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INTRODUCTION RELATIVISTIC VISCOUS HYDRODYNAMICS

IDEAL (RELATIVISTIC) HYDRODYNAMIC EQUATIONS

Ideal hydro: isotropic energy-momentum tensor

T 0i
rest ≡ 0⇒ Tµν

0rest
=


ε 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


Tµν = Tµν

0 = (ε+ p) uµuν − p gµν

Conservation equations:

∂µTµν = 0

Equation of State
p = p(ε)

Viscosity: gradient expansion

Tµν = Tµν
0 + η∇〈µuν〉 + ζ ∆µν∇αuα + . . .
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INTRODUCTION RELATIVISTIC VISCOUS HYDRODYNAMICS

HEAVY ION COLLISION TIMELINE

z

t

thermalization (isotropization)

phase transition

freeze-out

pre-equilibrium

hydrodynamics

dilute gas/free streaming
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INTRODUCTION RELATIVISTIC VISCOUS HYDRODYNAMICS

COMPLETE HYDRO MODEL

A complete model includes:
Initial conditions:
Minimal standard — boost-invariant I.C.s, transverse ε profile from
simple model, no initial flow, free parameters τ0, Tf

Hydro parameters:
Minimal standard — constant η/s, EoS with crossover, no bulk
viscosity
Freeze out:
Minimal standard — Cooper-Frye freeze out with free parameter
Tf

MATT LUZUM (IPHT) VISCOUS HYDRO FOR RHIC 22/2/2010 6 / 17



INTRODUCTION RELATIVISTIC VISCOUS HYDRODYNAMICS

EXPERIMENTAL RESULT:
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INTRODUCTION RELATIVISTIC VISCOUS HYDRODYNAMICS

COLLECTIVE BEHAVIOR (“ELLIPTIC FLOW”)

The distribution of emitted particles :

dN
dY d2pT

∝ 1 + 2v2 cos 2(φ− ψRP) + 2v4 cos 4(φ− ψRP) + . . .

Elliptic flow: v2 ≡ 〈cos 2(φ− ψRP)〉

ψRP

~pt

φ− ψRP
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RESULTS PAST RESULTS

HYDRO WORKS!

Ideal hydrodynamic models fit RHIC data surprisingly well (Kolb et
al., Teaney et al., Huovinen et al., etc.):

Adding shear viscosity to the models shows that the collision
medium is close to conjectured lower bound η

s ≥
1

4π ' 0.08:
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RESULTS PAST RESULTS

RHIC RESULTS: MOMENTUM INTEGRATED v2
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(arXiv:0804.4015)

Even with significant uncertainties in the models, they provide strong
evidence of a low viscosity/strongly interacting fluid
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RESULTS PAST RESULTS

FLOW IN LHC PB+PB COLLISIONS

v2 from ALICE is just as expected from viscous hydro:

centrality percentile
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(arXiv:1011.5173)

MATT LUZUM (IPHT) VISCOUS HYDRO FOR RHIC 22/2/2010 12 / 17



RESULTS CURRENT STATUS/FUTURE PROSPECTS

WHAT ARE HYDRO PEOPLE WORKING ON NOW?

Progress is being made on several fronts:
Improving freeze out prescription: A number of people are now
using hybrid hydro/transport models (Hirano et al., Petersen et al.,
Heinz et al., etc.).
Improving hydro stage: Investigations are ongoing into the effect
of bulk viscosity and temperature-dependent shear viscosity
(Song et al., Mota et al., etc.)
Improving initial conditions: c.f., J. Albacete’s talk on CGC
Investigating rapidity dependence (Schenke et al., Werner et al.,
Hama et al., etc.)
Understanding flow fluctuations (Petersen et al., Schenke et al.,
Mota et al., Holopainen et al., Werner et al., etc.)
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RESULTS CURRENT STATUS/FUTURE PROSPECTS

FLOW FLUCTUATIONS

dN
dY d2pt

∝ 1 + 2v2 cos 2(φ− ψRP) + 2v4 cos 4(φ− ψRP) + . . .

dN
dY d2pt

∝ 1 +
∞∑

n=1

2vn cos n(φ− ψn) =
∞∑

n=−∞
vneinψne−inφ

=⇒ 〈ein(φ1−φ2)〉 = 〈einφ1〉〈e−inφ2〉 = v (1)
n v (2)

n

ψRP

ψ2 = ψEP

ψ3
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RESULTS CURRENT STATUS/FUTURE PROSPECTS

