitions of the transformations are conventional.
Although the convention used here might be confusing since it results in different signs
for the gauge-field terms in the covariant derivative it was chosen because it allows to
write the SU(2)r x U(1l)y transformation acting on the fields ¢, L*, R* analogously to
the chiral transformation under SU(2)r x SU(2)r.
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is invariant under local SU(2)r, x U(1)y transformations

® — @ = ULUL

" — LM = U LrUj

R* — R = UyRMUY (2.92)
Bt — B = UyBrU} + SUy0"UY

W — W = U WRUT + LUL0MU

The covariant derivative term transforms as
(DF'®) = otd' +ig'® B —ig WH' & —ig) (LM @ — & RM)

= OULOUL) — igy (UL LMU UL @UY — UL @UL Uy RAUY)
+ig' (UL ®UL)(Uy BAUY + éUy&“Uf,)
—ig(UW"U] — é(aﬂUL)Ui)(UchU;)

= (D'UL)DUL 4 UL(8P®)UY, + U 901U + ig'UyL® BFUY,
— UL 00U — igU WHOUY, — (01U, )oU]
— g1 (U, LFOUY, — UL ®RMUY)

= UL(0"®)Uy + ig U ®B"U{ — igU, WU
—igi (UL LM U] — U ®R*UY,)

= Ur(D"®)UY.. (2.93)

where 04(UUT) = (0*U)UT + UO*UT = 0 has been used. Therefore, the
kinetic term is invariant under the combined SU(2);, xU(1)y transformation.
The invariance of all other terms is seen by the analogue procedure.

2.2.4 Weinberg Mixing, Field Strength Tensors L*", R*"

In order to express the bare gauge fields W4" and B* in terms of their physical
counterparts A* and Z* the Weinberg rotation is applied to the bare gauge

fields in (2.90)
Wi\ _ ( cosbw  sinfy\ (2
(BM> - (—SiDHW cosfy ) \A¥ (2.94)

ig,‘I)BMtg — igWéLt3<I> = i@g/(— sin Oy ZH + cos awAu)tg

and leads to
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—ig(cos Oy ZF + sin Oy AF)ts®
= i A" (g cos Oy Pty — gsin Oyt )
— iZ"(g cos Oy ts® + ¢’ sin Oy Pt3).
= ieA"[®, t3] — iZM(g cos Otz ® + g sin Oy Bt3) .
(2.95)

Using e = gsin Oy = ¢’ cos Oy and redefining A¥t3 — A¥, ZFts — ZF yields
the result

ig' ®@BFty — igWh'ts = —ie[A*, ®] — igcoshy (Z'® + tan® Oy ®Z") . (2.96)

Hence the final covariant derivative in terms of the physical, charged and
neutral, interaction fields together with left- and right-handed fields reads

DHD = OM® — igy (LI® — DRM) — ig(Wi't) + Wity)®

(2.97)
—ie[ A, ®] — igcosOy (ZHP + tan? Oy DZH) .

Finally the field-strength tensors L*” and R* undergo a redefinition, too.
The derivative terms in the definition (2.22) of the original field strength
tensors LM and R* contribute terms that would destroy the invariance of
the Lagrangian under local SU(2)r, x U(1)y transformations. Therefore the
partial derivative in (2.22) is also promoted to a covariant one by inserting
the gauge fields. From the local SU(2);, transformation arise the following
terms in the field strength tensors

oF LV = UL(0"LY)U} + (0*UL)L'U} + ULL"(0"U}) . (2.98)

The second two terms have to be removed by the contributions from the
gauge field transformation (2.92). If the covariant derivative is defined to

be
DZL” = oMLY —ig[WH L"), (2.99)
then the commutator reads after the transformation
igW ', L] = ig|U W U] + éULaMUg, ULL'U}

= ig(ULWﬂLyUz_é(aHUL)LVUz—ULLVW“Uz— gULL”a"Uz)
— igUr [WH, LUt + (8*UL) LYUT + UL LY (0"UT) . (2.100)

The terms arising from the local transformation in (2.98) are now cancelled
by the additional terms arising from the transformation of the gauge field
and thus

(DELYY = U (9" LY —igW", LY)U} = UL(D* LU} . (2.101)
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Applying the analogous procedure to the derivatives acting on the right-
handed fields shows that the covariant derivative for R* has to be

DiiRY = O"R" —ig'[B*, R"] . (2.102)

In terms of the physical fields generating the electroweak phenomenology
the field strength tensors for left- and right-handed fields then read

LW = DELY— Dy
= oMLY — Z'g[Wlutl + W;tg, LV]
—ie[AH, L¥] — ig cos Oy [ZH, L]
_{QULF — ig[WPty + Wity LV
—ie[AY, LM| — ig cos Ow [ZY, L*]} (2.103)

RM = DRR"— D% RH
= OMRY —ie[A", RY] +igsin Oy [ZF, RY]
—(0VRH — ie[AY, R*] + igsin Oy [ ZY, R*]) .

The field strength tensors can also be derived from the commutator of the
covariant derivative according to

(D", D¥] = —igi FM . (2.104)

Since this needs a careful treatment of indices of the “left” and “right” prod-
uct spaces, this calculation was delegated to Appendix A.

2.2.5 The Wp Vertex

Because of the spontaneously broken axial symmetry, the Lagrangian that
has been developed so far does not contain any mixing terms between the
charged weak gauge bosons and the vector mesons. After o is shifted by its
constant VEV

¢ = ¢0t0 + (Ja + iﬂa)ta 3 (2105)

mixing terms between the left- and right-handed fields and the charged elec-
troweak bosons arise. Both, left- and right-handed fields contain contribu-
tions from the vector mesons. But the mixing terms turn out to contain only
a mixing between the charged weak bosons and the axial-vector mesons. For
the term which contains the dynamics between the vector and axial-vector
hadronic states and the scalars and pseudoscalars g;(LF® — ®RH) in (2.97)
one obtains

g1 (L'® — DR
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= g1 (V' + A tadoto — doto (V) — Ab)t,]

3
+a1 > [(VE+ AR (o — imp)taty — (00 — ima) (VY + Af)taty]
a,b=0

1
— ZgipAPt,

291¢0 n

3
+ 91> (V4 AR (06 — imo)taty— (00 — ima) (VI + A )tats) . (2.106)
a,b=0

From (D*®)T D*® one then can only obtain mixing terms between W* and
i ay

Tr[(ig1(®TL,— R, @)+ ig ®IW,)(—igi (L' ® — ® R") — ig W"®)]

=Tr [(Qigl(bOtOAuata + ig¢0t0Wuata + ) (—Qigl¢0t0AZta —1ig WéLta(boto + ...

= Qle(b%AuaWétTr[tototatb] + 2gg1¢%WMaAgTr[tototatb] + ...

1
= 5991¢%Wua1456ab + .. (2.107)

The mixing terms are proportional to the chiral condensate in ¢y direction,
thus the contributions from the vector mesons cancel and only the W, A"
mixing term survives in (2.107). The ellipses denote those terms that already
lead to three-point interaction vertices and are not needed at the moment.

However, the main contributions in the vector channel of the 7 decay come
from the intermediate p resonance. These contributions could not be ac-
counted for with the Lagrangian that has been defined so far. Thus it is
necessary to “manually” introduce a chirally invariant term of the form

Lwp = (%gTr[WWLW] . (2.108)
This is the only way how it is possible to introduce a W, V" term which is
allowed by symmetry. It has exactly the same structure as the term Sakurai
used to generate the electromagnetic interaction between the photon and the
p meson in VMD1 and as a product of two covariantly transforming field
strength tensors, it is of course gauge invariant, too. The newly introduced
parameter § will be fixed later in the p-27 channel.

2.2.6 The Lagrange Density with Electroweak Interactions

So far, all considerations were based on the chiral eigenstates. Because of
Cabibbo mixing the weak coupling constant g has to be multiplied by the
factor cosfc. Even though here weak interactions are only acting on two
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flavours, up and down, the down quark has to be rotated into its weak
counterpart d’.

For this reason the prefactor that accounts for the Cabibbo mixing is needed
in all terms that generate interactions between the charged weak bosons and
the mesonic bound quark-antiquark states. Then the covariant derivative
acting on ® in its final form reads

DD = ' —ig (LF® — ®RM) — igcos Oc(Wity + Wits)®
—ie[A*, @] — igcosOyy (ZHP + tan? Oy DZH)

(2.109)
and the Lagrangian with all terms reads
Lp = Tr[(Dre)(Dr®)] + 2Pl T, L]
—mE Tr[®T®] — M\ Tr[(®T)2] — \o(Tr[@T D)2
— 3 Te[(ZM)? — (R + " Te[(LH)? — (RM)?] (2.110)

+ 1 Tr[(Wm)2 4+ (B™)?] + Tr[H(® + )]
+c(det® 4 detd) + LB + L + L5 .

The partial derivatives in .23 have also been replaced by the SU(2)r, xU(1)y
covariant derivatives DY and D}é for the left- and right-handed fields as they
were defined in (2.99) and (2.102).
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Chapter 3

Tree-Level Vertices

In this chapter the vertex factors for calculating the spectral functions of the
vector and axial-vector 7 decay channels will be derived from the Lagrangian
(2.110). That way the necessary coupling constants for calculating the 7
vector and axial-vector spectral functions are obtained.

Because of its big mass of 1.777 GeV the 7 lepton does not only participate
in leptonic decays, but also in semileptonic (hadronic) decays. Because
it is a flavour changing process, it can only be mediated by the charged
weak bosons. The 7 lepton decays into W and v,. The W boson then in
turn decays itself into either a lepton pair (leptonic decays) or into hadrons
(semi-leptonic decays). Since hadrons are built up from strongly interacting
matter, the 7 decay is a good object to study the interplay of electroweak and
strong interactions within an effective field theory that describes the QCD
hadronic degrees of freedom. The semi-leptonic decays of the 7 contribute
with about 55% to its total decay width and can generally be divided into
the vector channel with G-parity 1, reflected in an even number of hadronic
decay products, and into the axial-vector channel with G-parity —1, reflected
in an odd number of final hadrons. As the current work is based on a two-
flavour Linear Sigma Model, only the decays resulting in final pion states
will be studied.

After the spontaneous breaking of chiral symmetry the fields in the La-
grangian ®, L*, and R* read
¢ = (Ua + Z'Z7T0L)750L + Poto

. 3.1
= (04 ¢o +iZn)to + (dy +iZ7) - t (3-1)

LF =VH 4 AP, RE=VH _ AH

. L (3.2
AP = (fl' +wZon)ty + (@ + wZO*R) -t , VF=whtg+p"-t. (3.2)
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The relevant interaction vertices with the charged weak bosons are obtained
from

g cosOcd

S =Te|(D") D" + T W, L] + iTr (L)) +.2; .

(3.3)

The neutral currents do not contribute to the examined decays, thus, from
now on, W* is defined to be

Wt = Wlutl + W;tg , (3.4)

and for the following calculations the covariant derivative in (3.3) is redefined
to

DFP =0"D —igi (L' D — & RM) —igcosOcWHD |
(D"®)t = 9,0 +igy (®TL, — R, ) + igcos 0o W, . (3.5)

The field strength tensor for the left-handed fields then reads
LW = o' LY —igcosOc[WH, L] — (0" LF —igcos 0c[WY,L*]) ,  (3.6)
and for the right-handed fields

RM = PR — 9" " . (3.7)

3.1 71— Wv, Vertex

The process 7 — W, can be calculated from the electroweak interaction
Lagrangian as it was derived in Section 1.4, Equation (1.87). As already
given by (1.74), the weak isospin doublet for the third lepton family is

o= ()

and the charged weak interaction Lagrangian for 7 reads
_ 9 - 5
LW, = ﬁl/TWM (1 —~°)7 + h.c. . (3.8)

From here the decay rate of 7 into an asymptotic off-shell W boson is worked
out to be

1/ —g\° m3 22 \? 2M?2
F(HW””(:UQ):sTr(ﬁ) VE <1_W 1+ m2W . (3.9
W

T T
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The detailed calculation of the decay width is found in Appendix D. Further,
the above result can also be used to calculate the momentum-dependent
tree-level decay width of the 7 lepton into a 7 neutrino and an off-shell
vector or axial-vector resonance. Therefore, the W propagator is replaced
by an effective coupling that can be constructed from the Standard Model
of Electroweak Interactions and the Lagrangian of the Linear Sigma Model.
In the following sections, the tree-level vertices of the weak W bosons in the
vector and axial-vector channel will be determined. The obtained tree-level
couplings can then be used to calculate the decay rates for 7= — p~ v, and
T —ay Vs

3.2 Vector Channel

The non-strange contributions to the 7 spectral functions in the vector chan-
nel come from processes that result in either two- or four-pion final states
(Figure 3.1). The total branching fraction of the non-strange vector channel
is given by By = (31.82 £+ 0.18 4+ 0.12)%. The vector channel is clearly
dominated by the two-pion channel which contributes with 25.471%, while
the four-pion vector channel contributes only with 5.567%.

