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This volume is dedicated to the 80th anniversary of Ladislaus Alexander 
Bányai - Laci, for his many friends -, (retired) extraordinary professor 
at the Johann Wolfgang Goethe Universität, Frankfurt am Main. This 
volume contains a biographic and a scientific part. The biographic one 
starts with a discussion with him. He recounts some significant events 
of his life including his remembrance about friends and coworkers. 

The scientific part includes a selection of his papers with their short 
presentation, as well as a list of his about 140 scientific papers and 
3 physics books. An English translation of his early (1968) but still 
relevant review on the quantum mechanical transport theory is also 
included.  
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Part I. The MAN
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Who are you, Mr. Bányai? 
Conversations with Victor Bârsan

VB: Dear Laci, I think, it would be interesting for those who want to learn about your 
activity, to get also some biographical marks. Life is strongly related to work and you 
went through many domains of science, got a wealth of personal experience in scientific 
centers, countries and political systems.

LB: I was born in Cluj, in a family of Hungarian intellectuals. My father, after his 
university studies in France, adhered in the thirties to the communist ideology and 
was for a while even jailed for communist propaganda. After the second world war, 
he had several important, but not political positions, for instance that of the Rector 
of the Bolyai Hungarian university in Cluj.  My parents taught me internationalism, 
humanism, dignity and political courage. The latter contradicted their own political 
stances, however they accepted mine. By the end of his life my father became 
disillusioned with communism. His last words to me were: “I put my life on a wrong 
card!”.

VB: Can you give a glimpse at the history of the today Babeș-Bolyai University, which is 
Romanian, but has also a Hungarian section? 

LB:  Since the end of the 16th century Cluj is a university town. The Academies under the 
auspices of the catholic church educated in the German and Latin languages. In 1881 
the Hungarian Royal Franz Josef University (the second in Hungary) was founded in 
Cluj. Among the students of this university were also famous Romanian intellectuals 
like Iuliu Maniu, Iuliu Hațieganu and George Coșbuc. After 1918 Transylvania became 
part of Romania and the Hungarian university was transferred to Debrecen. The 
Romanian King Ferdinand I University was founded on its place.  After the Dictate 
of Vienna in 1940 the Romanian university was transferred to Sibiu and Timisoara, 
while in Cluj the Hungarian University was reopened. However, due to the 22-year 
long lack of continuity, with a heavy import of staff from Hungary.  After the second 
world war and the return of North-Transylvania to Romania, two universities were 
simultaneously acting until 1959 in Cluj: the Romanian “Babeș”-university and the 
Hungarian “Bolyai”-university.  There was a cordial, good relationship between the 
two universities. My father for instance, during his time as a rector became life-long 
friend with Constantin Daicoviciu, the rector of the Babeș University (well-known 
archeologist and historian of Dacian civilization).

VB: The multicultural character of Cluj always fascinated me, mostly for two of its 
aspects. On the one hand, two catholic clerics (roughly in the 15-th century) there firstly 
realized that the Romanian language belongs to the Romanic family. On the other hand 
here spent his youth Farkas Bolyai and here was born his son János, (“the unhappiest 
among the famous mathematicians”). It seems to me that this multicultural color of 
Cluj unfortunately has paled since your childhood.

LB:  The name of the city in Hungarian is Kolozsvár, respectively Klausenburg in 
German (Claudiopolis in the middle-age Latin) and it was multi-ethnical along the 
centuries, though less today. During the middle-ages the population was mostly 
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Hungarian and German. In the 18th century became mostly Hungarian, while in 
the 19th century it witnessed the development of the new Romanian bourgeoisie.  
Besides these three main groups there was an important French colony (refugees 
of the religious persecutions and of the French revolution). I should name also the 
neighboring Dutch colonist’s village of Hochstadt. The last one supplied in abundance 
the city with first class vegetables and fruits (until Ceaușescu!). The Jews played an 
important role both in the industrialization of the city, as well as in the cultural life, 
however most of them died in the Holocaust.

VB: The collective memory, at least in Romania, blames Horthy for the deportation of 
the Jews, but it seems, it is not totally correct.

LB:  The anti-Jewish laws were introduced under Horthy and the deportation of the 
rural Jews began also under his rule. Therefore, it would be difficult not to blame 
him at all. It is also true, however, that after his anglophile youngest son presented 
him evidence about the real purpose of the deportations, Horthy stopped the 
deportations from Budapest. His son was kidnapped later by the Germans, Horthy’s 
clumsy, slow efforts to get out Hungary from the war (he hoped the coming of the 
British instead of that of the Soviets) ended with the German occupation of Hungary 
and his arrest. The Germans brought the extremist “Nyilas” (Arrow Cross) party to 
ruling, The Nyilas government continued enthusiastically the deportation of Jews, 
even in the very last days of the war. The deportation of the Jews in Cluj occurred just 
three months before the Russians entered Cluj. It is worth mentioning, that the Nazis 
tried to hide the purpose of the deportations. They forced some of the deported Jews 
to send post-cards with nice landscapes about their well-being to their acquaintances 
in Cluj. On the other hand, in this period the Transylvanian catholic bishop of Alba-
Iulia, Márton Áron (himself son of simple peasants), visited Cluj and held a sermon in 
the St. Michael cathedral against the persecution of the Jews. After the war, under the 
communist rule, he was arrested and kept under home-arrest until his death.

