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Introduction

Feynman Path Integral

Z =

∫
DAµDψDψ e

−SE

S =

∫
dx4
(1
4
FaµνF

µν
a − ψ

(
iγµDµ −m

)
ψ
)

Operator Mean Value

〈O〉 =
1

Z

∫
DAµDψDψO

(
ψ,ψ,Aµ

)
e−SE

We use the quenched approximation (neglect the fermionic
part):

Lattice Gluon Action:

SG = β
∑
x

Pµν(x)

where the plaquette is given by

Pµν (x) = 1−
1

3
Re Tr

[
Uµ(x)Uν(x+ µ)U

†
µ(x+ ν)U

†
ν (x)

]

Wilson Loops

We can build gauge invariant objects from the traces of
closed loops containing the gauge links.
The smallest invariant object is the trace of the plaquette:

SG = β
∑

plaquette

[
1− 1

NC
ReTrUp

]

β =
2NC

g2 Up ∈ SU(NC )

The Up is given by

Up = Pµν(x)

= Uµ(x)U−ν(x + aν̂)U−µ(x + aµ̂+ aν̂)Uν(x + aµ̂)

= Uµ(x)U†ν(x)U
†
µ(x + aν̂)Uν(x + aµ̂)

^ x+a^µ µxx x+a

U(x)
^µ̂

U(x)
µ

Figure 2.1: The link variable joining two lattice sites in the µν-plane.
The lattice spacing is denoted by a.

in the space; the link variable connects lattice sites with the coordinates x and
x+ aµ̂, where µ̂ is a unit vector in the direction of µ. When the direction of the
link variable is reversed we take the hermitian conjugate of Uµ(x), as shown in
Fig. 2.1.

The gluon field lives on the gauge links which can be related to the continuum
gluon field by

Uµ(x) = Peig0
R x+µ̂
x Aµ(z)dz . (2.1)

The gluon field Aµ(x) is contained in the colour octet SUc(3) Lie Algebra, i.e.
Aµ(x) =

∑8
a=1 t

aAaµ(x) with ta = λa/2 and λa are the Gell–Mann matrices, in the
case of SUc(2) the generators are just the Pauli matrices σa, See Appendix A.

• A plaquette, or an elementary square bounded by four links, illustrated in Fig. 2.2
is given by the coordinate of the site lying in its corner and by the positive

x

xx

µ x + µ

+ µ + ν+ ν

µ

ν

a

U ( x +U ( x )

U ( x )

U ( x +

µ )

ν )

νν

µ

Figure 2.2: The 1 × 1 plaquette Usq(x) with base at x lying in the µν-
plane. The lattice spacing is denoted by a.

directions µ and ν of the adjacent links forming the sites of the square. The
plaquette variable is written as:

Pµν(x) = Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν(x) . (2.2)

A plaquette is the simplest closed Wilson loop that can be formulated on the lat-
tice. More complicated closed loops may be constructed quite easily by attaching
more links together.

• A staple is formed by three links joined edge–to–edge in one plane. In Fig. 2.3, I
illustrate a staple in a given plane (right), and on the left of that figure I illustrate
the sum of the six staples. The link joining the lattice x and x+ x̂ is pointing in
the x̂ direction.
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Wilson Loop and Colour Fields
Static gluon-quark-antiquark system

The Wilson loop for the gluon-quark-antiquark is given by:

Wgqq =
1

16
Tr
[
U†4 (t− 1, x) · · ·U†4 (0, x) λ

b

U4(0, x) · · ·U4(t− 1, x)λa
]

Tr
[
Uµ2 (t, x) · · ·Uµ2 (t, x+ (x2 − 1)µ̂2)

U†4 (t− 1, x+ x2µ̂2) · · ·U†4 (0, x+ x2µ̂2)

U†µ2
(0, x+ (x2 − 1)µ̂2) · · ·U†µ2

(0, x)λb

U†µ1
(0, x− µ̂1) · · ·U†µ1

(0, x− x1µ̂1)
U4(0, x− x1µ̂1) · · ·U4(t− 1, x− x1µ̂1)

Uµ1 (t, x− x1µ̂1) · · ·Uµ1 (t, x− µ̂1)λ
a
]
.