T =TT U, 7 — w31y, (3r7'v;)

vr

Figure 3.1: Vector channel contributions 77° and 73x°, 3770.

3.2.1 27 Vector Channel

The processes that yield two-pion final states are depicted in Figure 3.2.
There is one process in which the W boson decays directly in two pions
and another process in which W transforms into a p meson which then
disintegrates in two final pions.
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0

Figure 3.2: Intermediate states for the mm" vector channel.

W — o

0 arise only from

The tree-level three-vertices that account for W~ — 7~ 7
the square of the covariant derivative! which contains products from the
partial derivative term for scalars and pseudoscalars with the W interaction

term
ig cos 00 Tr [ -0, @ WD + &' W, 00|
=1igcosfo X
TI"{—a“[(da—iZWa)ta—F@oto](Wlutl —{—W;tg)[(db—{—iZ?Tb)tb—{—(ﬁoto]

+ [(0a+iZma)ta+doto] (W{'t1+Wi'ta)O" [(op —iZmy )ty +doto] } -
All terms proportional to ¢y and gb% will be omitted since they either gen-
erate mixing terms between W and the (pseudo-) scalar fields, or they are
proportional to simple propagators of the weak bosons. Terms proportional

to o, and 7 also do not contribute to the direct Wrr? vertex as well and
are omitted, too.

With indices kK = 1,2 and 4,7 = 1,2, 3 the above equation simplifies to
—igcosO0cZ? (Wquk(?“m — WiWuk(?“wj)Tr[titktj] , (3.10)

where, according to Einstein’s sum convention, summation over repeated
indices is implied. Using the identity for the trace over a product of the
three SU(2) generators

{
Tl“[tl'tjtk] = Zeijk (3.11)

yields

gcos 0o Z?

5 (Wi (madms — my0¥ma) + Wi (ms0¥'my — mo¥'ms)] . (3.12)

'There are no contributions from +Tr[L,, L**]. This term does only seem to contain
momentum-dependent tree-level three-vertices with one weak boson and two pionic states.
But these contributions cancel each other, since they are proportional to (9,0 — 0,0*)m3
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Now one can change to the physical charged representation and the tree-level
vertices for W+ — 7% 70 read

ig cos 0o 72>

5 (W (atora® — 7%0ka™) + WH(n0Hn~ — =0 a")] . (3.13)

The WHn*7Y vertex receives another contribution from the covariant deri-
vative, the product terms of W and ® and the vector and axial-vector fields
with ®. The calculation to obtain that vertex will be shown in detail for
once, for the other vertices in the vector channel as well as in the axial-vector
channel an analogous procedure was applied. From the covariant derivative
one obtains another contribution to the coupling between

gcosfogy Tr [@T W,(L'® — ®RM) + (01L, — R,HW* 9]
= gcosfcgr X
Te{[(0a—iZma)ta-+ G0l Wit V' + Aty [(0c+iZme)t o+ ot
—[(oa—iZma)ta+ Poto]Wkti[(op+iZmy )ty + doto] (VI — ANt
—i—[(aa—zZﬂa)t +doto] (Vs + A )t Witi[(oc+iZme)t .+ doto)
~(Via — Apa)tal(on—iZmp)to+doto] Wtk [(oc+iZme)te +¢ot0]}

= g cos HCngr[(—zZﬂat +¢oto) Wrti Al'ty (Zmcte+doto)

+(—iZmato+Poto) Wkt @ Zmpty+doto) Alt.
+(—iZmato+doto) Auwts Wkt G Zmete+doto)
+Apata(—iZmpty+doto) Wtk ( Z et e+ dolo)
+ ... (terms Vﬂ)}
= gcosbogi ( — iZm WAl do Trtatitoto] + doWuw AR Zmy Tr[totxt oty
— 1 Zm W Ay Trtatitots] + doWuniZma Aj Trltotptaty)
tatptito) + do A WiiZmyTr
]

— Z‘ZﬂaA“leg(ﬁoTr[ [totatktb]
— AuaiZﬂbW]g(ﬁoTr[tatbtkto + Aua(ﬁoW;iZWbTr[tatotktb]
+...)
1Zqgcosbc
= gfm (WGWMkAfTr[tktatb] + WaWMkAfTr[tktatb]
—i—Wﬂk?TaAgTr[tktatb] — ﬂaA“bW]gTr[tktatb]
—AuangﬂbTI‘[tktatb] + WﬂkAgiZﬂbTr[tktatb]
—Auaﬂ'bW]gTI‘[tktatb] — AMGW:WbTr[tktatb]
)
1Zqgcosbc
= w (WaWMkA'gTr[tktatb] + WaWMkA'gTr[tktatb]

—Aﬂbﬂ'aW]gTI‘[tktbta] — AﬂbW]gﬂ'aTI‘[tktbta]
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+...)

- w@lwukwazﬁlsﬁ[tktatb] +.) . (3.14)
Again, the index k = 1,2 describes the isospin index of the two charged
weak bosons. The three-point vertices of W and two pions in the above
equation arise now as consequence of the spontaneously broken axial sym-
metry. Because of the a;m mixing, the axial-vector bare fields have been
redefined in terms of their physical fields (see Equation (3.2)) and also
contain normalised pseudoscalar fields wZ0#n and wZo*w. With A* =
(f1"+ wZorn)ty + (@) + wZoH7) - t. the coupling between W and the pseu-
doscalar pions is obtained as

2iwZ? g cos Ocg1 po Wk a (0 mp) Tr[titats) - (3.15)
After the trace has been performed this reads

iwZ?%g cos Ocgi do
2

(Wulﬂ'gauﬂ'g — Wulﬂ'gauﬂ'g + Wuzﬂ'gauﬂ'l — Wugﬂ'lauﬂ'g) .

(3.16)

Changing to the physical charged representation yields the following result
for the contribution to the W* — 770 vertex from (3.14)

ig cos Oc g1 pow Z? [

5 W, (r%0tr T — ntora0) + W:(Wfa“ﬂ'o — 00 )] .

o
(3.17)

Together with (3.13) the vertex prefactor of the decay channel where W
decays directly into two pions as depicted in Figure 3.2 is then

<ig cosOcZ?  igcos GcgquOwZZ)
2 2 ’

(3.18)

After the explicit expressions for the parameters

g190 Mg, | 1
v mgl ’ 0 o ! Zfr 7?2 ( )

are inserted, (3.18) simplifies to

1g cos O¢

5 (3.20)

As it could already be expected, the coupling in the process W — 7?0 is
only influenced by the weak interaction coupling constant g and the Cabibbo

mixing angle.

63



W — p:

The 27 vector-channel decay takes place over the intermediate p resonance
which yields the dominant contribution to the vector channel. It is ac-
counted for by the Wp mixing term that is manually incorporated into the
Lagrangian in (2.108) by 230 Ty, L#]. With the indices k = 1,2 and
1 =1,2,3 this yields

ﬂ%ﬁﬁﬂ«@w;—awpmwf—yﬂﬂ
06
:@%imwﬁww+m4y@wmmw+mﬂ)
— B, W, 0"V + QM AY) + 0, W, (9 VI + 0¥ A)| Tultyt,) .
(3.21)

Since here only those vertices are considered that yield contributions to the
process 7 — w0 on tree-level, the terms accounting for the gauge field
self-interactions have been left out. Using the identity

1

Tr[tl-tj] == 5(51] (322)

then leads to

cos 06
L [0 Win = 0,W,0)("f — 06 + 0"afy — 0 aly)
(0, Woa — O, W,i2) (9 ply — 0" pby + OFa¥y — 8¥aly)] . (3.23)

Transforming the bare fields in (3.23) into their physical, charged represen-
tation then yields the following contributions to the two m vector channel
with intermediate p resonance

gcosfcé

0 (9" = 0" ) + e (3.24)

After performing integration by parts, using the Proca condition d,p" = 0
and O* — ig" one obtains the momentum dependent W p mixing term?

g cos 0céq?

5 (W o't +Wph) . (3.25)

From (3.23) an additional Wa; mixing contribution was obtained that also
influences the axial-vector channel, which is subject of the next chapter. The
contributions to the Wa; mixing read

g cos Bcog?

5 (Wal ™ +Wah™) . (3.26)

2The full calculation for this mixing term is found in Appendix B.
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3.2.2 47 Vector Channel

The four-pion vector channel 7= — v, 377" (737°) in Figure 3.1 consists of
the intermediate processes in Figure 3.3

s
7/
7/

/7 ™
T 9

™

~

~

™
Vr

Figure 3.3: Intermediate processes of the four pion vector channel.

W — a7

The contributions to the Wajm vertex are obtained from the squared covari-
ant derivative Tr[(DH®T) DH®] by

Tr [(D%)T D“(I)]
_Tr[(a O +igy (®1L, — R, ®1) + igd!W,)x
(0"® —igi (L' ® — ®R') —igWHD)]
— g1gTr [(@T L, — R OHWHS + oW, (L4d — <I>R“)] Yo (3.27)

and from the square of the field strength tensor LM by
1 1
T TH{Lw D) = =T {[aMLV —ig[WH, LY — (9 LF — ig[W", L“])]Q}

1
= gty (0L — DLW, 1] — (W, 111}
+{[(W*, L] = (WY, L*|}(0uLy — Oy Ly)) + ... .
(3.28)
From (3.27) the amplitude for the vertex W~ — a; 7° (a7 ™) is then deter-
mined to be

1
52’991 ZpoW,, (aktr0 — a‘fOWJr) + h.c. , (3.29)

and the contribution from (3.28) reads

1
Zigu)Z[(I/Vu_aﬂr'F — W, 9yt (0"a® — 8 ak”)
- (WM_&,WO — W, 9,m°) (0" ay ™ — 0"a} )] + hee. .

(3.30)
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W — pp":

The W~ p~p° vertex is also obtained from the square of the left-handed field
strength tensor (3.28). It is given by

1. _ _ ,
119 [(Wopf =Wy pl) (0" — 07 plf)

— (W, p) =W, p) (0" p — 0" p") |
+he . (3.31)

W — prm:

The four-leg vertex of the decay W~ — p%7n~7%(p=27°, p~27) is not only
influenced by the covariant derivative

1
5991Z2W; [Wo(wop“ T om0 T (T — )] +he . (3.32)

but also by the interaction terms in .23

—2igoTr { Ly (L, Ly} = 2igo Tr {(ig[WH, L¥] — ig[W", L*|} [L,,, L)) .
(3.33)

Together with the normalised identity for the trace of the product over four
Pauli matrices

1 1 1
Trltititet)] = §5z‘j5kl + §5z‘l5jk - §5z‘k5jl , (3.34)

the Wp27? and W p%27 vertex is obtained as
—ggow? Z*x

{W; [~ (0,7H)2 — 8,700 7 pk + — 9ap¥ )
+ 9, (0"mOpH 0 4 90" O — 9V pt T 4 207 p¥ )
—'nt(20,7°p" O+ Oym TP’ T 4+ O p” )]

+ W, [p” " (0umt)? + 0,207 70pt t — ol p” )
+8M7r+(8”7rop“ O 4 o0 O 4 20"t — M p¥ 1)
—0" 7 (20,7 p" Y + O p T 4 Ot )] } . (3.35)

3.3 Axial-Vector Channel

The axial-vector channel contains those processes with odd G-parity. The
non-strange contributions in the decay of 7 into the axial-vector channel con-
sist of three- or five-pion final states (Figure 3.4) and their total branching
fraction is B4 = (30.19 £ 0.18 + 0.12)%.
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T — vm2r? (37) 7 — vymdn® (3n2n7°, 57)

vr

Figure 3.4: The three- and five-pion channels of the axial-vector channel in
the 7 decay.

3.3.1 37 Axial-Vector Channel

The amplitudes for the intermediate states of the decay into the 37 axial-
vector channel are depicted in Figure 3.5. In the three-pion decay channel
there are two contributions from 7 — 37v, and 7 — 727°%,. They have
the branching fractions Bs; = 9.041% and B om0 = 9.239%. The three-pion
decay channel is dominated by the a; resonance and the small difference
in the two branching fractions is due to a small breaking of strong isospin
symmetry because of the mass difference between the charged and neutral
pions [25]. The blob in the diagram with the a; intermediate state contains
the decay channels of a; — 37 (727°), a; — pn°(p’7), a1 — forr and
ay — OT.