VB: The bright personality of bishop Márton Áron was subject of many reports in 
the Hungarian broadcast of the Romanian TV (with Romanian subtitles) in the early 
nineties. But let us come back to the story of your life.

LB: The first four classes I learned in Cluj in Hungarian, my mother tongue. The fifth 
class I continued also in Hungarian, but in Bucharest, after my father in 1949 had 
to move to the capital city as one of the leaders of the MNSz (Hungarian Popular 
Union) and after its forced dissolution, as counselor in the ministry of education. In 
the 6th class I moved to a Romanian school for boys. Until that time, my knowledge 
of the Romanian language reached only a rudimentary level. I learned Romanian in 
a summer vacation camp. Nevertheless, I had to fight for years with the grammatical 
genders, lacking in Hungarian.   

The 7th class I started in a special school for the children of the political elite, with special 
emphasis on the Russian language. This school had a lot of highly competent Soviet 
teachers.  We really loved them as good pedagogues. Contrary to the expectations of 
the regime, with a few exceptions, this school did not produce fervent adepts of the 
communism, or of the Soviet Union. However, I learned the Russian language and 
got respect for the classical Russian literature, since we went over it according to 
the original Russian textbooks. Later I was able to read Solzhenitsyn, Ulitskaya and 
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others in original, as well as the rich amount of physics books in Russian.

My break with the political indoctrination occurred immediately after my arrival for 
study in the fatherland of socialism, in the famous year 1956. “This is what we must 
build up?”  I shall tell more about later, in describing my student years.

Strange enough, I discovered my skill in mathematics by a teacher with very poor 
formation (former sport-teacher). She run in a dead end by the proof of a geometry 
theorem at the blackboard an I helped her to get out of the catch. 

Afterwards I became aware of my mathematical success and by the written tests I 
solved the problems of all my friends. To avoid cheating the teacher gave everyone a 
different problem but did not care to look at and I had enough time to do the whole 
job.

I had also artistic ambitions and painted in the Pioneers Palace under the guidance 
of Spiru Chintilă. Unfortunately, he used me for propagandistic paintings like Stalin’s 
portrait and Tito’s caricature and I lost my interest in painting. The last kick was my 
acquaintance   with Eugen Mihăescu, a true young artist, who later illustrated “The 
New Yorker”. Now, at old age sometimes I again play around with painting. 

I became a regular reader of the “Gazeta de Matematică și Fizică” (Journal for 
Mathematics and Physics, a publication for schoolchildren), solving a lot of the 
proposed mathematical problems just for fun. I remained until now just a passionate 
problem solver. Pure mathematics was not my domain. However, as I learned that 
mathematics plays an important role in physics, I have chosen physics for my future 
studies.  A book just published at that time in Russian by Jungk: “Thousands time 
brighter than the sun” about the history of nuclear physics played a peculiar role in 
this decision.

Here it is the right place to relate an important aspect of my school years. My father 
was moved again to Cluj as rector of the Bolyai University from 1952 to 1956. 
However, I succeeded to convince my parents to let me further remain in Bucharest at 
the preferred school, getting full lodging in a room of an acquaintance of my parents. 
Thus, starting at the age of less than 14, I got my independence. 

After graduating from high-school (that meant 10 years only in those times) I got 
a Diploma cum Laude and the opportunity to start my university studies in the 
Soviet Union. However, since there were no places in physics, I opted for the Physics 
Department of the Bucharest University.

VB: Were you not rather attracted by the home city of Cluj?

LB:  Of course, I felt and still feel myself deeply connected to Cluj (where I spent 
also all my holydays), but the Bucharest University had a better fame, linked to the 
existence of the Institute of Atomic Physiscs (IFA - Institutul de Fizica Atomică in 
Romanian) and the names of Țițeica and Hulubei. That’s why I opted for Bucharest. 

My first impressions were not positive though. In the first year we had no good 
teachers. The one who read Analysis we called just “the convergent”, according to 
a known theorem, since he was monotonous and bounded (in Romanian it means 
also “narrow-minded”!). The Mechanics lecture was elementary and annoying.  In 
one of the Heat Physics lectures the professor showed us different thermometers 
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lying on the desk. “This is the thermometer with mercury, this one is with alcohol, 
and this one with sand …”  Due to a mistake of his labor-assistant, a clepsydra was 
laying on the desk.  We as students were very malign and defined the unit of stupidity 
after his name, recommending for everyday use only its pico- variant. On the other 
hand, together with other colleagues I frequented on free basis the beautiful Calculus 
lectures of Miron Nicolescu for mathematicians.

During the first semester I was informed, that within a few months I could continue 
my physics studies in the Soviet Union. In this first semester I had to share a room with 
24 colleagues in the students hostel with primitive beds on straw mattresses with 
bedbugs. The dishes in the refectory were hard to swallow.  Under these conditions 
I decided to spend these last months at home in better conditions and moved to the 
Babes University in Cluj. I did not want to go to the Bolyai to avoid being the rector’s 
son. The Babes University I enjoyed for his nice atmosphere, but I cannot recall very 
much about it, since after two months I went to Leningrad. 

VB: Tell me about your time as a student in the USSR. 

LB: Of course, in Leningrad (today Sankt Petersburg), as a foreign student I got much 
better conditions. I shared a clean, well-heated room with a Chinese, a Czech and two 
Russians, all of them studying journalism. At least one of the Russians of course was a 
KGB stoolie. The student’s refectory was not good, but acceptable. Sometimes I went 
to a restaurant to get better dishes.