Using the Fiertz relation,∑
a

(
λa

2

)
ij

(
λa

2

)
kl

=
1

2
δilδjk −

1

6
δijδkl

we can prove that

Wgqq =W1W2 −
1

3
W3

Zoom
λλλλa

λλλλa

λλλλb

λλλλb

t
4
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Wilson Loop and Colour Fields
Colour Fields and Energy and Lagrangian Densities

Chromoelectric Field:〈
E2
i

〉
= 〈P0i〉 −

〈W P0i〉
〈W 〉

Chromomagnetic Field:

〈
B2
i

〉
=

〈
W Pjk

〉
〈W 〉

−
〈
Pjk
〉

where the jk indices of the plaquette complement the index
i of the magnetic field, and where the plaquette is given by

Pµν (s) = 1−
1

3
ReTr

[
Uµ(s)Uν(s+ µ)U†µ(s+ ν)U†ν (s)

]
The energy (H) density:

H =
1

2

(〈
E2
〉
+
〈
B2
〉)

The lagrangian (L) density:

L =
1

2

(〈
E2
〉
−
〈
B2
〉)

N. Cardoso Lattice QCD 4 / 16



Wilson Loop and Colour Fields
Smearing

In space: APE Smearing in the Wilson Loop: To increase the ground state
overlap, the links are replaced by "fat links",

Uµ (x) → PSU(3)
1

1 + 6w

(
Uµ (x) + w

∑
µ6=ν

Uν (x)Uµ (x+ ν)U†ν (x+ µ)
)

We use w = 0.2 and iterate this procedure 25 times in the spatial direction.
In Time: To achieve better accuracy in the flux tube, we apply the hypercubic
blocking (HYP), [Hasenfratz and Knechtli, 2001], with

α1 = 0.75, α2 = 0.6, α3 = 0.3 .

These parameters are optimized to reduce large plaquette fluctuations.
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Results

Results with 286 configurations with 243 × 48 and β = 6.2 generated with the
version 6 of the MILC code, via a combination of Cabbibo-Mariani and overrelaxed
updates;
The results are presented in lattice spacing units of a, with a = 0.07261(85) fm or
a−1 = 2718 ± 32MeV ;
Two geometries, U and L shape.
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(a) U shape geometry.
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(b) L shape geometry.

U geometry with:
l = 8 fixed;
d = 0, 2, 4, 6, 8, 10, 12, 14, 16.

for d = 0, the quark and the antiquark are
superposed⇒ two gluon glueball case.

L geometry with:
r2 = 8 fixed;
r1 = 0.

In this case the gluon and the antiquark are
superposed⇒ quark-antiquark case.
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Results for the L geometry
The quark-antiquark case

r1 = 0 and r2 = 8
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r1 = 0 and r2 = 8
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Improved Results from [Cardoso et. al, 2009]
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Results for the U geometry

(a)
〈
E2

〉
(b) −

〈
B2

〉

(c) H (d) L

Improved Results from [Cardoso et. al, 2009]
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U geometry: profiles at y = 4 and z = 0
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(c) L at y = 4.
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(d) H at y = 4.

Preliminary Results
We can see the stretching and partial splitting of the flux tube in the equatorial plane (y = 4)
between the quark and the antiquark;
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Casimir Scaling

We measure the quotient between the energy densities of the meson system and
of the glueball system, in the mediatrix plane between the two particles (x = 0);
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(b) r = (x, z), y = 4.

(a) - Improved Result from [Cardoso et. al, 2009] (b) - Preliminary Result

These results are consistent with Casimir scaling, with a factor of 9/4 between the
energy density in the glueball and in the meson;

This corresponds to the formation of an adjoint string;

The results are compatible with an identical shape of the two flux tubes, but with a
different density, and in this sense this agrees with the simple picture for the
Casimir Scaling of [Semay, 2004].
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Dual QCD

Understanding how confinement arises from QCD is central problem of strong
interaction physics.

In 1970’s, Nambu [Nambu, 1974], ’t Hooft [’t Hooft, 1979] and Mandelstam
[Mandelstam, 1976] proposed an interesting idea that quark confinement would
be physically interpreted using the dual version of the superconductivity, the QCD
vacuum state to behave like a magnetic superconductor.

In the ordinary superconductor, Cooper-pair condensation leads to the Meissner
effect, and the magnetic flux is excluded or squeezed like a quasi-one-dimensional
tube as the Abrikosov vortex, where the magnetic flux is quantized topologically.

There also is evidence for the dual superconductor picture from numerical
simulations of QCD [Bali et al., 1996].

If magnetic monopoles are condensed in the vacuum, then the electric sources
are confined by electric flux tubes, as magnetic charges would be confined by
Abrikosov-Nielsen-Olesen (ANO) vortices, [Abrikosov, 1957, Nielsen and Olesen,
1973], in an ordinary superconductor (Meissner effect).
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Dual QCD

The chromoelectric field originated by a qq pair is squeezed by Meissner effect
into a dual Abrikosov flux tube, giving rise to the confining linear potential, the field
is confined into flux tubes→ QCD strings.

Physical Background Flux Tube Model Numerical simulations The SU(3) pure GT The SU(2) pure GT

Confined Phase

dual superconductor scenario

The vacuum of QCD is a magnetic (dual) superconductor
[G. ’tHooft, Phys. Scripta 25 (1982) 133]

The electric field is confined into flux tubes→ QCD strings

Vqq̄(r)→ σr

the dual Meissner effect causes the formation of chromoelectric flux tubes between

chromoelectric charges leading to a linear rising potential

Vqq (r)→ σr

E2

Color confinement could be understood as the dual Meissner effect.