W — 3r(m2n0):

The decay W — 37 (m27%) receives contributions from the covariant deriva-
tive Tr[(DH®)TDH®], as well as from % by —2igoTr {L,,[L*, L*]} . The
contributions from the covariant derivative read

%g Ccos Hcng?’wWM_ (7T+7706“7TO +ata-otat + 7t rt o) + hoe. (3.36)
and the contributions from .%% are
ggs cos Bow> Z3 x
(W; ("7 (0,7°)2 + B, 07 t] — B, 7t [0 70 + P 9]}
+ W {077 [(0,m°)2 + By 9 rT] — Dm0 x0 + a,ﬂ#avw—]})
+h.c. . (3.37)
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Figure 3.5: Intermediate states of the three-pion axial-vector channel.

W — aq:

The dominant a; intermediate state in the three pion axial-vector channel
arises from the covariant-derivative term. Because of spontaneous breaking
of the axial symmetry there arise terms between the axial-vector fields and
the charged weak bosons that are proportional to the chiral condensate ¢3.
They read

1 _

59 cos Hcglqb%WM a* T+ he . (3.38)
The Wa; mixing term is affected by the extra term (2.108) that was incorpo-
rated into the model in order to generate the amplitudes for the Wp mixing.
The modification of the Wa; mixing amplitude is given by (3.26). It reads

gcosOcdq®

— W, a4 he. . (3.39)
Thus the probability of the Wa; mixing contribution in the axial-vector
channel can be calculated from

gcosfc
2

(6q” + g165)W,, alf T4 he . (3.40)

W — pm:

The vertex of the third and last contribution to the 37 axial-vector channel
from the intermediate process of W coupling directly to a p meson and a
pion is obtained from the covariant derivative but also from the field strength
tensors squared. The amplitudes can be calculated from

1
51’9 cos g1 ZpoW,, (p* Ot — ptT7%) + hec. (3.41)
and

1. _ - v v
5tgcos OcZw (W, 0,7t — W, 0,m")(0"p 0 9vph )
—(W;&,WO — W, 0,m)(0"p" T = 0" p" )] + hee. . (3.42)
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3.3.2 57 Axial-Vector Channel

Figure 3.6: Intermediate processes of the five-pion axial-vector channel.

The five-pion axial-vector channel contributes less than 1% to the axial-
vector branching fraction. The vertices for its intermediate states (Figure
3.6) are extracted analogously to the previous ones and are now only listed:

W — 2pm:
Zgggw{W; [ ph* (28Vﬂ'0p”0 + 0,1 P’ 4 Oy
+p8 (pUOa,u.WJr o p,anVWJr _ pu+aV7T0)
—p (0770pH0 O p T — Ottt 4 200 ) |
+ W, [p"(Oum pH T + Oum pHt + 20,70 pH0)
+p2 (5”7T+p“0 — Hatprl — p”+8”ﬂ'0)

—p:(a“ﬂopl’o + 0" ptt — VTt 4+ 200 YT ] } ,

W — pay:
oW [0 5 — 09 ) — af (00— 9)
—pl(0"a" — 9" t) — pf (9"a*® — 9a™)]
W, [a%(0" o — 0 h) — af (8”90 — 0¥ )
fpﬂ([?”a’” _ 8“@’”) _ p:(auaw _ 3uau0)}} ,
W — aynm:

- %gngQW; (7r+7roa2 + (7r+)2a; + 7r+7r7a;r + h.c.)
+gggw2Z2{WV_ [(9#7T+ (8“7T_a”+ —a" Mt — a9V’ — 28”7T_a“+)
+0,7° (5“71'%1”r — a9kt — a%%*‘*)
+9,mt (8“7T+a”_ + M alt + 2a”08”7r0)}
JrW}; [(9,,7r+ (8”#7&“Jr —a*ovrt — a0 — 28“7T7a”+)
+0,m° (a”ﬂoa‘” —a,+ 0"t — a“ﬂoawr)

+0, 7t (0" e’ + 0Vn " a" T +2a¥°0"10)] } . (3.43)
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Chapter 4

Decay Widths and Spectral
Functions

4.1 Kallen-Lehmann Representation and Optical
Theorem

In general the spectral density function p(s) is defined in the Kéllen-Lehmann
representation of the two-point correlation function

[ p(p?)
Als) = [ @2 P07) 41
(5) /2713—]92—1-1'8’ (4.1)
0

where the spectral density contains the sum over all possible transition am-
plitudes between the vacuum and each outgoing state A

p(s) =Y _(2m)5(s —m3)(0[¢(0)[X) > , (4.2)

A
and the variable s is the running mass squared in the centre-of-mass frame.
After performing the integration in (4.1) and using the identity

1

im -
y—0t T £y

1
=p.v.— Find
p-v._ Fim (z)
the spectral density is obtained as the imaginary part of the propagator
p(s) = 2Im[A(s)]]
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Splitting the two-point correlation function into intervals below and above
the threshold for two-particle production yields

(2m)?

_ [’ ) dp* _ p(p?)
21 s — p? +ic 21 s — p? +ie
0 (2m)?
Z T odp*  p(p?
. A / L% ' (4.3)
s —m* + 1€ 2 s —p=+ie

(2m)?

The first term is the free propagator for a particle of mass m. The constant
Z accounts for the field-strength renormalisation of the transition amplitude
of the incoming field to a single outgoing field. Possible bound states would
occur as further poles in the region below (2m)?2.

The second term describes the multi-particle final state of the resonance af-
ter the interaction, with a branching cut of the propagator in the complex
p? plane above the threshold of (2m)? that contains the continuous distri-
butions of all the multi-particle final states, starting with the process with
two final particles.

Consequently the spectral density may be expressed as
p(s) = 2w Z6(s —m?) + 2Im[A(s)] . (4.4)

The delta distribution yields exactly the one-particle state and the second
term contains the continuum contributions of the branching cut.

4.2 Interacting Lagrangian and Spectral Functions

Based on an interacting Lagrangian of the form

1 1 1 1
L= 5 (8,5)% — §m352 +3 (Du)* — §m24p2 + gS¢? (4.5)

one can find another possibility to parametrise the spectral density of the
scalar field S and describe, e.g., the process S — 2¢ [26].

The propagator of the interacting theory then reads
1
s —m3 + g*Re[X(s)] + ¢g%ilm [S(s)] + ie

A(s) = (4.6)

For a non-interacting theory (¢ — 0) this is the free propagator of a scalar
field

Ag(s) = ——— (4.7)



Figure 4.1: Vacuum polarisations of a resonance

In the interacting case, for cubic point interactions, the self-energy ¥ con-
tains the sum! of the loop diagrams depicted in Fig. 4.1

— d'q 1
#e) = / (277)4 [(q + %)2 —m?2+ z's] [(q _ 5)2 —m2+ ie] : (4.8)

This approach is discussed for a scalar resonance in [26]. If g goes to zero,
the propagator of the free field with mass mg is obtained. For g # 0 the
mass of the intermediate resonance fulfils the equation

m, —m3 + g*Re[S(m,)] =0 .

The spectral density can thus be defined as
1 -
p(s) = Zd(s —m,)O(2m — s) + —Im [A(s)}
T

The generalised optical theorem relates the imaginary part of the self-interaction
to the decay width

g*Im[S(s)] = V/sT'(s)
and with m, = mg + g?Re [2(s)] the spectral density above threshold reads

1 AT
P = R (VAT

(4.9)
For a momentum-independent decay width I'p, and mass m, the Breit-
Wigner distribution is obtained and reads

1 me L
T (s —m2)? + (m,Tun)?

Pew(s) = (4.10)

Now one can also consider coupled decay processes of an initial state via a
resonance into a final state. As it was shown in [26] the mass distribution

'Because of the logarithmic divergence in the definition of the self-energy in (4.8) it
is necessary to use a regularisation function fa(s) to implement a cut-off A which will
modify the decay width by a multiplicative s—dependent factor. The appropriate cut-off
function fa(s) will be introduced when it is needed for the further analysis.
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of the decay width of a process ¢ — r + f/ — f' + f can be expressed as
convolution of the decay I';_,, /(s) of the initial state i into an intermediate
resonance-like state r and a final state f’ and the spectral density function
p(s) of the resonance with final states f

Z—)ff’ dsprﬁf z—>rf’(3) ’ (411)

where f describes a final state, that may consist of 1,2, ..., n particles.

For example; the decay of the 7 lepton via its vector p or axial-vector a;
decay channels can be calculated from the decay rate of 7 — v,.r, with
r = p,ay, and the vector or axial-vector spectral density of the resonances
pv(s) and pa(s) as follows

o0

Ffr—>u727r(47r) = /dspp—>27r(47r)(3)rr—>pu7(3) ) (4.12)
0

FT—>V7-37T(57T) = /dspa1—>37r(57r)(S)PT—NMVT(S) : (4'13)
0

4.3 ALEPH Spectral Functions and their Parame-
trisation within the Linear Sigma Model

The ALEPH collaboration has measured the 7 spectral function in great
detail [25]. The spectral functions v;(s) and a1(s) in the vector and axial-
vector channel are given by

2 B(r—=V-u) dN AR’
or(s) = mT2 (T_ Vo ) AW 1_% 1—1——82 7

6cos0c°Sgw B(tT—— e evr)  Nyds m2 m2

] T (4.14)

m?2 B(t—— A"v;)  dN, [ sV 25 \| -

ax(s) = 5 T (1 2 ) (14
6cos0c°Sgw B(t—— e Dev,) Nads m2 m2

(4.15)

They are related to the imaginary part of the two-point correlation functions
as

tm[Ay ()] = 5-ui(s) | (4.16)
Tm[A A (s)] = %al(s) . (4.17)



The factor dN/Nds describes the normalised invariant mass-squared distri-
bution. As shown in Appendix C, it is related to the spectral density p(s)
and the decay width I'-—_,y—/4-,, (s) by

dNy _ pV(S)PT*—)V*I/T(S) dN 4 _ pA(S)PT*—)A*VT(S)
Neds = Toover 0 Nads T Tooa,

(4.18)

where I',_,y—, and I'._, 4, are the partial widths in the corresponding
channel. They are related to the branching fraction by

F’T*}V_(A_)V‘r =Bt =V (A )vr)- Pf-uu :

The partial decay widths are also related to p(s) by the mass distribution
of the decay width in Equation (4.11).

T 1—k?/ Mgy _g%cosfcoq?

B

k2 =DM, P 4V2M2,
a) —
g cos 0c6q> p
2
vy vy
e 1-k2/ME, s _ g2cos0c(8q*+g1¢)
k2 M2, a1 4V2M3,
b) — =
g cos 0 (6> +g1¢>(2)) 1
2
vy vy

Figure 4.2: Effective couplings of a) 7 — pv, and b) 7 — ajv; .

The decay width T';_w,.(s) was calculated in Appendix D based on the
assumption of 7 decaying into an asymptotic off-shell W boson. The result
for the decay width will now be used to further calculate the momentum-
dependent decay width of the 7 lepton into a 7 neutrino and the p and a;
mesons. Vectors and axial vectors are both spin-1 particles just as the W
boson and the result (D.12) can directly be generalised to the width for the
7 lepton decaying into a neutrino and any asymptotic spin-1 particle. Then
the momentum-dependent decay widths in the centre-of-mass frame of 7

read
2,3 2
gpmq— 1 S 28
FT%pI/T (S) = —— (1 - W) (1 + W) 5 (419)

8T s
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2 m31 2 2
Lrsarw, (8) = fay Pr = (1 - i) (1 + _3> (4.20)

8m s 2
and only the couplings g, and g,, remain to be identified. Compared to
the energy scale of 1 GeV of the investigated processes the mass My =
80,399 £ 0.023 GeV is large and the W propagator can be reduced to

Juv
— . 4.21

Thus, the couplings g, and g,, are obtained from representing the exchange
of the weak W boson by a point-like interaction vertex, as shown in the
diagrams in Figure 4.3. Together with the couplings that were derived from
the Lagrangian in Chapter 3 in (3.24) and (3.40), and with ¢®> — s, the
effective vector coupling g, and the effective axial-vector coupling g,, are
defined as

2
g“ cos ¢
=Z———F§"s, 4.22
2
g~ cosbc 9
= _—— +4d-s) . 4.23
9o = Lo, (9165 ) (4.23)
Finally, since each spectral density has to fulfil the sum rule
[e.e]
/p(s)ds =1, (4.24)
0
a normalisation factor
[e.e]
1
N N = /p(s)ds (4.25)
0

is added to the definitions of v1(s) and a;(s).

Now, the relations between the ALEPH spectral functions v (s),a1(s) and
the spectral densities py (s), pa(s) within the framework of the Linear Sigma
Model read

_ (2m)? 1py(s)
vi(s) = E(é . 5)227 , (4.26)
(2n)” 21pA(5)

ai(s) = (0-s+ gltb%) . (4.27)

N

The influence of the model is seen at two points. At first by means of the two
couplings g, and g,,. They have been directly derived from the Lagrangian
ZLint, which itself is based on gauge invariance and the assumption that p
and aj are chiral partners. Second, the s-dependent decay widths in (4.9)
can also be calculated directly from Zy.