The Physics Department was less attractive, it was placed in the former stables of 
czar Peter the Great. The lavatories had seats in tandem with a low fence in between. 
One could conversate with his neighbor (student or teacher).  A lot of primitive things 
shocked me. The housing was a big problem in the cities. Several families had to share 
a big apartment with only one bath-room and kitchen.  The ugliest impressions came 
however from the stories heard from my colleagues about the situation outside the 
big cities. It was the time of the twentieth Conference of the Soviet Communist Party 
with Khrushchev demystifying Stalin and revealing his crimes. This was a very hot 
political period.

I found interesting as well as useful, that all physicists had to learn minimal technical 
skills (technical design, descriptive geometry, mechanical, glass and electric 
workshops etc.).  The general physics and mathematics lectures were taught by 
lecturers according to good standard books. The professors did not lecture at 
undergraduate level. Accordingly, one did not need to take notes or to read miserable 
heliographed texts, as the state of the art was in Romania. Strangely enough, we 
foreign students had to participate at the military training together with our Russian 
colleagues. We learned how to mount and unmount a Kalashnikov and similar things. 
(Later in Romania at the student’s military summer-trainings we learned almost 
nothing useful. It was just a useless tormenting.) Since I already spoke well Russian, I 
had no difficulties passing exams with good grades. Unfortunately, I did not reach the 
interesting lectures, compelled to leave soon Russia.

During the Hungarian revolution in the fall of 1956, we kept us informed about the 
events by listening Hungarian radio, as well as Free Europe and Voice of America. In 
Leningrad the Hungarian and Romanian broadcasts were not jammed. The jamming 
emitters had a finite radius of action and even in Romania there were some areas 
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without jamming.

VB: Could you please explain for the younger readers something about the Hungarian 
revolution?

LB:  After Stalin’s death and the disclosure of his crimes in Hungary, agitations of 
left-wing intellectuals and students started to reform socialism.  Due to the rigidity 
of the system finally a revolt emerged. In Hungary a new government was installed 
under the leadership of Nagy Imre (an old communist very popular for his aura of 
a reformer). Of course, the revolt was joined also by all anti-communists including 
also extreme right. Nagy demanded the depart of Soviet troops and declared that 
Hungary leaves the Warsaw Pact.  The answer was an armed Soviet intervention, that 
after heavy fights on the streets of Budapest reinstalled the old regime and arrested 
the Nagy government. They were brought to Romania and lived some years detained 
at Snagov, a small town not far from Bucharest. Later Kádár, the new leader installed 
by the Soviets, arranged a political trial and Nagy together with some members of 
his government were executed. Nevertheless, this revolution was not in vain. After a 
few years of terror, the Kádár government had to loosen the grip. In a well-defined 
frame in Hungary has been established a status that in the west one called “goulash 
communism”, with a higher standard of life and a relative freedom of expression 
and travel.  Looking from Romania, it appeared as a dreamland. The Hungarians 
themselves said that they are living in “the gayest shack of the camp”.

But let me return to my own story: 

Not only in Hungary, but even in the USSR there were student movements in 1956, 
with spontaneous readings of non-conventional poems at the statue of Mayakovski. 
Some unorthodox novels got published like “Not the bread alone”. Our Marxism 
assistant wanted to learn from me (between four eyes) about the events in Hungary. 
Later I learned that the students were boiling also in Romania and this turned 
into many arrestations, especially in Transylvania.  At the general meeting of the 
Romanian students in Leningrad, some students of philosophy required more 
democracy. Soon after the defeat of the Hungarian revolution, a special committee 
arrived from Bucharest inquiring the political behavior of the Romanian students in 
the USSR and at the same time lecturing us about the right policies of the Romanian 
communist party.

Many students and doctorands (called “aspirants”) were immediately called back to 
Romania. Among them my friend from Cluj, Stephan Fischer. I was falling slowly in the 
trap. I had to face the committee’s accusation that I am a Hungarian nationalist and, 
in this way, to harm also my father. Of course, I denied it, but they insisted “perhaps 
subconsciously?”.   What could I answer to such insinuations? Finally, I was asked if 
my level of political education deserves getting further a stipendium in the USSSR. 
As I was naïve and young I signed it, and that was it.   My “unfriendly” comments 
regarding the Soviet intervention in Hungary were transmitted by the KGB to this 
committee and in March 1957 I received a telegram ordering me back into Romania 
to continue my studies at the Bucharest University. 

Totally I spent only a year in Leningrad. Before leaving, the vice-dean Novozhilov, 
a theorist, advised me to continue in Romania theoretical and not experimental 
physics. 
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My departure caused lots of tears, since I had to leave behind my love (later my wife 
for already 60 years). We met in the Bucharest-Moscow train among my classmate 
girls.    

VB: How long did this separation last?

LB: Until she got her engineer diploma in 1960. However, she came home in every 
semester break and we spent those times together. After her return we married, 
although I was still in my last year of studies. (l lost a year due to a punishment I am 
going to tell about later.)  

VB: Thus, you returned to Bucharest …

LB: Indeed, however this time I was living with my parents, who were again 
transferred to Bucharest. In the physics department now, I attended interesting 
lectures and this time we had good teachers and many very good assistants. 

I was lucky having gifted colleagues like Adam Schwimmer, who became later a very 
known and appreciated theorist after he left Romania and got with four years of 
retardation his degree in Israel. We competed in problem solving. The most important 
lecture was the electrodynamics of Prof. Valeriu Novacu. His lecturing itself was not 
good, but he had a good choice of the thematic. Often, he was replaced by his lecturers 
(Klarsfeld, Eftimiu) who gave a good performance. I took no notes but started to read 
the best textbooks available both in Russian as well as in English (already available in 
the library!). These lectures arose my passion for theoretical physics.