TWO-PARTICLE CORRELATION MEASUREMENTS

These flow fluctuations provide a natural explanation for “ridge” and
“shoulder” phenomena in heavy ion collisions.Event-by-Event Simulation of the Three-Dimensional Hydrodynamic Evolution 9
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Figure 13: Dihadron ∆η − ∆φ correlation in a central Au-Au collision at 200 GeV, as obtained from an event-by-event
treatment of the hydrodynamical evolution based on random flux tube initial conditions. Trigger particles have transverse
momenta between 3 and 4 GeV/c, and associated particles have transverse momenta between 2 GeV/c and the pt of the trigger.
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Figure 14: Initial energy density in a central Au-Au collision
at 200 GeV, at a space-time rapidity ηs = 0.

being respectively the difference in pseudorapidity and
azimuthal angle of a pair of particles. Here, we consider
trigger particles with transverse momenta between 3 and
4 GeV/c, and associated particles with transverse mo-
menta between 2 GeV/c and the pt of the trigger, in cen-
tral Au-Au collisions at 200 GeV. Our ridge is very similar
to the structure observed by the STAR collaboration [71].

In the following we will discuss a particular event,
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Figure 15: Initial energy density in a central Au-Au collision
at 200 GeV, at a space-time rapidity ηs = 1.5.

which can, however, be considered as a typical example,
with similar observations being true for randomly cho-
sen events. Important for understanding the strong ∆η –
∆φ correlation is the observation, that the initial energy
density has a very bumpy structure as a function of the
transverse coordinates x and y. However, this irregular
structure is the same at different longitudinal positions.
This can be clearly seen in figs. 14 and 15, where we

Figure 1: NeXSPheRIO central Au+Au collisions at 200 GeV A: initial energy density and resulting two-particle corre-
lation (ptrigt > 2.5GeV × passoct > 1.5GeV).

In the NeXSPheRIO approach, initial conditions have tubular structures and two particle
correlations exhibit near- and away-side ridges as can be seen in Fig. 1. As a double check, two
different methods for elliptic flow subtraction have been used: ZYAM and event plane alignment.
In the calculation by K. Werner et al., initial conditions also have tubular structures, a plane
alignment method for elliptic flow subtraction is used and two-particle correlations exhibit near-
side [23] and small away-side ridges [27].

In addition to reproducing both the near and away-side structures, NeXSPheRIO leads to
good qualitative agreement with various data. For example, 1) for fixed ptrigt and increasing
passoct , the near-side and away-side peaks decrease as seen in figure 2 for central collisions (this
is generally expected since the number of associated particles decreases). On the other side, for
fixed passoct and increasing ptrigt , the peaks increase. As shown below (see Fig. 5), this is because

!
"

!
#

!#

Figure 2: pt dependence of NeXSPheRIO two-particle corre-
lations for 0-20% Au+Au collisions. Left column in legend is
trigger momentum and right, associated particle momentum.

the single-particle angular distribution
becomes sharper, reducing the smear-
ing effect when integrated over the trig-
ger angle. This behavior is in agree-
ment with data [28]. 2) When going
from central to peripheral collisions,
the near-side ridge decreases and the
away-side ridge changes from double
to single hump, as seen in figure 3.
This is in agreement with data [28].
3) The correlation can also be stud-
ied as a function of the trigger-particle
angle with relation to the event plane.
In Figure 4 for a mid-central window,
the away-side ridge changes from sin-
gle peak for in-plane trigger to double
peak for out-of-plane trigger. For cen-
tral collisions (not shown), it is always
double-peaked. This is in agreement
with data [29].

2

(arXiv:1004.0805) (arXiv:1008.0139)

But they also imply new flow measurements that will constrain, e.g.,
the initial dynamics:
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RESULTS CURRENT STATUS/FUTURE PROSPECTS

TRIANGULAR FLOW, DIRECTED FLOW, ETC.

From measurements of:
v1, v2{2}, v2{4}, v3{2}, v3{4}, v4{ψ2}, v4{ψ4}, . . .
we will be able to significantly constrain both hydro parameters, and
initial dynamics.
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RESULTS CURRENT STATUS/FUTURE PROSPECTS

SUMMARY

Viscous hydrodynamic models have been very successful at
describing heavy ion collisions at RHIC, and now LHC
In the future, look for more precision extraction of, e.g., η/s, as
well as constraints on geometry and fluctuations of the early-time
state.
LHC will probe higher temperatures, but also provides better
detection capabilities to measure all these flow observables
(higher multiplicity, larger detecter coverage, etc.)
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