SEw
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Chapter 5

Vector Channel Spectral
Function

In this chapter the vector-channel spectral density of the 7 decay is calcu-
lated and used to determine the value for the vector channel coupling §.
Since several different approaches to parametrise the spectral density are
used, this chapter is now shortly summarised.

1. The vector-channel coupling ¢ is estimated to § ~ 0.20662 on the basis
of the convolution (5.2) from the previous section.

2. The Breit-Wigner spectral density which is based on the s-independent
full width at half maximum is used as a first approximation and yields
0 ~ 0.19946.

3. The fully s-dependent spectral function is calculated on the basis of the
s-dependent decay width I',- _, ;. ~0(s) obtained from the Linear Sigma
Model. Within that section it will be found that it is necessary to shift
the p meson mass to improve the agreement between the data and the
spectral function. The spectral function will be fitted with respect
to three parameters; the p mass m,, the full width I’p(m?)) and the
free parameter 0. The results of this fit will then be inserted into the
Breit-Wigner spectral density to compare the two parametrisations.

4. Implementing the Wp mixing in a different way on the basis of a new
Lagrangian avoids the shift of the p mass. The Breit-Wigner spectral
density and the fully s-dependent spectral density will be applied to
calculate the vector spectral function. The result is compared to the
one from the previous section.
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5. Two other s-dependent p decay widths (Gounaris-Sakurai, Vojik-Lichard)
for the decay p~ — 7~ ¥ will be used to parametrise the spectral func-
tion. The result is again compared to the result from the s-dependent
decay width I')-_, -~ 0o(s) of the Linear Sigma Model.

Section (5.3) contains the approximation in 3. It will be seen, that the fully
s-dependent spectral function v;(s), based on the decay width I',-_,—0(s)
from the Linear Sigma Model and a derivative W p coupling ~ Js, yields the
best dynamical description of the vector channel.

5.1 First Estimate of the Parameter ¢

The main contribution to the inclusive! vector spectral function of the 7

lepton in [25] comes from the 7~ 7" channel. It has a clearly defined peak
with vy (s = 0.5875 GeV?) = 2.7654. The data of the inclusive and exclu-
sive invariant mass squared distributions from the ALEPH collaboration are
found in [27].

The decay of 7 into two-pion final states is the result of the direct decay
of W into two pions together with the process where W mixes with the
p meson which then itself decays into two pions. This would yield to a
probability for the total decay of 7 into two pions where the amplitudes of
the two processes interfere with each other. Based on the assumption that
the direct contributions from W~ — 77 are small, the decay rate for
7= — 7 710, will only depend on the free parameter 6. This is the Wp
coupling constant that was introduced in Chapter 2.2 by

Ly = L2220, 0] (5.1)

The exclusive spectral density of the process 7~ — p vy — 7 7%, then
makes it possible to determine the numerical value of 9.

The following gedankenexperiment only leads an estimate of the range of
0 and is not used in further calculations. Following the purely hypotheti-
cal assumption that the p meson is “stable”?, the spectral density in the

!The inclusive spectral function describes the sum of all spectral functions in the
respective channel, e.g., in the case of the non-strange vector channel the inclusive
spectral function contains the spectral functions of the processes 7= — 7 7’v, and
77 = 7 2r v (721 %), while the exclusive spectral function only contains one or
some of the partial spectral functions.

2If the p resonance were stable, the final state of the 7 decay in the 7~ 7° vector
channel would of course not contain any pions. But still, since p can only decay into two
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convolution (4.11) would reduce to a delta distribution §(s — m?2). After

p
performing the integration in (4.11) the following relation

oo

FT_*MT_WOV-,— = /dS 6(8 - m?))rﬂ'_%p_uq— (S)
0

= FT7—>p7V7- (mi)

mi g° cos ¢ 5 ? 1 m% ? L Qm% 5 9
- 8wm? 4v2M32, e - om2 + m2 (5:2)

is obtained. This is also in agreement with the fact that in the process
where 7 decays into two final pions via an intermediate p, the p meson it-
self can, because of parity conservation, only decay into two pions. From

i)ipgw,ﬂoy = 5.7811-10713 GeV the parameter ¢ is expected to be approx-

imately & ~ 0.20662.

5.1.1 The Breit-Wigner Spectral Density and the fully s-
Dependent Spectral Density

In order to obtain an exact value for 9, different parametrisations of the spec-
tral density py(s) which enters the definition of the vector-channel spectral
function

(27)?

vi(s) = 2 (5602 L

Spw s pV(S) ’ (53)

are calculated and compared to the data for the 7~ 70 exclusive vector chan-
nel.

The Breit-Wigner spectral density is defined as

1 m Pfull
BW(S) _ P p

T 7 (s —m2)2 + (m, )2

(5.4)

where I‘Zun is the experimentally determined full width at half maximum
of the p resonance and m,, is defined as the square root of the resonance’s
peak position. The Breit-Wigner spectral density is only an approximation
of the spectral density based on an s-dependent decay width I'(s) for the
resonance in question.

pions and since p is considered to be the dominating intermediate state, one can infer that
all two-pion final states in the vector channel result from an intermediate p and thus the
decay rate of 7= — m~ 7’v, must be the same as the decay rate L, (mf,).
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The fully s-dependent spectral density for the p meson reads

R SN2 IO N
7 = m (VT ()7

(5.5)

From the s-dependent decay width I',(s) one obtains the full width by the
definition

T,(s=m2)=TH (5.6)

5.2 Breit-Wigner Spectral Density

Since the p resonance’s full width at half maximum is small compared to
its mass, it can be approximated by the Breit-Wigner spectral density given
in (5.4). This allows for an estimate of the influence of the vector coupling
6 and also for a first testing of the parametrisation of the spectral density
v1(s) within the Linear Sigma Model. E.g., the convolution formula for the
unstable p meson (4.11) enters the normalisation constant in the definition
of the spectral density v1(s) in Equation 5.3 and then also influences the
numerical value for the vector coupling §.

35

30

T 7T_7TOV1
25 B
F 1
m, = 0.77549GeV
r r, = 0.1491 GeV
20 4
F § = 0.20662

vy[s]

s ([GeV?])

Figure 5.1: Breit-Wigner approximation of the vector channel with p mass and
width from the PDG; m, = 0.77549 GeV , F;““ = 0.1491 GeV. The vector-channel
coupling 0 = 0.20662 is obtained from (5.2) .
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The result for the spectral function with Breit-Wigner spectral density p‘B/W(s)
is presented in Figure 5.1 where the p mass and full width are the values
given by the Particle Data Group (PDG):

m, = 0.77549 GeV ,
= 0.1491 GeV . (5.7)

The result is already remarkably good, although the function exceeds the
peak of the data about 9%. Fig. 5.1 is still based on the vector coupling
constant that was obtained from the assumption of a “stable” p meson which
is not only a strong simplification but moreover, this is not the case in nature.
The too large peak value of v1(s) can be improved by adjusting § so that
the spectral function reproduces the height of the peak.

A fit for the vector coupling yields
§ = 0.19946 . (5.8)

The result is seen in Figure 5.2 and agrees remarkably well with the data.
With the Breit-Wigner spectral density and the fitted Wp coupling § the
lineshape of the vector channel is reasonably well reproduced. There is
however a small shift about 25 MeV? of the entire spectral function vy (s) to
higher values of s. The free parameter § only influences the height of the
spectral density. It can not be modified in a way that the spectral density
would be shifted to smaller values of s.

35

30

*+ . T rr’rrovr
25k m, = 0.77549GeV
i t T, = 01491 GeV

6 0.19946

20
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0.0

3 35

s ([Gev?])

Figure 5.2: Breit-Wigner approximation of the vector channel with parameters
m, = 0.77549 GeV F/E““ = 0.1491 GeV from the PDG, and fitted § = 0.19946 .
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It was seen how the p resonance can be approximated by a spectral function
that uses the Breit-Wigner parametrisation of the spectral density. Using
the full width at half maximum does not account for the full dynamics of the

0 since it does not include the momentum-dependence in

decay p~ > mm
the p-meson decay width. In the next section the fully s-dependent spectral

density (5.5) will be calculated.

5.3 Spectral Density based on the s-Dependent
Decay WidthI',-_, - 0(s) from the Linear Sigma
Model

The dynamics of the decaying p meson is described by the momentum-
dependent decay width T',-_,—r0(s) which has been calculated within the
U(2)r, x U(2)r Linear Sigma Model in [28] and can now be inserted into the
definition of the spectral density (5.5).

The result for the decay width is

3
m5 om 212 g 2
T o(s) = 2| (20 22+ Za-23] . 6

The parameters g; and go are given by

Ma, 1
_ /1 — — 5.10
g1 Zf7r 72 ( )
2 am?2 37T -
o= o (22— D [T ) (5.11)
Z= =1 mp \| (m2 — 4m2)3

They are related to each other in such a way that, independent from the

choice of the parameters Z and m,, , the momentum-dependent decay width

reproduces the full width if s = m%:

2 full
Ly mro(my) =T,0.

The fully s-dependent spectral density v1(s) based on I',-_,—0(s) reads

47 (58)2 1 NG Pp—ﬁw—wo (s) .
S (S - m%)Q + (\/g Fp*—nr*wo (8))2

v1(s) (5.12)

~ Sew
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Figure 5.3 presents the result for the spectral density with momentum depen-
dent decay width I',-_,—0(s) and the p mass and width as they are given
by the PDG. The vector-channel coupling § = 0.20625 was again fitted to
the value of the peak. It is surprisingly close to the value that was obtained
by the convolution formula in (5.2) which was based on the assumption that
p was stable, but here the full dynamical process of the p meson decay is
described. With one free parameter and the momentum-dependent p decay
width in (5.5), the vector-channel spectral density is well described.

30

' T—>7I’Jr°v1
251 m, = 0.77549GeV
I f T, = 014910GeV

o

0.20625

vy[s]

s ([Gev?))

Figure 5.3: The vector spectral density v1(s) based on the s-dependent decay
width I' )~ ;- 70(s) from the Linear Sigma Model with mass m, = 0.77549 GeV,
full width I',- o (mi) = 0.14910 GeV from the PDG, and fitted § = 0.20625 .

5.3.1 Fitted Spectral Function based on I',-_,;—0(s)

However, there is still the small shift towards the higher s-range, that was
already seen in the previous section for the Breit-Wigner spectral density.
As it was, e.g., shown in [29] the values for the obtained masses for the p
meson depend strongly on the underlying parametrisation of the momentum-
dependent decay width.

Thus, the spectral density with momentum-dependent decay width (5.12)
is subjected to a fit with respect to the p mass and width, and the vector-
coupling 6. The fitting method is the so-called y?-fit, that is based on the
method of the least squares.
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The result is shown in Figure 5.4. The vector channel coupling § obtains a
small downward scaling to

§ = 0.20397 (5.13)

but is of almost the same size as the previous results from the convolution
formula, § = 0.20662, and the simply to the peak-value fitted coupling
6 = 0.20625.
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i 0.

TSIV,
25 C m, = 0.75515 GeV
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6 = 0.20398
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Figure 5.4: The vector-channel spectral density v1(s) based on the s-dependent
decay width I')- -~ ro(s) from the Linear Sigma Model and fitted parameters:
m, = 0.75515 GeV, Ty~ x o0(m2) = 0.14150 GeV, and § = 0.20397 .

For p mass and width the values

m, = 0.75515 GeV , (5.14)
T rmro(m2) = 0.14150 GeV (5.15)

were obtained. With these fitted values the spectral function is shifted
about 30 MeV? to the lower s-range. The shifted p mass m, = 0.75515 GeV
is only about 2.6% smaller than the value for the p mass given by the PDG,
m, = 0.77549 GeV.

For s-values above ~ (0.7 GeV the spectral density lies slightly above the
data. This deviation results from the diverging contributions in the self-
energy of the p meson. They correspond to the loop diagram that was
discussed in (4.8). The result for the vector-channel spectral density can
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then be even further improved by multiplying the momentum-dependent
decay width with a regularisation function which is defined by

4m? —3}

fa(s) = exp [7/\2 (5.16)

The regularisation function fa(s) is based on the exchanged momentum in
the decay process and a cut-off parameter A which is of dimension GeV.

The s-dependent width of the resonance is then modified to

fa(s) 4m2 —s
Tr2

Lprro(s) —— T rro(s)e A . (5.17)
30-—

[ -1 1%,
25l m, = 0.75479 GeV

- r, = 015694 GeV

§ = 019840

20k A =11
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Figure 5.5: Fit to vi(s) with s-dependent p decay width from the Linear
Sigma Model and cut-off A = 1.1 GeV and fitted values m, = 0.75479 GeV,
Ty rmo(m2, A) = 0.15694 GeV, and § = 0.19840,

While the value of the p mass is almost insensitive to value of the cut-off
parameter, the full width depends strongly on the choice of the cut-off pa-
rameter A. With decreasing A the “full” width I‘Zun =T, (s = m%)
becomes unphysically large. This is, of course, no surprise as the regularisa-
tion function is a multiplicative factor in the decay width. Thus, the lower
bound of the cut-off parameter was chosen to be 1.1 GeV. Then the result
for the decay width I‘Zun was stable and did not run to unphysically large

values anymore.