I have a nice recollection about Chaim Iusim (who left later for Israel), lecturing 
about statistical mechanics, as well as about Viorel Sergiescu (emigrated to France in 
1972) lecturing thermodynamics, both from Prof. Șerban Ţițeica’s chair.  Prof. Radu 
Grigorovici’s lectures on optics were also remarkable due to the many impressive 
experimental demonstrations. 

VB: People lived with the illusion, that after Stalin’s death, things should improve …

LB: Indeed, there was a hope until 1958 when the big cleansing started. That summer 
Gheorghiu-Dej, prime secretary of the PMR (Romanian Workers’ Party) started a big 
cleansing of cadres overall. People were fired for any or no reason at all.  Gheorghiu-
Dej was afraid, that along the destalinization process, Khrushchev might want to 
eliminate him also.  Therefore, he eliminated his opponents from the party leadership 
the “rightist deviationists” Miron Constantinescu, Iosif Chișinevschi and Gheorghe 
Apostol.)  and eliminated all those suspected for loyalty to the Soviets. (Before he 
killed already his competitor Pătrășcanu.)  To hide the purpose of this operation he 
promoted chaotic reprisals. Afterwards he rehabilitated many of the victims.

That summer my parents were fired from the ministry of education and my later 
father-in-law from the ministry of commerce. 

 I was expelled from all the universities for “adverse attitude towards the RPR 
(Romanian People’s Republic)”, due to my old sins in the USSR. Fortunately, thanks 
to the empathy of most of my colleagues I was not excluded from the UTM (Union of 
Young Workers) and this was very important in those times.

The only way for saving itself was to try rehabilitation by “work at the basis”.  This 
rehabilitation was nothing more but a period of humiliation. I went as a lathe 
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apprentice into a factory. In the beginning the workers looked at me with suspicion. 
They felt, I am different.  After a very short time I got enough qualification to get 
respected also by the older workers. Of course, for me it was easy to learn the art 
from a textbook and I had also a natural skill for technics. I enjoyed solving not 
only theoretical, but technical problems alike. Later I repaired my car Dacia in our 
courtyard myself.  

In the fall at the meeting of the Romanian students still returning to continue their 
study in the USSR one has exposed in a speech “the right deviationist clique of 
Fischer-Bányai”. Many years after indeed we both deviated to West-Germany.

VB: What happened to the “deviationist” Fischer in that summer of 1958?

LB:  After the “work at the basis” as a frigorific technician and “rehabilitation” he 
got his diploma at the Bucharest Institute of Cinematography and worked as camera 
man and editor at the Hungarian TV in Bucharest. He left for West-Germany before 
me and worked for the German TV. He made a lot of very interesting documentaries 
about many countries. Even one about the Papuans in the jungle.  He was a well-
known and esteemed person among the Hungarian intellectuals in Romania as well 
as in Hungary. He was a charming and talkative person. We stayed good friends until 
his death two years ago in Aachen.

VB: What happened to you after the nightmare of “rehabilitation”?

LB:  Next year the atmosphere got lighter and after my worker colleagues have 
lifted my UTM (Union of Worker Youth) sanction, I could continue my university 
studies. 

During my work in the factory, as a headstrong I read many books on quantum 
mechanics and back in the university I felt myself above the level of my colleagues, 
even above some of the professors. I worked out my Thesis under the guidance of 
the lecturer Meinhard Mayer form Novacu’s chair about the renormalization group 
in the quantum field theory. He had a good reputation after signing a paper with 
Bogolyubov at Dubna and after publishing the first book on quantum field theory 
in Romanian.  

Despite my rehabilitation, at the Physics Department I was continuously victimized 
by the party secretary Smaranda, who treated me as a “spiteful element”. He forbad 
me even a practicum at the IFA and although I had excellent grades, due to my 
political case history, I got no job either in the University, nor in one of the physics 
institutes IFA or IFB. I was offered only a job in the radio-active logging by Ploesti, 
which I turned down. Six month I was hanging in the air, living on the salary of my 
wife, who worked as engineer at IOR. 

VB: It would be interesting to explain the meaning of IFA and IFB. These acronyms look 
amazing, since the alphabetic order suggest a certain hierarchy, that incidentally was 
not fictitious.

LB: Indeed IFA (Institutul de Fizică Atomică) founded by Prof. Horia Hulubei (in 
Măgurele near Bucharest) had the first rang as importance (atomic reactor, betatron) 
and dimensions, but had very severe political criteria for the personnel. Prof. Eugen 
Bădărau founded another more modest institute in Bucharest (Institutul de Fizica 
București) with research aims in gas discharges (a precursor of plasma physics) and 
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solid state, with somewhat more liberal political personnel policy.  

Let me return to my griefs: although I had excellent grades, due to my political case 
history, I got only a job in the radio-active logging by Ploești, which I turned down. 
Six month I was hanging in the air, living on the salary of my wife, who worked as 
engineer at IOR. 