In common superconductivity the magnetic field decays with B ∼ e−r/λL and this
could be interpreted in terms of an effective mass for the photon mγ = 1/λL.
Some studies have point a similar behavior in QCD, [Di Giacomo and
Panagopoulos, 1992, Baker et al., 1985, Bali, 1998];

We tested two functions:

a e−2µr aK2
0 (µr)

where, µ = 1
λL

, λL is the penetration length and
K0 the modified Bessel function of order zero.

µ as the dual gluon mass.
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Dual Gluon Mass

a e−2µ r aK2
0 (µ r)

µ (GeV) χ2/dof µ (GeV) χ2/dof

E2
(1a)

(r) 1.170± 0.228 1.069 0.805± 0.287 1.827

L(1a) (r) 1.170± 0.119 0.512 0.865± 0.188 1.203

E2
(2a)

(r) 1.231± 0.286 1.547 0.881± 0.334 2.084

E2
(1b)

(r) 1.210± 0.056 0.887 0.897± 0.085 1.185

L(1b) (r) 1.208± 0.068 0.560 0.909± 0.099 0.909

E2
(2b)

(r) 1.210± 0.063 1.162 0.889± 0.097 1.262

L(2b) (r) 1.191± 0.031 1.066 0.899± 0.048 1.106

Preliminary results for the dual gluon mass gauge invariant.

1a− two gluon glueball at y = 4 and z = 0 for r = x ≥ 2;

2a− quark-antiquark at y = 4 and z = 0 for r = x ≥ 2;

1b− two gluon glueball at y = 4 for r = (x, z) ≥ 2;

2b− quark-antiquark at y = 4 for r = (x, z) ≥ 2;
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Review of Dual Gluon Mass: from literature

Mass, GeV Reference Estimation method

' 0.604 [Baker et al., 1991] Dual QCD Langrangian

' 0.900 [Suganuma et al., 1998] Lattice QCD, MA gauge

' 0.500 [Suganuma et al., 1998] Lattice QCD

' 0.500 [Tanaka and Suganuma, 1999] Lattice QCD

' 1.200 [Suganuma et al., 2000] Lattice QCD, MA gauge

' 1.100 [Suganuma et al., 2002] Lattice QCD, MA gauge

' 1.000 [Suganuma and Ichie, 2003] Lattice QCD, MA gauge

' 0.828 [Kumar and Parthasarathy, 2004] Lattice QCD

' 1.200 [Suganuma et al., 2004a] Lattice QCD

' 1.200 [Suganuma et al., 2004b] Lattice QCD
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Review Gluon Mass: from literature

Mass, GeV Reference Estimation method

0.800 [Parisi and Petronzio, 1980] J/ψ → γX

0.500± 0.200 [Cornwall, 1982] Various

0.750 [Spiridonov and Chetyrkin, 1988] Πe.m.
µν ,

〈
TrG2

µν

〉
0.687− 0.985 [Donnachie and Landshoff, 1989] Pomeron parameters

0.800 [Hancock and Ross, 1993] Pomeron slope

0.750 [Nikolaev et al., 1994] Pomeron parameters

1.500+1.2
−0.6 [Field, 1994] PQCD at low scales (various)

1.460 [Kogan and Kovner, 1995] QCD vacuum energy,
〈
TrG2

µν

〉
10−10 − 20 MeV [Yndurain, 1995] QCD potential

0.570 [Liu and Wetzel, 1996] Πe.m.
µν ,

〈
TrG2

µν

〉
0.470 [Liu and Wetzel, 1996] Glueball current,

〈
TrG2

µν

〉
1.02± 0.10 [Leinweber et al., 1999] Lattice QCD

0.721+0.010
−0.009

+0.013
−0.068 [Field, 2002] J/ψ → γX

1.180+0.06
−0.06

+0.07
−0.28 [Field, 2002] Υ→ γX

' Λ/2 [Sauli, Talk Excited QCD 2010] Pinch technique gluon propagator
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Conclusion

How can these two pictures, of one adjoint string and of two fundamental strings,
with different total string tensions, match?