84



The results for the fit with cut-off parameter A = 1.1 GeV are

5 = 0.19840 , (5.18)
m,(A) = 0.75479 GeV , (5.19)
T ro(m2, A) = 0.15694 GeV . (5.20)

The fit to the spectral density with cut-off yields a decreasing p mass and
an increasing p full width.

The fitted spectral density with momentum-dependent p decay width and
cut-off is shown in Figure 5.5. The diverging contributions from the p-
meson self-energy are almost entirely removed by the cut-off and the func-
tion smoothly follows the lineshape of the data. The spectral density v (s)
together with the momentum-dependent decay width derived from the La-
grangian of the U(2)r, x U(2) g Linear Sigma Model reproduces the exclusive
two-pion vector-channel spectral density in very good agreement with the
data, if the p mass and width are slightly modified. The result can be even
more improved if a cut-off is applied.

5.3.2 Comparison to Breit-Wigner with fitted Parameters
0 and m,

If the fitted parameters are inserted into the Breit-Wigner spectral density
the result in Figure 5.6 is obtained. By the fitted mass the Breit-Wigner
spectral density is shifted to a lower s-range and its peak position coincides
now with the peak position of the data. However, it obtains a peak value
that is too large and exceeds the data.

Compared to the spectral density with momentum dependent decay width
the Breit-Wigner approximation yields underestimated values for the vector-
channel coupling § and also underestimated values for the full width of the
p resonance.

It will now be examined how other parametrisations for the s-dependent p
decay width can be applied to calculate the spectral density for the vector
channel.
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Figure 5.6: Result for vy (s) with the Breit-Wigner spectral density and the fitted
parameters from (5.15): m, = 0.75515 GeV, I'"!! = 0.1415 GeV, and § = 0.20398.

5.4 Comparison to other Parametrisations for the
W p Vertex and the s-Dependent p Decay Width

5.4.1 Momentum-Independent Wp Mixing

One possibility to avoid the shift of the p mass and keep the values given by
the PDG is to generate the Wp vertex within the Linear Sigma model by a
non-derivative coupling.

Therefore, the additional term that was introduced to the Lagrangian at the
end of Section 2.2 in (2.108) is replaced by

7 g cos ZCémpTT

(W] (5.21)
The additional constant factor m, could, in principle, be absorbed in the
coupling constant §. Writing it down explicitly in the above Lagrangian
helps to obtain the vector-channel coupling with a numerical value that can
be compared to the results of the previous sections.

The “new” spectral function, with the non-derivative coupling for the Wp
mixing term reads now

pv(s) (5.22)



where for py (s) one can again insert either the Breit-Wigner approximation
(5.4) based on the full width Pguu or the fully s-dependent spectral density
(5.5) based on the momentum-dependent decay width. The result for this
approximation with PDG values for m, and I‘Zun is shown in Fig. 5.7. Again
the vector-coupling d was fitted so that the spectral density obtains the peak
value of the data.
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Figure 5.7: Breit-Wigner approximation of the vector channel spectral density
v14(s) with non-derivative coupling in the Wp mixing Lagrangian. Mass m, =
0.77549 GeV and full width F;““ = 0.1491 GeV are the values from the PDG and
the vector coupling is fitted to § = 0.19942 .

The peak of ¥4 (s) is moved to the correct position. But the spectral density
now only reproduces the data around the position of the peak. For small
s and above the 2m-production threshold the spectral density based on the
non-derivative coupling yields a too large result for the two-pion decay and
for s > 0.7 GeV? the calculated spectral density goes much faster to zero
than the data. Moreover, in the low s region the spectral density v (s) based
on full width I‘Zun already starts to diverge above the threshold for two-pion
production. Because of the constant vector-channel coupling ~ dm,, the 1/s-
dependence in the definition of the spectral function v (s) becomes dominant
for small s. With a non-derivative vector-channel coupling ~ dm, only the
data in the range 0.4 GeV? < s < 0.7 GeV? can be described.

Figure 5.8 presents the result for the fully momentum-dependent spectral
density based on the decay width '), 0(s) and with non-derivative cou-
pling. Although, the peak is again shifted to the right position the result
is, compared to the previous case of Breit-Wigner, not improved. The fully
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Figure 5.8: Spectral density based on the momentum-dependent decay width
I, x-ro(s) with non-derivative coupling in the Wp mixing term; m, =
0.77549 GeV and T')- 7o (m,%) = 0.1491 GeV are the values from the PDG, and
the vector coupling is fitted to 6 = 0.20434 .

s-dependent spectral density also shows a divergence above the two-pion
threshold and lies below the data for s > 0.7 GeV?2.

The spectral density based on a non-derivative coupling in the Wp mixing
term, cannot reproduce the data as well, as it was done with the spectral
density based on the derivative coupling from

~ dgcosfco

Lwp 5

Te[W,, L*] . (5.23)

Moreover, apart from the divergence in the low s region which is caused by
the constant coupling, implementing the W p mixing by (5.21) would destroy
the gauge invariance of the Lagrangian, while its only advantage lies in the
fact that one could keep the p mass and width fixed to the values that are
given by the Particle Data Group.

These values are, however, strongly dependent on the momentum-dependent
p decay width which enters, e.g., the spectral density. Therefore the results
for two other s-dependent decay widths are examined in the next subsection.
One is the decay width of Gounaris and Sakurai and the other one is a decay
width Vojik and Lichard have used in order to fit the p form factors, for the
experiments CMD-2, SND, and KLOE.

88



5.4.2 Two other Parametrisations of the p Decay Width

In [29] Vojik and Lichard have shown that the obtained values for the p mass
and width depend strongly on the underlying parametrisation of the p decay
width. Based on two parametrisations of the p resonance’s contribution to
the pion electromagnetic form factor they fitted the experimental data of
different collaborations (CMD-2, SND, KLOE) and compared the obtained
masses and widths.

They used two different formulas for the p~ — 7~ 7° decay width. On
average, the values based on the parametrisation

2 2 3

m s —4mz \?

Lyvr(s) = Pp?p <m> ) (5.24)
P T

are about 10 MeV smaller than the ones obtained from the generally used
Gounaris-Sakurai parametrisation

3
m 5 —4m?2 \ 2
) ™

which is also the parametrisation underlying the Particle-Data-Group’s data
for the p mass and width.

The decay width in (5.24) is additionally modified by a regularisation func-

tion
m% — S
exp 2432 ) (5.26)

with cut-off

B =04 GeV . (5.27)

Table 5.1 shows the results for p mass and width which they obtained by
using the two decay widths in (5.25) and (5.24) to calculate the electromag-
netic form factors of the p decay.

Both momentum-dependent decay widths I'yy(s) and I'gs(s) are now in-
serted into the definition of the vector-channel spectral density (5.5). It
was then examined how the mass and width that were obtained from fitting
the KLOE data are, when applied to the ALEPH data, can describe the

two-pion vector channel.

Figure 5.9 shows the result for the spectral density based on I'yy,(s), the cut-
off 3 = 0.4 GeV, m, = 0.76139 GeV, I', = 0.14007 GeV, and ¢ = 0.20085.
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Figure 5.9: Spectral density vy (s) for the Vojik and Lichard parametrisation of the
s-dependent decay width, T'vy,(s) with cut-off 8 = 0.4 GeV applied to the ALEPH
data with mass m, = 0.76139 GeV and width Ty (m3) = 0.14007 GeV obtained
from KLOE data, and with fitted 6 = 0.20085.

With a p mass that is shifted about 2.9% the spectral density based on
I'vr(s) describes the peak and full width at half maximum reasonably well.
The value for the vector coupling § = 0.20085 was again fitted so that the
spectral density describes the peak. However, although a cut-off of the form
(5.27) is already included, the spectral density clearly gives too high values
for the two-pion production in the higher s-range.

The result for the spectral density based on the Gounaris-Sakurai decay
width T'gg(s) is presented in Fig. 5.10. The values for the p mass and the p
full width are the results for the KLOE data and given in Table 5.1. It does

mp FVL(mf)) mp Tas (m%)
[GeV] [GeV] [GeV] [GeV]
CMD-2 0.76708  0.1361 0.7753 0.1423
SND 0.77460  0.1461 0.7746 0.1473
KLOE 0.76139  0.14007 0.76922  0.14471

Table 5.1: Results for the p mass and width obtained on the basis of the s-
dependent parametrisation for the decay widths I'vy,(s) and T'gg(s) as given

in (5.24) and (5.25).
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Figure 5.10: Spectral density v;(s) for the Gounaris-Sakurai parametrisation of
the s-dependent p decay width T'gg(s) applied to ALEPH data but with mass and
width extracted from KLOE data: m, = 0.76922 GeV, T'gs(m}) = 0.14471 GeV,
and fitted § = 0.25606 .

not match the data as well as Vojik and Lichard’s decay width I'vy,(s). The
deviation from the data becomes much larger in the upper s-range.

In this parametrisation the vector coupling constant would be § = 0.25606
which is about 25% higher than the values extracted from the other parametri-
sations. Taking § with a value about 0.25 would give much better results for
the axial-vector channel® than with § ~ 0.2. Then it would not be necessary
to change Z to a value that is not only outside the range 1.47 < Z < 1.87
as it was obtained by previous calculations of the ¢ — 7w decay width, but
also predicts unphysically high values for the s-dependent width I'g, ().

However, as it can be clearly seen in Fig. 5.10 the full width at half maximum
is not reproduced. Even with an additional regularisation function based on
the momentum in (5.25), it is impossible to obtain the same width, the
position of the peak and not such a strong deviation from the data points
in the region of s > 0.7 GeV. Moreover, a cut-off based on the Gounaris-
Sakurai parametrisation would have to be approximately A ~ 1.8 GeV in
order to have a significant effect on the higher s-range and to obtain an
appropriate width and for A =~ 1.8 GeV. But then the value of the vector
coupling decreases again to § = 0.19608 and the problem with the size of

3In Section 6 the problems with the interdependencies of the coupling constants and
the result for the axial-vector spectral density will be discussed in detail.
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the pion wave-function renormalisation constant Z is recreated.

In this chapter the vector-channel spectral density parametrised within the
U(2)r, x U(2)g Linear Sigma Model as it was developed in Chapter 2.2 has
been calculated. The result agrees very well with the data for the exclusive
two-pion vector channel given by the ALEPH collaboration. The free param-
eter § allows to adjust the height of the spectral functions. The results for
6 that were obtained for different parametrisations of the spectral function
are summarised in Table 5.2.

It was found that none of the other examined parametrisations, the different
expressions for the s-dependent decay width (I'y,(s) T'gs(s)) or another
Wp mixing term in the Lagrangian (5.21), lead to a better result for the
spectral function, than it is obtained with the parametrisation of v (s) that
bases on the p decay width from the Linear Sigma Model and s-dependent
vertex with vector-channel coupling 4.

Spectral density mp L(m?)  Vertex 5 Cut-off
[GeV] [GeV] [GeV]
p “stable” 0.77549 0.1491 ds 0.20662 none
Breit-Wigner 0.77549 0.1491 ds 0.19946 none
Breit-Wigner 0.77549 0.1491 5m% 0.19942 none

Linear Sigma Model 0.77549 0.14910 0s 0.20625  none
Linear Sigma Model 0.75515 0.14150 0s 0.20398 none
Linear Sigma Model 0.75479 0.15694 ds 0.19840 A=1.1
Linear Sigma Model 0.77549 0.14910 5m% 0.20434  nome
Vojik-Lichard 0.76139 0.14007 0s 0.20085 (=04

Gounaris-Sakurai 0.76922 0.14471 s 0.25606 none

Table 5.2: Values obtained for the Wp coupling constant ¢ for the different
parametrisations of the p decay widths that enter the spectral density v1(s). The
values in the line marked in red are the results of the fit to the vector channel
spectral density and will be used for the axial-vector spectral density in the next
chapter.
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Chapter 6

Axial-Vector Channel
Spectral Function

6.1 Breit-Wigner Spectral Density

The vector coupling constant d was determined in the previous chapter. The
results will now be used to calculate the axial-vector channel’s spectral func-
tion. The axial-vector spectral function’s peak is not as sharp as the one of
the vector spectral function, which leads to difficulties in the determination
of the a; meson mass. While the p spectral function clearly has its peak
at vy (s = 0.5875 GeV?) = 2.7654, the a; resonance’s peak is a broad distri-
bution of three-pion final states between 1.0625 GeV? < s < 1.3375 GeV?
with 0.95407 < a;(s) < 0.98189. In the PDG the a; mass is given by
ma, = (1.23 £ 0.04) GeV . The uncertainty in the full a; width with
0.25 GeV < I'y, < 0.6 GeV is even larger. Also, recent publications by
Wagner and Leupold [30, 31] have made the argument that the observed
resonance might actually not be a gq state, but a molecule-like, coupled pm
state. So far, the resonance as it is shown in [25] was interpreted as the
signal of the JP'© = 1"+ mesonic resonance of the SU(Ny = 3) meson octet.
In the following chapter, the resonance depicted in Fig. 6.1 will be studied
under the assumption that the a;(1260) resonance is indeed the Ggq state
that can be associated with the a; meson of the Ny = 3 meson octet and
the chiral partner of p.