However, I got the support of Prof. Valeriu Novacu deputy member of the Romanian 
Academy, head of one of the chairs of theoretical physics at the Bucharest University, 
member of the central committee of the communist party and governor at IAEA). He 
was an acquaintance of my father from the illegal times of the communist movement 
before the war.  He was one of the idealistic communists and helped gifted young 
physicist without regard to their political sins. He stems also from Cluj and became, 
like my father, communist during his studies in France. After 6 months indeed, I 
succeeded to join the theoretical physics section of the IFB, that had been recently 
founded by Novacu. 

VB: How did it look this theory section and what kind of activities were on in the IFB?

LB:  This section at that time comprised only six researchers. The unofficial boss 
was Viorel Sergiescu, specialized in solid state theory (noise in solids), a former 
lecturer at Țițeica’s chair. During the 1958 cleansing he lost his faculty position, went 
first to IFA, but landed finally at the IFB.  There were also other researchers who 
got transferred from IFA on political grounds: George Ciobanu worked on transport 
theory and Alexandru Glodeanu on the theory of impurity states in semiconductors. 
There was also Peter Handel, one year elder, working on the 1/f noise, that remained 
his life-obsession. And there were the two novices: Lucian Brînduș and me. 

 The orientation was determined by the experimental solid-state research in the 
institute, but without any direct link.

I met here again Prof. Grigorovici, who also lost his faculty position and led an 
experimental lab on semiconductors, something completely new for him.

VB: How did you integrate in this collective, and who guided you?

LB: Sergiescu showed me a list of solid-state theory books, but I interacted sparsely 
with him. I respected him for his solid-state book in Romanian, as well as for his 
courageous political mentality and his broad culture.  

The two novices however cooperated from the beginning and we succeeded to 
publish already in the first year in science two papers on the quantum theory of 
transport in the Studii și Cercetări de Fizică (Studies and Research in Physics) and 
Revue Roumaine de Physique. The first one, although correct, was a typical beginners 
work.  The next paper I wrote already with a senior researcher, George Ciobanu, on 
magneto-optical phenomena treated with the modern Green functions method. It 
was published in English in the just started Physica Satus Solidi.  I was joined soon 
this time as a senior by Alexandru Aldea from Grigorovici’s lab and we published a 
paper in the Physical Review about the Hall effect in impurity band conduction.

VB: Soon you started to interact with the experimentalists from the IFB.

LB: Seemingly, it was rumored that there is a new researcher on his own feet and the 
experimentalist, whose contact with the previous theorists failed, tried to contact 
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me.  First it was Cruceanu, but after some discussions with him I saw no common 
interests. Then one nice summer evening after some event in the institute we walked 
together with Grigorovici, Cruceanu (the scientific secretary) and Rodeanu (the party 
secretary) along the Dorobanți street on  a common home way. The conversation 
was mainly a monologue of Grigorovici about his extremely interesting experimental 
findings with thin layers of amorphous Germanium.  First at all he observed, that 
these had similar properties to the crystalline semiconductors.   On the other hand, 
the activation energy of the conduction was much greater than the optical gap. He 
tried to convince me to solve theoretically this challenge. 

VB: How did you react?

LB: The story of Grigorovici raised indeed my interest and I tried to build up myself 
an image about the amorphous semiconductors. I looked around at the literature 
but found nothing relevant. Unfortunately, I missed Anderson’s paper. However, 
the Koster-Slater model seemed to me the right tool. I tried to imagine building an 
amorphous material out of a crystal by moving atoms out of their positions. Every 
such a displacement had to create a localized state eliminating in the same time one 
from the bands. In this way I concluded, that this leads to partially “eaten” nonlocalized 
(conducting) bands and a lot of localized states in the former gap.  These states do 
not conduct, but still contribute to optical transitions. Therefore, the conduction gap 
should be greater than the optical one.

VB: How reacted Grigorovici to this theory of yours?

LB:  I made a presentation in the seminar of Grigorovici’s lab, preceded by a description 
of the Kubo formula. Until then everyone thought only in terms of Boltzmann’ theory. 
Grigorovici was very excited and enthusiastic. He encouraged me to send a short 
paper about my theory to the international semiconductor conference in Paris. I did 
it, adding also another piece of theory to it. I extended the tight binding model to a 
disordered lattice of atoms for the estimation of the band conductivity using also the 
experimental X-ray results about the lattice structure. It came out surprisingly good, 
but I could not really justify the approximations I used. 

Grigorovici was extremely interested to have me with him at the Paris conference, but 
with my background the chance to get a pass was just zero.  Nevertheless, he made a 
desperate attempt.  Without telling me about it, he visited my parents knowing, that 
they are old communists and convinced them about my scientific gift in the naïve 
hope they may move something through their connections. Anyway, my parents 
were very impressed.

Although I could not attend the conference, the paper appeared in the Proceedings 
and the later Nobel prize winner Sir Neville Mott read both the paper of Grigorovici 
and of mine. He made a lot of publicity to my theory and of course thereafter it was 
quoted in hundreds of other papers.

VB:  As far as I know, the crowning of the success occurred at the first international 
conference on amorphous semiconductors held in Bucharest.

LB: Grigorovici personally met Mott and as an old spice intellectual got his respect. 
I do not know how it did happen, but Grigorovici succeeded to organize this first 
amorphous semiconductor conference in Bucharest and Mott itself attended it. At 
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that time my mind was already on elementary particles.

