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Introduction

Feynman Path Integral

Z =

∫
DAµDψDψ e−SE

S =

∫
dx4
(1
4
F a
µνF

µν
a − ψ

(
iγµDµ −m

)
ψ
)

Operator Mean Value

〈O〉 = 1
Z

∫
DAµDψDψO

(
ψ,ψ,Aµ

)
e−SE

We use the quenched approximation (neglect the fermionic part):
Lattice Gluon Action:

SG = β
∑

s∈lattice

∑
µ<ν

Pµν(s)

where the plaquette, Pµν(s), is given by

Pµν (s) = 1− 1
N

Re Tr
[
Uµ(s)Uν(s + µ̂)U†µ(s + ν̂)U†ν(s)

]
a

Uµ(s)

Uν(s+ µ̂)

U †
µ(s+ ν̂)

U †
ν(s)

s s+ µ̂

s+ µ̂+ ν̂s+ ν̂

ν

µ

Figure 2: Plaquette Pµν(s).
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Gauge invariant operators in LQCD

a

Uµ(s)

Uν(s+ µ̂)

U †
µ(s+ ν̂)

U †
ν(s)
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ν

µ

Figure 2: Plaquette Pµν(s).
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Plaquette → E 2
i and B2

i

Nt

Nσ

1

Polyakov Loop →
〈L(x)〉 =

∏Nτ−1
t=0 Uµ=0(x , t) ∝ exp

(
−Fq

T

)
〈L〉 = 0 → confinement
〈L〉 6= 0 → deconfinement
Two Polyakov Loops → color averaged free energy:
e−Favg(r,T )/T+C = 1

N2

〈
Tr L(y)Tr L†(x)

〉Uµ(s)

Uν(s+ µ̂)

U †
µ(s+ µ̂)

U †
ν(s)

s s+ µ̂

s+ µ̂+ ν̂s+ ν̂

Figure 1: Plaquette Pµν(s).

T

R

t

x

1

Wilson Loop → quark-antiquark potential

Wilson Loop of the Static gluon-quark-antiquark
system → Wgqq = W1W2 − 1

3W3
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Wilson loops for the various SU(3) representations

Wilson loop:

W3 = Tr U

W8 =
(
|W3|2 − 1

)
W6 =

1
2
[
(Tr U)2 + Tr U2]

W15a = Tr U W6 − Tr U

W10 =
1
6
[
(Tr U)3 + 3Tr UTr U2 + 2Tr U3]

W24 = Tr U W10 −W6

W27 = |W6|2 − |W3|2

W15s =
1
24

[
(Tr U)4 + 6 (Tr U)2 Tr U2 + 3

(
Tr U2)2 +

8Tr UTr U3 + 6Tr U4]

Casimir scaling, dD = HD/H3:

d8 = 2.25

d6 = 2.5

d15a = 4

d10 = 4.5

d27 = 6

d24 = 6.25

d15s = 7
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Lattice on GPUs

Using GPUs to generate pure gauge
lattice configurations by heat bath method

All the computation is done in the GPUs

The CPU only controls de GPUs and
saves the results to files.

This was done with CUDA and OPENMP
(allowing to use several GPUs on the
same PC.

Architecture of a CUDA‐capable GPU

© David Kirk/NVIDIA and Wen-mei W. Hwu, 2007-2010
ECE 408, University of Illinois, Urbana-Champaign 6
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GPUs Tested

NVIDIA Geforce GTX 295 (GT200) 480 (Fermi)

Number of GPUs 2 1

CUDA Capability 1.3 2.0

Number of cores 2×240 480

Global memory
1792 MB GDDR3
(896MB per GPU)

1536 MB
GDDR5

Number of threads per
block

512 1024

Registers per block 16384 32768

Shared memory (per SM) 16KB 48KB or 16KB

L1 cache (per SM) None 16KB or 48KB

L2 cache (per SM) None 768KB

Clock rate 1.37 GHz 1.40 GHz

CPU:
Intel(R) Core(TM) i7 CPU 920, 2.67GHz
L2 Cache 8 MB
RAM - 12GB
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Generating configurations with the heat bath method

Method for each link on the SU(2) lattice:
1 Calculate the normalized staple, U = V /k,

where k =
√
detV ;

2 Evaluate a0 = 1+ ln(x)
βk with x ∈

[
e−2βk , 1

]
;

3 Accept a0 with probability
√

1− a2
0;

4 End or go to step (2) if a0 is not accepted;
5 Choose a randomly in a sphere of radius

√
1− a2

0;
6 U′ = a01 + i~a · ~σ;
7 U → U′U.

SU(3): Similar to SU(2) heat bath, make the heat bath in 3 steps, using 3
blocks with 2x2 from the SU(3) matrix.

µ
x+x̂

x+y+xx+y ^^^

U(x)

U(x+y)

y

x

^

x=(x,y,z,t) x=

^

x−y+x

x+y+x
x+t+x

x+t
x+z

x−z

x−t

x−y

x−z+x̂

^ ^
^^

^^^

^

^

^

^
^

^

^

x−t+x̂^

^

z
ty= ν

x+x̂

x+y+xx+y ^^^

U(x)

U(x+y)

y

x

^

^

Figure 2.3: Rotating the 1 × 1 plaquette sitting in the x̂ŷ plane about
the x̂–axis into the x̂ẑ and x̂t̂ planes (left) and a staple (right).