The intermediate decay processes of the axial-vector channel are identified
as

T = W = 2 1 (n 200,
+

T =Wy, = a v — PP v (p 7)) = 2wt (r200,),
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Figure 6.1: The exclusive axial-vector spectral function for the process 7 —
3rv,, (2 v, + 77 27%,) as it was published by the ALEPH collaboration in
[25]. The raw data for the spectral function and also its errors are found in [27].

T =W, =ajv, o v — 2wy,

T =W = ajv, = for vy — oty

and

o (m 200, .

T =W s av; = 21w
The branching fractions for the two different final states 27— 7T v, and
721, are almost identical B(r~ — 27 7") = (9.041 & 0.097)% and
B(r~ — 7727%) = (9.239 4+ 0.124)%. A small breaking of strong isospin
symmetry causes the mass difference between the charged and neutral pion
mass and this in turn explains why these two branching fractions are not of
exactly the same size. Since the two branching fractions are almost equal
(Tog—nt /T 970 = 0.98), it is valid to assume that the decay of aj takes
place predominantly via the pm intermediate state [25, 32]. If, in this decay
channel, the contributions from the processes involving ¢ and fy were not
suppressed, one would see a larger difference in the two branching fractions®.
There exist data on the a; branching fractions, however, the PDG does not
use the data published in [32] for further analysis. Since the dependence on
the pion wave-function renormalisation constant Z is at parts very compli-
cated, the results in [32] will nevertheless be used selectively in the course
of this chapter.

"Here, fo describes the fo(1370) resonance.
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The axial-vector spectral function in the parametrisation of the Linear Sigma
Model is given by (4.27),

B (271')2
- SEw

ai1(s) (s + g@%)f“—(s) . (6.1)

N

The chiral condensate ¢y is related to the pion wave-function renormalisation
constant Z and the pion decay constant f, by

The (axial-) vector-scalar coupling g; depends on Z as

Ma, | 1
= 1——. .

Previous calculations of the o — 7m decay rate within the U(2); x U(2)r
Linear Sigma Model in [28] predict Z to be in the range 1.47 < Z < 1.87.

Another Z dependence is found in the process a; — pm which yields the
dominant contribution to the axial-vector channel. Its decay rate I'q,_,x(s)
has been calculated in [28] as

k(Y5 mp,my) [hQ (b KD (b P .\ (B PHEY)?
nv

12rm2, B

Iy (s)
1P 2 2 2002
mg mg, meme,

The function

1
2mg,

k(mg, mp, me) = \/mé—ng(ml%jL m2)+(mi—m2)? 0(mg— my—me) (6.5)

describes the momentum exchange of the process a — bc¢. The momentum
of ay is denoted by P*, that of p by K1, and that of 7 by K%'. The amplitude

[pr(@) [GeV] —  0.250GeV <T,, <0.600 GeV
2.0r \ —  Mg,= 1.08GeV
[ N —= Ma= 119GeV
15l N ---- mg,= 123Gev

O'Sf

0.0 z

1.2 1.3 1.4 15 1.6 1.7 1.8 19

Figure 6.2: The dependence of the a; — pm decay width I'y, -, ,»(Z) depending on
Z as calculated by [28].
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is then obtained from the term in the square brackets. Its explicit form is
found in [28] as well.

The decay rate in (6.4) increases with smaller values of Z and decreases
when Z assumes higher values (Figure 6.2). For the mass m,, = 1.23 GeV
which is given by the PDG and the range of the full a; decay width given by
0.25 GeV < TI'y;, < 0.6 GeV the pion renormalisation constant Z is limited
to 1.47 < Z < 1.87. This result agrees with the interval that has been
determined from the ¢ — w7 decay width. Its range is shifted to smaller
values of Z if the a; mass is taken to be smaller than the mass given by
the PDG. If m,, =~ 1.08 GeV, the value of Z decreases to Z = 1.38 for the
upper bound of the decay rate I';, = 0.600 GeV.

Before calculating the fully s-dependent spectral density a;(s) based on
I'a,—pr(s), the spectral function based on the Breit-Wigner approximation
will be used as a consistency check for the parameters that have been ob-
tained from the vector channel. The Breit-Wigner spectral density for the
axial-vector channel reads

full
1 mal Fal

7 (s —mE )7+ (ma TR

PR (s) =

(6.6)

For calculating the spectral function aq(s) with the Breit-Wigner spectral
density those values of Z are used that can be associated with the ay full
width at half maximum I =T, _, ,-(m2 ,Z) = 0.4545 GeV for a given
mass mg,. The full width at half maximum is directly taken from the data

depicted in Figure 6.1.

The results from the Breit-Wigner spectral density for three generically cho-
sen masses mg, = 1.23(1.19,1.08) GeV are shown in Figure 6.3. The mass
mg, = 1.23 GeV is the value that is usually associated with the a; resonance,
Mg, = 1.19 GeV is the lower bound given by the PDG and m,, = 1.08 GeV
lies slightly above the result of the a; mass obtained in [20].

Although it was expected that the Breit-Wigner parametrisation is not really
suitable to describe such a broad resonance as the axial-vector resonance,
it is still surprising that the spectral function is not even approximately of
the correct size. Naively one would expect the spectral function to deviate
from the line shape of the data in form of a too narrow width. But here
the calculated spectral density is about a factor 1/2 too small and describes
only half of the data.

The dependence of the position of the peak on the choice of the a; mass is
also seen in Figure 6.3. As for the vector channel the peak position is shifted
to smaller values of s for smaller masses mg,. Obviously m,, = 1.23 GeV
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Figure 6.3: The axial-vector spectral functions in the Breit-Wigner approxima-
tion for mg, = 1.08(1.19,1.23) GeV with § = 0.20398. The pion renormalisation
constant Z is chosen such that I'y,,r (M4, , ), Z) = 0.4545 GeV.

and mg, = 1.19 GeV are too large to reproduce the correct peak position,
while m,, = 1.08 GeV yields a much better result in terms of the peak
position.

6.2 Estimates of the Parameters 7 and ¢

The momentum-dependent spectral function a;(s) based on I'q,,r(s) in
Equation (6.4) could now already be calculated. But, since I'y, _r(s) also
depends on the a; meson’s mass, it seems useful to first calculate the Breit-
Wigner parametrisation and reduce the complexity of the interdependencies
between the parameters. From the vector channel it is known that the
Breit-Wigner spectral density works very well to approximate the fully s-
dependent spectral function of this model. This enormously simplifies the
investigation of the role of the a; mass as well as the effect of different choices
of the a1 full width and the influence of the parameters Z and 4. In order to
solve the problem of the too small spectral function, it was also attempted
to obtain different combinations of Z and J.
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6.2.1 Pion Renormalisation Constant 7

First, § remains fixed to the value obtained from the vector channel,
0 = 0.20398 , (6.7)

which is the result of the fit for the fully s-dependent vector-channel spectral
function, marked in red in Table 5.2. The result is based on the assumption
that the 27 vector channel is dominated by the p resonance and that the
contributions arising from the direct W~ into 7~ 7% decay are negligibly
small.

In the axial-vector channel W transforms into an a; meson which then via
its intermediate states? decays into three pions. Now, in order to estimate a
new value for Z the convolution formula (4.11) was applied to the three-pion
7 decay. Here, the assumption was made that all 37 final states can only
occur via an intermediate a; meson and then again that all intermediate a;
mesons result in three final pions:

2 2
pezp mi 92 cos O (5 9 ¢2) 1 m% 14 Qm%
. = m;, — - — —_—
T 8rm2 | 4v2ME, e m2 m?

(6.8)

Again, this is a strong simplification, but it seems to be more reasonable
than simply guessing the value of Z. The values obtained for Z based
on Equation (6.8) are found in Table 6.1. They also depend on the value
of 9, the coupling constant of the Wp vertex. In this approach the pion
renormalisation constant experiences a strong downward scaling to Z ~ 1.2,
which causes the spectral function to obtain a height that is approximately
of the same size as the data.
drLsm = 0.20398

Ma, 1.23 GeV 1.19 GeV 1.08 GeV
Z 1.27942 1.27275 1.22276

dLSMcutoff = 0.19840
Ma, 1.23 GeV 1.19 GeV 1.08 GeV
Z 1.23446 1.22959 1.18643

Table 6.1: Z values, calculated from Eq. (6.8), obtained for three a; masses and
vector-channel coupling §. The latter is the result from the fitted fully s-dependent
spectral function in the vector channel vy (s); without cut-off § = 0.20398, with
cut-off 6 = 0.20398.

Figure 6.4 shows the results for three a; masses, m,, = 1.08 (1.19,1.23) GeV,
where each graph contains three possible choices of the full width I’g‘ill.

2The dominant a; — 37 intermediate states are pm (~ 60.19%), o (~ 18.76%), and
for (~ 7.40%). Since they are taken from [32], these branching fractions need to be
treated carefully, too.

98



Again, with decreasing mass the spectral function is entirely shifted to
smaller values of s. It is important to stress that the Z value used in the
calculation of the spectral functions a;(s) in Figure 6.4 is not the one which
is obtained by [28]. Using the values given in Figure 6.4 to calculate the
a1 — pr decay width will yield unphysically large results.

With a considerably smaller Z-value it is obviously possible to parame-
trise the line shape of the axial-vector channel very well. However, for
mq, = 1.08 GeV the Z-dependent decay rate I'q,_,,-(m2, ) calculated from
Equation (6.4) is already larger than 2 GeV (see Figure 6.2). As seen in
Figure 6.2 there is a strong decrease for smaller Z and the decay width
Ly, pr(m?2) becomes unphysically large.

The unphysically large aq decay rate is a serious problem since it questions
the consistency of the underlying model. One thing that has not been con-
sidered yet is the fact that according to the PDG the decay a; — pm might
account only for about 60.19% of the a1 decay, as it has been observed at the
CLEO II detector and published in [32]. The PDG states that the data is
not reliable and cannot be used for averages and fits. However, it is interest-
ing to see if the assumption that only 60.19% of the three-pion final states
result from the intermediate process a; — pm would resolve the problem
with the too small spectral density.

The underlying assumption for the determination of Z with respect to the
a1 — pm decay width is that a; decays predominantly via the pm channel.
Since Z depends on the value of the decay width, one would expect Z to
become smaller, if the dominance of the pr intermediate state is questioned.
Then Iy, 5 (m2,) would only account for 60.19% of the full width. However,
for a smaller a; decay width the obtained value for Z(my,,T,,) increases,

e.g.

Z(1.08 GeV,0.4545 GeV) = 1.43369 ,
Z(1.08 GeV,0.6 - 0.4545 GeV) = 1.52204 .

Thus, even if, in a first guess, a smaller decay width were used to find a new
estimate on the value of Z the spectral function would remain at the same
size and describe only about half of the experimental data. With § ~ 0.2,
as it is given from the vector channel, Z would have to be in the range
0.12 < Z < 0.14.

With respect to the pion renormalisation constant Z it is concluded that
it is not possible to modify Z in such a way that one would not encounter
inconsistency problems, if § remains fixed to the value from the vector chan-
nel.
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Figure 6.4: The axial-vector spectral functions in the Breit-Wigner approxima-
tion for three masses mgq, = 1.23(1.19, 1.08) GeV and three full a; decay widths
il = 0.35 (0.4, 0.45) GeV and m,, = 1.23 GeV. The value Z = 1.27942 is an
approximation based on the partial decay width of 7 — 27~ 7 v, (7~ 27%,) with
6 = 0.20398 from the vector channel with Breit-Wigner approximation.



6.2.2 Vector Coupling 9

Now it seems advisable to examine the role of the vector-channel coupling
0. With the help of Equation (6.8) ¢ is approximated with respect to the
value of Z that reproduces I'q,_,r(m2 ,Z) = 0.4545 GeV2. Since § itself
does not depend on m,, this is only done for m,, = 1.08 GeV and the
resonance’s full width at half maximum I’g‘;ﬂ = 0.4545 GeV. From (6.8) one

obtains § = 0.2317. The result is shown in Figure 6.5. Clearly the result is

14+
T - 2ty + 1 21%;
1.2F My,

L ra

L 5
10f z

1.08GeV
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0.2317
1.43369

o0k

35
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Figure 6.5: The axial-vector spectral functions in the Breit-Wigner approximation
for mq, = 1.08 GeV and full width at half maximum I''"" = 0.4545 GeV. Based
on I'yr(Z = 1.43369) = 0.4545 GeV the coupling § = 0.2317 was obtained.

much better if one assumes § to be about 18% larger than the one that was
obtained from the fit in Chapter 5.