What I do know however is that this project could not have occurred without the full 
rehabilitation of Grigorovici. There were some intrigues against him and at a given 
time he went to counter attack.  He assembled all his publications in a nicely bound 
book and with this in the hand succeeded to obtain an audience by Ştefan Voitec 
(one of the secretaries of the communist party, a former social-democrat, colleague 
of Radu’s father, who died in prison). The time was probably rife and Voitec perhaps 
wanted to calm down his own conscience. Anyway, he succeeded to promote Radu 
Grigorovici to be a member of the Academy and nominated him as vice director of 
IFB.  Without these preliminaries the conference had no chances at all.

Mott visited also the IFB and gave a talk speaking at a given moment about professor 
Bányai. He was shocked when he heard the audience laugh. Then, somebody explained 
him, that Bányai was just a young research associate, not a professor. He replied, that 
in America every young physicist is a professor, at least assistant professor.

VB: To my knowledge Mott invited you to Cambridge?

LB: Indeed, Mott invited me as a postdoc to Cambridge, but I politely declined it. It 
may look strange, but I had a clear motivation in my head. In the meantime, within 
the theory section Novacu initiated also a research group on elementary particles. I 
plunged myself into this new field having already several published papers at that 
time. Even more, I obtained by competition a six-month grant at the ICTP (Trieste), 
and I knew I had more chances to obtain a pass for that.   

Besides this already important and passionate argument, there was another even one 
weighting more heavily.  I could not enjoy being under the authority of the famous 
Mott dictating me what to do. Besides I did not like at all his style. Sure, it would have 
helped my career, but I would have lost my freedom in choosing my research topics 
and my coworkers. In Romania, under the conditions of a good connection to the 
external scientific word (what seemed plausible at that time) I felt myself in a more 
advantageous position. 

Nevertheless. much later as I returned to solid state theory and worked together 
with Paul Gartner and Alexandru Aldea on hopping conduction, I had a fruitful 
correspondence with Mott.

VB:  Please tell me more about that elementary particle theory group.  

LB: Slowly Novacu brought a lot of new theorists into the IFB. First came Hans 
Raszillier (my very gifted former university colleague), then Vladimir Rittenberg, a 
former assistant at the chair of Novacu, who lost his university job due to the political 
purge.  Together with Niky Marinescu (also a former colleague of mine) who came 
over from Grigorovici’s experimental lab, we formed the nucleus of the elementary 
particle theory group, later joined us also the younger Petre Diță, Nucu Stamatescu 
and Luca Mezincescu. The solid-state theory group grew also. Mircea Bundaru came 
(a physicist with very bright mind), Tony Fazekas and Alex Friedmann.  At these new 
dimensions of the theoretical physics section one could already organize regular 
seminars with well-prepared reports, published in a collection of volumes published 
by the Romanian Academy. The dynamic soul of the elementary particle group was 
my four years older friend Vladimir Rittenberg. He was an enthusiast, full of energy 



Ladislaus Bányai: Profile in Motion 21

and thirst for knowledge and he had a true gift for organizing. A person with rare 
intelligence and many human qualities. Around him assembled young physicists 
not only from Bucharest, but also from Cluj and Craiova. The two of us quarreled 
often about physics, but this did not at all affected our friendship, but just served for 
a better understanding. (Later I learned about the Securitate records of my phone 
conversations full, with mysterious terms like “Gamma function”, “beta”, “bootstrap” 
and so on). 

Rittenberg organized a weekly informative seminar on particle physics about new 
papers in the Physical Review Letters. Each of us choose an article, worked it out and 
presented it the next week. He also organized the editing of preprints of our own 
works and that way also an exchange of preprints with important scientific centers.

After leaving Romania, Rittenberg spent 5 years in the USA as a postdoc and became a 
university professor at the Bonn University, having a wide international recognition. 
He died recently at the age of 84, but just a few months before, already having lost his 
mobility, he still worked on physics with his Brazilian and Russian coworkers.

Here I would like to tell a few words about a phenomenon, typical in those years 
for the science in socialist countries. I was already at the IFB, but Rittenberg grew 
crystals in a technical institute (ICET), while the excellent Adam Schwimmer was 
substitute teacher in Slobozia, a small town at about 100km from Bucharest. He was 
expelled also in 1958 from the university because his family applied for emigration to 
Israel.  Together with other physicists interested in elementary particles, I organized 
a private seminar at my home, trying to follow the evolution in that field.

After Rittenberg, Marinescu and Stamatescu left for the West, the group became 
smaller and after the relocation of the institute, under the new name IFTM (Institute 
for Physics and Thechnology of Materials) to Măgurele it was even split, part of it 
went to the IFA (renamed as IFIN  (Institute for Physiscs and Nuclear Engineering). 
I continued to work for a while with the 8 year younger Luca Mezincescu and we 
remained good friends till now even being at a big distance from each other.   

VB: Can you tell me more about the Novacu’s role in the theory section and in the 
elementary particle group at the IFB?

LB: As I already told, Novacu not only founded these collectives, but by his personal 
intervention he brought here young gifted physicists regardless of their “personal 
files”. In a way he offered them a “political asylum”. He was an idealist communist of 
the old guard, who rejected any kind of discrimination.

Novacu had very clear moral principles he always kept.   He was against exploitation 
and never signed works of his coworkers. Therefore, had no scientific publications 
at all. His enemies in the Academy hated him because he was a communist and tried 
to mob him. Grigorovici heard about it and advised us to put his name at least on one 
of our papers, otherwise the very existence of the theory section was endangered. 
Novacu, like a virgin, held against, but in the end, we convinced him to do it for us, 
the theorists of IFB.   

Novacu was always present in our seminars but spoke rarely and was not nasty if we 
rebuked him.  He gave us free hands in our activity.