This question is also related to the superconductivity model for confinement, is
QCD similar to a Type-I or Type-II superconductor?
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First study of the gluon-quark-antiquark static potential in SU(3) Lattice QCD

P. Bicudo and M. Cardoso
CFTP, Departamento de F́ısica, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal

O. Oliveira
CFC, Departamento de F́ısica, Universidade de Coimbra, Rua Larga, 3004-516 Coimbra, Portugal

We study the long distance interaction for hybrid hadrons, with a static gluon, a quark and an
antiquark with lattice QCD techniques. A Wilson loop adequate to the static hybrid three-body
system is developed and, using a 243 × 48 periodic lattice with β = 6.2 and a ∼ 0.075 fm, two
different geometries for the gluon-quark segment and the gluon-antiquark segment are investigated.
When these segments are perpendicular, the static potential is compatible with confinement realized
with a pair of fundamental strings, one linking the gluon to the quark and another linking the same
gluon to the antiquark. When the segments are parallel and superposed, the total string tension is
larger and agrees with the Casimir Scaling measured by Bali. This can be interpreted with a type-II
superconductor analogy for the confinement in QCD, with repulsion of the fundamental strings and
with the string tension of the first topological excitation of the string (the adjoint string) larger than
the double of the fundamental string tension.

I. INTRODUCTION

Here we explore the static potential of the hybrid three-
body system composed of a gluon, a quark and an an-
tiquark using lattice QCD methods. The Wilson loop
method was deviced to extract from pure-gauge QCD
the static potential for constituent quarks and to provide
detailed information on the confinement in QCD. In what
concerns gluon interactions, the first lattice studies were
performed by Michael [1, 2] and Bali extended them to
other SU(3) representations [3]. Recently Okiharu and
colleagues [4, 5] extended the Wilson loop for tree-quark
baryons to tetraquarks and to pentaquarks. Our study of
hybrids continues the lattice QCD mapping of the static
potentials for exotic hadrons.

The interest in hybrid three-body gluon-quark-
antiquark systems is increasing in anticipation to the fu-
ture experiments BESIII at IHEP in Beijin, GLUEX at
JLab and PANDA at GSI in Darmstadt, dedicated to
study the mass range of the charmonium, with a focus
in its plausible hybrid excitations. Moreover, several ev-
idences of a gluon effective mass of 600-1000 MeV from
the Lattice QCD gluon propagator in Landau gauge,
[6, 7], from Schwinger-Dyson and Bogoliubov-Valatin so-
lutions for the gluon propagator in Landau gauge [8],
from the analogy of confinement in QCD to supercondu-
tivity [9], from the lattice QCD breaking of the adjoint
string [1], from the lattice QCD gluonic excitations of
the fundamental string [10] from constituent gluon mod-
els [11, 12, 13] compatible with the lattice QCD glueball
spectra [14, 15, 16, 17], and with the Pomeron trajectory
for high energy scattering [18, 19] may be suggesting that
the static interaction for gluons is relevant.

Importantly, an open question has been residing in the
potential for hybrid system, where the gluon is a colour
octet, and where the quark and antiquark are combined
to produce a second colour octet. While the constituent
quark (antiquark) is usually assumed to couple to a fun-

Type - I
Type - II

q

q

g

q

q
g

FIG. 1: String attraction and fusion, and string repulsion,
respectively in type I and II superconductors

damental string, in constituent gluon models the con-
stituent gluon is usually assumed to couple to an adjoint
string. Notice that in lattice QCD, using the adjoint
representation of SU(3), Bali [3] found that the adjoint
string is compatible with the Casimir scaling, were the
Casimir invariant λi · λj produces a factor of 9/4 from
the qq̄ interaction to the gg interaction. Thus we already
know that the string tension, or energy per unit lenght,
of the adjoint string is 1.125 times larger than the sum
of the string tension of two fundamental strings. How
can these two pictures, of one adjoint string and of two
fundamental strings, with different total string tensions,
match? This question is also related to the superconduc-
tivity model for confinement, is QCD similar to a Type-I
or Type-II superconductor? Notice that in type Type-
II superconductors the flux tubes repel each other while
in Type-I superconductors they attract each other and
tend to fuse in excited vortices. This is sketched in Fig.
1. The understanding of the hybrid potential will answer
these questions.

In Section II we produce a Wilson Loop adequate
to study the static hybrid potential. In Section III we
present the results of our Monte-Carlo simulation, in a
243× 48 pure gauge lattice for β = 6.2, corresponding to
a lattice size of (1.74 fm)3 × (3.48 fm), assuming a string
tension

√
σ = 440 MeV. In Section IV we interpret the

Notice that in type Type-II superconductors the flux tubes repel each other while in
Type-I superconductors they attract each other and tend to fuse in excited vortices.

When the quark and the anti-quark are superposed, this corresponds to the
formation of an adjoint string between the two gluon and agrees with Casimir
Scaling measured by Bali [Bali, 2000].

This can be interpreted with a type-II superconductor analogy for the confinement
in QCD with repulsion of the fundamental strings and with the string tension of the
first topological excitation of the string (the adjoint string) larger than the double of
the fundamental string tension.

We present a value for dual gluon mass of ∼ 1 GeV which is gauge
independent.
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