The calculations made in Chapter 5 were based on the dominance of the
p meson in the 27 decay channel. The contributions from the W boson
directly decaying in 27 have been neglected. If the amplitude of the process
W~ — 7~ 7% were destructively interfering with p~ — 7~ 7% it would lead to
a bigger vector coupling §. That way Z would remain in the range predicted
from previous calculations and it would also not enter a range where the
I'q,—pr(s) decay rate would become unphysically large.

The Z dependence of the calculated decay rate I';_4,,.(Z) for the results of
the fit to the fully s-dependent spectral function (see Table 6.1) is shown in
Figure 6.6. The two constant lines describe the decay width of the process
7 — 3y, with TSP, = (4.1491 £ 0.159) - 10713 GeV given by the results

T3V
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Figure 6.6: The calculated T';_,, (Z) for different values of 6§ compared to the
T = 2n 71T + 77270 decay rate.

of the ALEPH collaboration. The decay rate I'; 4., (Z) for a given o
agrees only in a small interval with the experimental data of I'r_,3,,_. But
as expected, by assuming that 6 would be about 18% larger, the interval
in which the calculated decay rate agrees with the experiment is shifted to
higher values of Z.

The last attempt to find a possible solution for the misfit between the ex-
perimental data and the result for the spectral function based on the Breit-
Wigner spectral density and the full width Fg‘iﬂ is to investigate how the
calculated spectral function is affected, if the results on the a; — pm decay
width from [32] are taken into account for an approximation. The convolu-
tion formula (6.8) couples the decay width FT_WT(S) to the spectral density
distribution a1(s). In [32] the a; to pm decay width is given with 60.19%.
But from

Lo ~0.6-Trya, (M2)) (6.9)

T—3T — al

one obtains § = 0.2735. This is again significantly larger than the value
obtained from the vector channel. Thus, in order to keep Z in the desired
range, it is mandatory to examine the further contributions in the vector
channel, which might result in an higher effective value of the vector coupling

J.
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6.3 Axial-Vector Spectral Density based on the
Elastic Decay Width a; — pm from the Linear
Sigma Model

So far, in order to examine the influence of the parameters mg,, 1y, , 0 and Z
on the the spectral function, the Breit-Wigner spectral density was used in
the axial-vector spectral function aq(s). The results of the previous section
are now applied to the study of the fully s-dependent spectral density on the
basis of the s-dependent decay width I'y, -, (s). The decay rate as given in
[28] reads

RS M) [ (K (PP (a PREYY
v

Farospm(s) 127mm2, m2 m2, i m2m2,
(6.10)

and the spectral function for the axial-vector channel is given as

B (271')2
Sew

a(s) = 255 4 gua P A (6.11)

N

With (6.10) the parametrisation of the spectral density becomes

<) — \/gralﬁpﬂ(s)
pa(s) (s =m2 )2+ (V/sTa,pr(5))?

Figure 6.7 presents the fully s-dependent spectral function for three different
a1 masses, each with three different choices of Z and therefore three values
for the full width I'y,_,,x(m2 , Z). The width of the spectral function for a
given mass is now solely modified by the choice of Z. As expected from the
Breit-Wigner parametrisation with this choice of parameters § and Z the
calculated spectral function a;(s) does not reproduce the data’s line shape.
The position of the peak is again shifted to smaller s for smaller m,, and the
choice of the a; mass now also influences the height of the spectral function.
With decreasing mass, the peak flattens and for the mass given by the PDG,
mq, = 1.23 GeV, especially for T'q,,,x(m2 ) = 0.600 GeV, the peak of the
spectral function almost disappears.

(6.12)
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Figure 6.7: The fully s-dependent spectral function based on the momentum-
dependent a; decay width I'q,,~(s) and § = 0.20398 for three masses m,, =
1.23 (1.191.08) GeV and three full widths 'q,—,r(m2)) .



6.4 Fitted Axial-Vector Spectral Density

Finally, a x? fit was performed for the axial-vector spectral function. Apart
from Z, which was restricted to 1.38 < Z < 1.87, there were no restrictions
imposed on the other parameters. It was attempted to fit the peak and the
full width at half maximum. Therefore only a set of data points has been
evaluated for the fit. The result is shown in Figure 6.8. From the fit to the
fully s-dependent spectral function a;(s) the values

§ = 0.25656 |, (6.13)

7 = 148723 (6.14)

Mg, = 1.0917 GeV | (6.15)
T,(Z) = 0.4051GeV (6.16)

are obtained. Again, if the value for J is taken to be larger than the one that
was obtained from assuming that the p resonance is the dominating decay
channel in the 7 — 27 vector channel one can find a set of parameters that
parametrises the spectral function reasonably well within the restrictions of
this model.

14+
F T - 2ttty +m 210,
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I M., = 109169 GeV
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35
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Figure 6.8: Fit for the fully s-dependent spectral function a;(s) with momentum-
dependent decay width I'q, = (5).

As in the vector channel, the divergent contributions from the self-energy
result in a deviation from the data in the higher s-range. One may now also

105



introduce a cut-off function f(A) based on the momentum k(mg, my, me)
function in (6.10)

k(mq,,mp, my)?

f(A) =exp |- 12 : (6.17)
Ia(®) _ k(may mp,mm)?
Laispr(8,may, Z) —— Loy spr(s,ma,, Z) - € A2 . (6.18)

The decay width thus depends now on the parameters m,,, Z, and A, where
A is of dimension energy and should not become smaller than A = m, +m..
The cut-off parameter was chosen to be 0.9 GeV. Then the results of the fit
were stable and did not run to unphysical values.

1.4r

+ T - 2ty + 1 21%;
121

3 é 0.240548
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Figure 6.9: Fitted a1 (s) spectral density with s-dependent decay width 'y, -y (5)
with cut-off A =0.9 GeV.

For the fit with cut-off A = 0.9 GeV (Fig. 6.9) the results are:

§ = 0.2406
7 =1.4895 | (6.19)
Ma, = 1.09319 GeV |
T(ma,, Z,A) = 0.36705 GeV . (6.20)

Both fits yield a value for the pion wave-function renormalisation constant
Z of ~ 1.48. This is actually very well within the range that is necessary to
describe the a; — pm decay rate, the o — 7w decay rate, and the axial-vector
spectral density simultaneously without inconsistency problems. However,
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therefore the vector channel coupling ¢ would have to be approximately 18%
larger.

The results for the a; masses are almost of the same value and predict
Mg, ~ 1.09 GeV.

With the cut-off the converging contributions from the self energies are re-
moved and I’(mgl,Z, A) becomes smaller, but it still remains within the

range given by the PDG.

However, if the larger vector-channel coupling § = 0.24055 is applied to
calculate the fully s-dependent vector-channel spectral density (Figure 6.10),
it is clear that the exact value of § requires further investigation. The
spectral function vy (s,d = 0.24055) clearly exceeds the data. The remaining
“free” parameters are to a certain extent the p mass and the p full width.
However, a fit with fixed vector coupling, 6 = 0.24055, and free parameters
mpand I',_, -~ o (mﬁ) = FprIl yields a full decay with in the range ~ 0.22 GeV
which is definitely too large and does not reproduce the 2w vector-channel
data.

T 71'7'('3\/T

0.75515 GeV
0.14150 GeV
0.24055

m,

P

vi[s]

s ([Gev?))

Figure 6.10: Vector channel spectral density with § = 0.24055, T'p- o (m3) =
0.14150 GeV, and m, = 0.75515 GeV.
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The objective of the current work was to describe on tree-level the p and a;
mesons as ¢q states within an effective chiral model with electroweak interac-
tion. The spontaneously broken chiral symmetry is reflected in the structure
of the effective weak 7 — ajv; vertex g,, ~ 0s — g1 gb%. The coupling § was
fixed in the vector channel. The vector-channel coupling § appears to be too
small and the difficulties in the generalisation of the result from the vector
channel to the axial-vector channel could not be resolved. Thus, vector and
axial-vector spectral functions could not be described simultaneously by a
common set of parameters.

It further needs to be investigated whether this is really a result of a mod-
ification of the vector coupling & by the direct W~ — 7~ 7% decay. Also, it
is necessary to implement the other contributions in the axial-vector chan-
nel and to examine higher order contributions. Another possibility is to
examine the Weinberg sum rules to obtain more insight into the nature of
the relations between vector and axial-vector spectral densities within this
model. If it proves to be not possible to describe vector and axial-vector
spectral densities simultaneously it might as well have more fundamental
reasons as, for instance, the question whether within a chiral model a; and
p can really be described as two ¢q mesons that are chiral partners.
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Chapter 7

Conclusions and Outlook

In order to describe the vector and axial-vector spectral functions of the
7 decay on the basis of an effective quantum field theory with hadronic
degrees of freedom and weak interactions, the Linear Sigma Model with
scalar, pseudoscalar, vector, and axial-vector mesons based on a global chi-
ral U(2)r, x U(2)r symmetry was extended to a model which is now also
invariant under local SU(2)r x U(1)y transformations. First, the quark
fields were subjected to a U(1)y transformation, which led to the under-
standing of how the U(1)y transformation manifests itself on the hadronic
level of the Linear Sigma Model. Second, it was shown that applying Vec-
tor Meson Dominance for the hypercharge gauge field to the Linear Sigma
Model yields the same result as it was obtained from directly transforming
the quark fields.

The result from applying VMD could then be further used to introduce
weak interactions in a gauge-invariant way. Together with a new parameter
d, an additional interaction term between the left-handed fields and the
weak bosons was introduced into the model in order to generate a mixing
term between the charged weak bosons Wlf and plf. From this extended
Lagrangian the tree-level weak interaction vertices were extracted and used
to derive effective vector and axial-vector channel couplings (g,, g4, ). The
new mixing term also yielded an additional contribution to the Wa; mixing,
which otherwise would only be proportional to the chiral condensate. The
fact that p and a; are chiral partners whose mass difference is generated
by the spontaneously broken symmetry, is thus also clearly visible in the
structure of g, .

In a next step, the decay rate of the Standard Model 7= — W v, process
was applied to the 77 — p~ v, (a] V) decay width with an effective coupling
that accounted for the W exchange by a point-like Fermi interaction. The
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two couplings were now proportional to the newly introduced ¢, the Fermi
coupling G, and for g,, to the chiral condensate ¢. Vector and axial-vector
effective couplings were then used to derive a relation between the Kallen-
Lehmann representation and the ALEPH collaboration’s spectral densities
of the 7 decay.

Based on the assumption that the p resonance yields the dominant con-
tributions to the vector channel, the vector-channel spectral function was
calculated within several different parametrisations and compared to the
experimental data given by the ALEPH collaboration. That way it was pos-
sible to obtain numerical results for the parameter §, which could then be
used to determine the axial-vector spectral function as well. It was neces-
sary to shift the PDG mass of the p meson to m, = 0.76139 GeV in order to
obtain a good description of the data’s lineshape. For all parametrisations
the calculated vector-channel spectral function with shifted p mass agrees
well with the experiment, for the vector channel coupling § ~ 0.19. How-
ever, when this result was applied to the axial-vector spectral function, it
was found that with the given parameter set the calculated spectral function
describes approximately only half of the data.

The problem of the too small axial-vector spectral function turned out to be
independent on whether one used the Breit-Wigner parametrisation or the
spectral density based on the s-dependent decay width I'y, s, (s). Since the
range of the parameter 7 is strongly limited by the a; — pm decay width,
one solution would be to further study the influence of the process W — 7w
on the vector-channel coupling §. If § were about 25% larger, one could also
describe the axial-vector spectral function very well.

Furthermore, for the axial-vector channel the assumption was made that
the process a; — pm dominates this decay channel, but there are further
contributions such as a; — on and a; — fom that yield three-pion final
states and might also contribute. Currently there are no reliable data for
the a; branching fractions and one should also take into account the results
on their decay widths as calculated from the Lagrangian to see whether this
improves the results.

It is also necessary to improve on the accuracy of the parameters 6, m,, I',
and Z. The spectral functions are very sensitive to the numerical values
of the parameters, which in principle enables their determination with high
precision, and thus it is also a good test of the model’s validity. On the
other hand, this raises the difficulty of how to fix all the parameters in a
consistent way. Moreover because of finite width effects of the uncertainty
in the a1 mass, which makes the study of its resonance difficult.