Although he was not a remarkable physicist, his role in the development of theoretical 
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physics in Romania was extremely important.

VB: What was the general ambiance in Romania, that allowed this evolution of the 
scientific activity?

LB:  All this occurred in the frame of a slow opening under Gheorghiu-Dej regime. 
The collections of the physics libraries were filled with western books and journals. 
We succeeded to have in the IFTM even a better library than the one I found in 
Frankfurt. Of course, we alone chose the titles. Already in the university library one 
could read original books in English, not only the Russian translations.   Nevertheless, 
the Russian physics literature (translated, or original Russian) played an important 
role for my generation. The Russian books (ignoring copy rights) were very cheap, 
covered almost all domains of physics and contrasted with the poor print quality of 
the Romanian books. I collected hundreds of physics books. Of these I succeeded to 
bring about a hundred to Germany. 

Moreover, our generation had already the possibility to publish in Western journals 
and I was among the first who published a paper in The Physical Review. 

We got foreign visitors. At the beginning only from the socialist countries, but later 
also from the USA. The doors opened a little bit for scientific visits in the West.

The previous after war generation of scientists had to work under extremely difficult 
circumstances. Especially those who did not managed the Russian language were 
restricted to a few poor translations. The libraries were empty. Publishing was 
restricted to local journals and of course any link to the West was blocked. No 
conferences, no visits and no visitors.  Not to speak about the ideological dogmas. 
Quantum mechanics was hardly accepted because the indeterminacy relation. 
Blohintsev’s famous book, translated into Romanian had to include a chapter 
invoking Lenin.  I do not have to recall the true political persecutions.  

I would say: I was lucky not to be born earlier!

VB: You sustained your PhD Thesis at the age of 29 with a subject concerning the theory 
of elementary particles. Tell me something about the most interesting part of this work.

LB: I shall not mention the content of the Thesis. Today it lost its importance. 
However, I will tell you about the work done on this Thesis, since it influenced my 
later evolution.

With Novacu’s help, Rittenberg and me could work two weeks at the DACIC 
computer of the Mathematical Institute in Cluj. It was a self-made computer built up 
by enthusiastic local engineers and mathematicians out of occasional spare parts of 
different origin and electronic tubes.  It took two big rooms of space and was noisy as 
a tractor. After several hours of work, it had to be shut down after having saved the 
data. The neon lamps showed only 0 or 1 (not lightening or lightening). It allowed 
programming in a primitive assembler language. The output was on punched bands 
or on an old telefax inherited form the railways. A mathematician explained us on the 
first day the meaning of programming and the use of the machine. Thereafter we had 
the monster in our own hands. This was the start of my flirt with the computers and 
they fascinated me up to this very time.

VB: In this period of opening of Romania you had the chance to “go West” frequently 
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and you spent there even longer periods. How did influence you this new experience?

LB:  Of course, the visits in Trieste at the ICTP (the first one of 6 months, followed by 
shorter ones each of two months) impressed me very much and allowed to develop 
contacts with western physicists. I got also several invitations. One of them was by 
Ziman for a postdoc position at Bristol, but like by Mott I declined it, since I was 
at that time interested strictly in elementary particles. However, I visited several 
institutes in Italy giving seminar talks. I gave a talk also at CERN.   While at the ICTP 
I published some papers, I worked out there. I lived with the hope that due to these 
contacts with the physics world I can further work in the field of elementary particle 
theory while still residing in Romania.

 In 1974 I went to Marseille at the Centre de Physique Theorique du CNRS for a whole 
year. Luca Mezincescu at the same time went to Dubna for several years with my 
personal recommendation to Ogievetsky (during a short visit I had in Dubna).

When I got back from France, I decided to turn slowly back to solid-state physics. 
This change was motivated by many arguments. First of all, I understood that 
unfortunately, with the weak contacts we had, we cannot keep the pace with the 
rapid progresses in the field of elementary particles. Secondly, I felt already, that 
the relative opening in Romania is coming to its end (the “mini cultural revolution” 
just started). The third thought was also my disappointment regarding the quantum 
theory of fields. It made big progresses predicting and discovering a lot of new 
elementary particles, but there was no hope to compute anything, while the link to 
the rest of the physics was rather confuse.     

VB: A change of the research orientation might be rather traumatic. It seems, with you 
it was quite different. 

LB: It was not difficult. I enjoyed changing from time-to time my scientific interests. 
Otherwise I would get bored. On the other hand, one has a big advantage entering 
a new field. One is not yet impregnated with the prejudices that impede progresses 
forward and one might bring in methods and approaches from other domains. 
Changes of research objectives accompanied my whole life even in Germany.

Back in Romania I worked for a while on two fields. With Paul Gartner and Alexandru 
Aldea on solid-state theory (hopping conduction) and with Sorin Mărculescu from 
Țiteica’s chair, on quantum field theory.  According to my opinion, he was the most 
talented theorist from this chair. Of course, with the exception of the late Andrei 
Mezincescu, who choose to change soon to the IFTM, since he was a creative mind 
and had no people to talk with there and did not want to waste his time with 
teaching. Besides, he heard from his younger brother Luca about the pleasant, 
fertile atmosphere in our section. Previously he spent two years at the Moscow 
university by the famous Tyablikov, who died before Andrei could have had finished 
his PhD. Andrei was an encyclopedic mind with profound knowledge of physics and 
mathematics. He could immediately name the paper, where one may find the right 
answer to the given question.  The only problem of communication with him was 
the enormous amount of links opened by him and one had to bring him back to the 
initial subject. Andrei spent two days in prison during the anti-Ceausescu upheaval 
and afterwards led the IFTM for a while. I invited him to Frankfurt to give a talk, 
mostly for mathematicians. He spent also some time in the USA and the two brothers 
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published their only common paper, which is a dear memory for Luca about brother 
who died so early.