2.1.2 The General Method in Lattice QCD

Lattice QCD calculations are a discretized non–perturbative implementation of field
theory using the Feynman path integral, which in a quantum field theory should more
appropriately be referred to as the Feynman functional integral. It is used when one
is confronted in computing the expectation value of an observable or some n–point
Greens function. The Feynman path integral definition of this is

G(x1, .., xn) = 〈0|T (Φ(x1)..Φ(xn))|0〉 =
∫
DΦ(

∏n
j Φ(xj))e

iSQCD

∫
DΦeiSQCD

. (2.3)

In QCD, Φ(x) become the quark and gluon fields. The exponential factor eiSQCD acts
as a probability, but is imaginary. So strong oscillations for large SQCD makes the
path integral numerically intractable in ordinary Minkowski space, however, numerical
simulation is possible in Euclidean space. The transition from Minkowski to Euclidean
space is done by transforming the time component of the fields to an imaginary one.
So the n–point green function defined in Eq. (2.3) becomes

〈0|T (Φ(x1)..Φ(xn))|0〉 t→−itE	−→ 〈0|Φ(x1)..Φ(xn)|0〉E . (2.4)

Such transformations transform the exponential factor from an imaginary to a real
factor,

SQCD −→ iSE
QCD thismeans eiSQCD −→ e−S

E
QCD . (2.5)

Strong oscillations are then damped out at large SE
QCD, making Monte Carlo simulations

possible. So in Euclidean space our n–point green function becomes:

GE(x1, .., xn) = 〈0|Φ(x1)..Φ(xn)|0〉E =

∫
DΦ(

∏n
j Φ(xj))e

−SE
QCD

∫
DΦe−S

E
QCD

=
1

Z

∫
DΦ(

n∏

j

Φ(xj))e
−SE

QCD . (2.6)

Let’s rewrite the partition function as:

Z =

∫
DAµDψDψ exp (−SQCD) , (2.7)

11
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Performance for SU(2)
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SU(2) Polyakov Loop, 〈L〉, at finite temperature

Polyakov Loop versus β(g2)

Nσ = 483 and Nτ = 1
Nσ = 483 and Nτ = 2
Nσ = 483 and Nτ = 4
Nσ = 483 and Nτ = 6
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|>

−0.1
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

β
0 1 2 3 4 5 6 7 8 9 10

Polyakov Loop versus T/Tc

Nσ = 243, Nt = 4
Nσ = 243, Nt = 6
Nσ = 243, Nt = 8
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There is a dependence on the extension of the lattice in time direction. This is
due to the self-energy contribution of the static quark source used as order
parameter. Elimination of this self energy term is necessary to obtain an order
parameter which is a function of the temperature alone.
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SU(2) Polyakov Loop Renormalization

〈Lr 〉 = ZNτ 〈L〉

Nt = 4
Nt = 6
Nt = 8
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π
2π
1

<L
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π/2, π, 2π: Polyakov loop in HTL perturbation theory
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SU(2) Color averaged free energy, Favg

To eliminate the trivial temperature dependence due to the color trace
normalization

Favg(r ,T )→ Favg(r ,T )− T
Tc

logN2
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SU(2) string tension, σ(T )

Fitting Favg(r ,T ) with V (r ,T ) = a0(T )− a1(T )
r + σ(T )r

Ns = 483× 4
Ns = 323× 4
a √1-b (Tc

T )2

a(Tc-T)ν[1+b√Tc-T]
σ(

T
)

0

0.2

0.4

0.6

0.8

1

T/Tc

0 0.2 0.4 0.6 0.8 1

Fit with σ(T ) = a
√

1− b (T/Tc)
2

a = 0.6976± 0.0176
b = 0.9990± 0.0059
χ2/dof = 0.732

Fit with
σ(T ) = a (Tc −T )ν [1+ b

√
Tc − T ]

ν = 0.63 fixed
a = 1.5541± 0.0435
b = −0.5122± 0.0576
χ2/dof = 0.598
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Lattice SU(3) QCD

colour fields:
gluon-quark-antiquark system;
SU(3) representations and Casimir scaling.
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Flux tube: two gluon glueball and quark-antiquark
results with APE smearing only and 287 configurations.
static gluon-gluon system〈

E2〉
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Ginzburg-Landau Model

Dual Superconductor Model
Quark/antiquark in a meson ↔ Magnetic monopoles in a superconductor
Chromoelectric field ↔ Magnetic Field
Confinement ↔ Meissner Effect
Dual gluon mass ↔ Effective Photon mass
Both give a constant force at large quark-antiquark
(monopole-antimonopole) distances

  

Fit to the Ginzburg-Landau Vortex

ξ λ µ (MeV) κ χ2/dof

2.38± 0.13 3.45± 0.14 789± 32 1.44± 0.14 1.10

lattice spacing: a = 0.07261(85) fm or a−1 = 2718 ± 32MeVExcited QCD 2011: Finite temperature lattice QCD with GPUs 15/21



Results for the L geometry

(a)
〈
E2〉 (b) −

〈
B2〉

(c) L (d) H
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qqg_L_E.avi
Media File (video/avi)


qqg_L_B.avi
Media File (video/avi)


qqg_L_Act.avi
Media File (video/avi)


qqg_L_Energ.avi
Media File (video/avi)



Results for the U geometry

results with APE smearing in space and HYP in time direction.

(e)
〈
E2〉 (f) −

〈
B2〉

(g) L (h) H
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QQG_HT_U_E.avi
Media File (video/avi)


QQG_HT_U_B.avi
Media File (video/avi)


QQG_HT_U_Act.avi
Media File (video/avi)


QQG_HT_U_Energ.avi
Media File (video/avi)



Results for the U geometry at y = 4 and z = 0.
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Colour Fields for the various SU(3) representations and Casimir scaling

287 configurations with APE (space) and HYP (time) smearing.
Sources in the xy plane. Sources at (-4,0,0) and (4,0,0)
Results for the xz plane between the sources, in the middle of the flux tube.〈
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Casimir Scaling

Sources in the xy plane. Sources at (-4,0,0) and (4,0,0)
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END
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