Calculating the spectral densities and comparing them to the ALEPH data,
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allows for a precise determination of the parameters. Once the parameters
are fixed consistently, the model can be further applied to make predictions
of other physical observables, such as meson masses and decay widths.

Another possibility is the generalisation of the U(2), x U(2)g Linear Sigma
Model with weak interaction to the case of Ny = 3. The extension of
the model to Ny = 3 is already in progress. Also, this work is based on
considerations in the vacuum, one natural direction for further investigations
is the application of the fixed parameters to in-medium effects and non-zero
temperature processes.

If it is possible to resolve the inconsistencies between the parameters of
the vector channel and the axial-vector channel, it would also yield strong
evidence that the resonance which is observed at s ~ 1.15 GeV? and whose
nature has not yet been unambiguously identified can be understood as the
JPC = 1*+ iso-triplet resonance of the U(N; = 3) meson nonet.
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Appendix A

Field Strength Tensors
LMY and RM

The following explanation is based on Chapter 15.1 in Peskin and Schroeder’s
book on Quantum Field Theory [16]. In gauge theories the field strength
tensors of the fields can be calculated from the commutator [D#, D] of the
covariant derivative. If a Lagrangian of a field ¢ has a local symmetry under
the transformation

¢ ¢ =Ud (A1)

the commutator of the covariant derivatives [D,, D,]¢ must be invariant
under the transformations itself, as it is only the product of two covariantly
transforming factors. The commutator does not act on ¢ as a derivative, but
as a multiplicative factor, only. Since this proves the gauge invariance of the
field strength tensors within the context of the globally SU(2); x SUR(2)
invariant Linear Sigma Model the calculation will be performed explicitly.

In Chapter 2.2 the covariant derivative with the electroweak gauge bosons
was defined as

D' = 9'® —igy (LFD — DRM) — igWHd + ig ®B* | (A.2)

where the field ® is a tensor product on the space of left- and right-handed
isospin with altogether 4 indices. The general chiral transformation then
reads

(U, ® Uf)® (A.3)

For mesons this reduces to the known transformation law ® = U;®Ug. In
order to calculate the field strength tensors from the commutator of the
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covariant derivative one needs to factor out the field ® in (A.2). Therefore
it is useful to write D*® explicitly as a four tensor, then one can also see
on what spaces the gauge fields and L*, R* act on

(D*¢)i; = {(1 @ 1) 40" —igi[(L* @ 1) — (1 @ R*)ip i1
—ig(W" @ D)ig 1 +ig' (1 @ B* )i i} bt - (A.4)
The commutator then yields the sum of all field strength tensors for the
left- and right-handed mesons, as well as for the gauge bosons W*# and
B*. The calculation was performed assuming that chiral symmetry were
local. The consequences with respect to the commutator for left- and right-
handed fields, as well as for the coupling constant g; from local symmetry

were disregarded only later in the definition of the left- and right-handed
field strength tensors.

In this context the field strength tensors L*” for the left-handed fields will
now be derived from

—igu L = DY, D). (A.5)

For simplicity the covariant derivative in the equation above has been defined
as

DY = 0" —igy L" —igWH . (A.6)

Since L* and R act on different spaces, they commute with each other,
as well as L* with B* and R* with WH#, thus one can simply take those
terms that act from the left on ®. This is also seen, when one uses the
representation of D#® as a four tensor in the left- and right-handed product
space. The commutator is obtained as

(DY, D7] = [o" —igi L —igWH", 0" —igi L" —igW"]
=—igO"LY —igd"W"¥ — g’ LMLV — g1 gL*W"
— g WHLY — *WHWY
— (= ig10" L — igd"WH — gi LV LV — g1gL" W*
— g WYL — W WH]
=—ig {O*LY — "L —ig [L*, LY] — ig[W*, L¥] + ig[L*, W"]}
—ig{o" W — PWH —ig[WH W]} . (A7)

In the global model the coupling constant of the commutator of the mesonic
fields is not necessarily g; anymore. The non-abelian contributions [L*, L],
are therefore proportional to a new coupling constant g, and are excluded
from the definition of the field strength tensor

L™ = 9MLY — ig[W, L¥) — (9" L" — ig[W"¥, L") . (A.8)
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The right-handed covariant derivative is defined as
Dip® = 0'® + ig1®R* + ig' ®B* . (A.9)

In order to factor out @, Dé@ is written as a four tensor. In the product
space the chiral transformations act on ® as

®ij = ¢ = (UL)an®i (UL = (UL ® Uit (A.10)
where ” ® ” denotes the tensor (dyadic) product.
Then the covariant derivative reads

(DR®)i; = (0" ®)ij + igr (PRM); + ig' (PB")y;
= 00" Ppadyj + ig10aPix RYy; +ig' 0u i By
= 001 Pry + ig15uR§LkT<I>zk + ig15z‘lekT‘I>lk

= (1 ® 1)k j®r +ig1(1 @ R* )i 1@y + igr (1 @ BT )ip, 1@y
(A.11)

Thus, one can write
DY = 0" +ig R*T + ieBHT | (A.12)

and follow the same steps as in the calculation for L*”. The right-handed
field strength tensor is obtained as

RM" = MRV —ig'|B*, R"] — (OVR* — ie|B”, R"]) . (A.13)
The non-abelian contributions for the left- and right-handed fields read
—2igo{Tr[Lw[Ly, L] + Tr[R,[R,, RV} (A.14)

and they are transferred to an additional term %3 (see section 2.1).
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Appendix B

Wp Vertex

The mixing term between the W boson and the p meson is given by

gcosBcé

S OuW, (0 90 T) b (B.1)

Integration by parts yields
/ W, " p¥TaV = / 0, (W, 0t p" )V —/ W, 0,0"p"TdV (B.2)
\%4 1% \%4
and

/ 0 W, 0" phdV = / 0, (W, 0¥ p"H)dV — / W, 0,0 0" dV . (B.3)
1% |4 1%

Applying Gauss’ theorem to the first integral over the surface of a large
volume in (B.2) and (B.3), and the Proca condition d,p" = 0 to the latter
term in (B.3) yields

0 Wy (09 p" — 9 p) = — W, 0,00 p" (B.4)

for the mixing term. After performing the derivative in (B.4) one obtains
0" — ig" and with ¢,¢" = s the mixing term reads

gcosOcds
—ny p’ (B.5)
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Appendix C

Invariant Mass-Squared
Distribution

The spectral function in [25] depends on the invariant mass-squared distri-
bution

1 dN

N ds ’
which contains the information on the line shape of the experimental spectral
function. In this chapter the relation between the invariant mass-squared
distribution (C.1) and the theoretical spectral function p(s) is derived. The
number of 27 final states Ny in the vector channel of 7 decay can be written
as

(C.1)

Nop = B(1 — 27v,)N, (C.2)

with
B 9 o FT~>27W.,— .3
(’T — 7TI/7—) = W ( . )

being the branching fraction of the respective decay channel normalised
to ', Now, the convolution (see (4.11)) of the spectral function in the
respective channel py(s) with the decay width of 7 — pu, gives the decay
rate for the vector channel

Trom, = /000 ds [pv ()70, ()] - (C.4)

Taking the derivative with respect to s on both sides of (C.2) yields

dN27r NT
ds = T'tot pV(S)FTHPV‘r (S) . (05)
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Multiplying the right-hand side of (C.5) with 1 = I'v 9., /T'7 05, and
using (C.2) again then yields the expression of the invariant mass-squared
distribution in terms of the vector spectral function and the decay width in
the respective channel

1 dNa, 1
— r.
N27r dS FT_>27-‘-VT pV(S) —pVr (S)
pv ()7 pv. (5)

T T ds v ()T s (5)]
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Appendix D

T — Wy Decay Width

The decay 7 — Wy, is well known from the electroweak sector of the Stan-
dard Model. Bosons, as well as the a; and p mesons are vector fields and thus
yield the same amplitudes for decay processes. The decay width 7 — Wy, is
calculated in this chapter, under the assumption that the W boson were vir-
tual and severely off-shell. Then the W propagator in the diagram depicted
in Fig. D.1 will be replaced by a point-like interaction vertex proportional
to the inverse mass of W. Because of the off-shell nature of the process
T — Wv; — pvr (a1v,) the W boson’s mass MI%V in the decay width is
replaced by the running mass s. Thus, the result can be used as the energy-
dependent decay width I'(s) for the processes 7 — pv, (a1v;).

W p, a1

vr

Figure D.1: The decay 7 — Wv, — pv,(aiv;).

The charged weak interaction Lagrangian for leptons is given in Chapter 1.4
as

Lrw, = g (Wants+Wata)y* (1 — 4°)

- z%@ww,ﬁ“(l — )y + hec. . (D.1)
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The decay width is obtained from the squared S-matrix element of first or-
der. The factor % considers the two possible directions of polarisation of the
decaying 7 lepton, while summing over A and s, s’ refers to the polarisations
of all the fields that participate in the decay

Bk [ Bg 1 S )
Iy, = — — - D.2
e = 7V [V EPIPUIEL RN

The wave functions of the in- and outgoing particles are

’l_L -/ Ur

€ .
W= = © ik-x L = iq -m’ =
13 /2Vkoe ) ¢ T /2que ’IJZ) /—2qu

Then the squared S-matrix element reads

e~ (D.3)

| — i |* = ‘_i/d%%%ﬁ“(l — VW,

’ 2

_ 1 ' . |

- <2\/g§> 8V 3qoqpko (/ doe, e, e (1 —VS)uTe‘“]'”>
(D.4)

with & and ¢’ describing the outgoing momenta, A\ the directions of polari-
sation of the W boson, and s, s’ the spin of 7 and v, .

Integrating over space time then yields

(0% + k — )" = 0%q + k — q)3*(0) = (¢ +k—q)

14
(2m)*

such that the decay width reads

PT—)WVT

ﬁ(%fx

d*k / d*q

¢ +k- ) Z |€“ﬁyT’y“(1—'yS)uT|2.

)\ s, s’
(D.5)
The fermionic and bosonic projection operators are defined as
> Kk
> eulk, Ney(k, A) = =g + (D.6)

M2
A=1 W

2
Zua(q7 S)aﬁ(% s) = (Zﬁ + m)aﬁ : (D'7)
s=1
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With this relation for the sum over the spin directions and together with
the assumption that the neutrinos are massless one obtains

3 2

Z Z Epliy, 7" 75)“42

A=1 s=1

! (—g,w L )Tr[<¢+mT>v (1= )7 (1 — )]

DN |

2 M2

— _ kllkV w v v I AP 1%

=8{ g + 5 | (d"d" +d"d" = (¢-4)9")
8 k-k

= — ([ My ——=) (@) +2(k-q)(k-q)|. (D.8)
M2, 2

The trace over the product of Dirac matrices has been calculated according
to the identities

Tr[y*y°777%] = 4(g*? g7 + g*° %7 — g*7g")
Tr[y*7%777°7°] = —4e*#7.

Finally only the integral
F’T—)WVT
2
1 —g 1 ®
- (2n)? (2\/§> my Mg,
Ak [d3q k-k
[ [ i =0 | (M =5 ) @)+ )

has to be calculated.

In the 7 centre-of-mass frame one obtains for the four momenta

(§) - (7) - ("F7)

where x refers to the mass of the off-shell W boson.

The four-dimensional delta function can be written as

-

Mg +k—q) = 0(qh+ ko — q0)dP(q" + k) .

Then the integral reads
Bk [ d3q
/ / L65(ah + ko — a0)8® (@ + )
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k2dk dB3q' -
= 47 —L5(qh + ko — q0)0 (7" + k
/ ) @ (g0 + ko — q0)0" (7" + k)

2 .2
:47T/dk: 5</<;—m7 x > i
2 ) (14 ) VP T 2

x24k2

= dr <M> ! (D.10)

2m, m,
Inserting the energy-momentum relation in the 7 centre-of-mass frame yields

(8- 55 0+ e = g (M) (1 220,

2 T 277\ 2m, m2
(D.11)

Finally, inserting (D.10) and (D.11) into the expression for the decay width
(D.9) one obtains

1 —g 2 m3 22\ 2M?2
r (@)= ——= T (1= 1 W D.12
rowen(T) = g (m) M@( m2) \Mt e (D-12)

With M3, 2% — s and an effective Fermi coupling

2

g
Gp=—F——, D.13
r 2v2M2, (D-13)
the s-dependent decay width for 7 — p(a;)v, can be written as
1 9 m3 S 2 2s
Lo p(ar)w-(8) = o (9p/ar) f (1 - m—%> (1 + m—%> ; (D.14)

with g, and g4, being defined as the product of the Fermi coupling constant
with the Wp and Wa, couplings, from the results (3.25) and (3.26)

2
g° cosbc
==——90s, D.15
9 = e, (D-15)
2
g- cosc 9
== +ds) . D.16
Yaq 4\/57‘ 2 (gl¢0 ) ( )
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