During my collaboration with Mărculescu we had often chats with Țițeica, but he 
avoided recent aspects of physics, even those related to his famous thesis. I remarked 
a similar stand by other famous physicists in advanced age, as they could not follow 
any more the evolution of science. Now I am also old, and I can understand very well 
their behavior.

In the same frame I recall the often heard allegation that Țițeica did not create a 
Romanian school of theoretical physics.  The truth is that, after losing the link to 
the world, it was not any more possible. While his former colleagues by Heisenberg 
revolutionized physics in the USA, he sat in a corner completely isolated. Later maybe 
he could have compensated this, but he did it not.  As I entered the IFB he was 53 
old and for me it was already clear, he lost the link. On the other hand, he disposed 
of no such strong political position as Novacu, nor had he the energy to organize 
something. Țițeica was a disappointed man, looking for refuge in music and only on 
rare occasions showed the shining of his remarkable mind.

VB: Many of your colleauges left Romania and the institute underwent many changes, 
IFB became IFTM. The political atmosphere also changed drastically.  How did that 
affect your scientific activity? 

LB: Indeed, after the “mini-cultural revolution” of Ceausescu many things changed 
in Romania and our Institute moved to Măgurele near IFA. Despite the serious 
worsening of the situation, without being a party member I still enjoyed support 
from many persons in key positions. On local level I had to mention the late Florin 
Ciorăscu, a former director of the IFB, a man of outstanding qualities and Alexandru 
Glodeanu, the party secretary in the IFTM. My big Maecenas however was Ion Ursu 
the president of the CNST. I enjoyed direct access to him and he even kissed me at one 
of these encounters. I was also his intermediary connection to Abdus Salam (Nobel 
prize winner and director of ICTP). Among others I transmitted to Ursu Salam’s 
initiative to invite Chinese physicists to Trieste through the Romanian channel. 
As a major action I got the support of the ICTP to organize in Bucharest the first 
international conference on hopping conduction. 

The theoretical physics section and the IFTM itself still conserved a pleasant 
atmosphere of work. We lived in an ivory tower amid a gray society. In the IFTM 
I worked with Gartner and Aldea on hopping transport and we won the prize of 
the Academy. With Gartner I wrote also a series of papers about purely theoretical 
problems at the edge to mathematical physics, like the quantum mechanical proof 
of the Clausius-Mosotti formula, the Meissner effect and the connection between 
the kinetic and hydrodynamic levels of description of semiconductors.   Mircea 
Bundaru, Andrei Mezincescu and Paul Gartner established a bridge to the excellent 
mathematical physicists of the IFIN:  the late Nae Angelescu, George Nenciu and Vlad 
Protopopescu. We hold several common seminars with them. 

Otherwise, the connection to the external word was very reduced and we got less and 
less foreign journals in the library. For a xerox copy one needed a special approval. 
There was a shortage of writing paper.  Instead coffee we drank a mixture of chickpea 
and rye coffee substitute. One mobbed us with meaningless “voluntary” works at the 
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weekends. During the draught we had to irrigate the tomato fields with cups of water. 
The toughest torture were the winters without heating in the institute building. We 
worked with mantles and gloves on and hid small electric heaters under the desk.

VB: How it went the cooperation with the socialist countries?

LB: There were agreements between the academies including visits and cooperation.  
Although they did not compensate the lack of links to the West, they played an 
important role. I went for short visits to Czechoslovakia, Hungary and the USSR.

We had two important visitors from my point of view: Vladek Capek from 
Czechoslovakia and Harald Böttger from the GDR. With both I got soon a common 
language not only in physics, but also in politics. I really don’t know by what kind of 
miracle we had an immediate confidence to each other and remained good friends 
even after my emigration to Germany.  With Capek, Aldea and Gartner we wrote also 
a paper to explain the very low temperature plateau of the Seebeck coefficient in 
amorphous semiconductors. This effect was observed also by Lili Vescan and I heard 
about during my morning coffee drinking by Tia Belu directly from Grigorovici. 

At that time, I still had a close relationship to Grigorovici. He wanted to convince 
me to become his successor as the “virtual boss” of solid-state physics in Romania. I 
decidedly refused his proposal as I had no ambitions for any leadership. I wished to 
do research for my own pleasure. My wife always used to tell about me that I never 
worked but just played my whole life long.  There is some truth in it.

VB: You had the chance after many years to visit again the USSR. What kind of 
impression you got this time?

LB: The one-week visits each in Moscow and Leningrad proved to be very interesting 
as well as from the scientific side as from the general view of the country.  At the 
Moscow university I met Igor Zvyagin and we became friends. He was formerly a 
colleague with Ciobanu at de Nozières in Paris.  Later he was one of the external 
referees for my Professor title in Frankfurt. 

 In Moscow I visited also FIAN (Physics Institute of the Academy of Sciences) and 
got an enthusiastic receival by Maximov and his coworkers. With them we had some 
common topics on the theory of dielectric response. The welcome resulted in a lot of 
vodka drinking. I managed to keep myself sober, but Maximov drunk out of his mind 
and one stopped him at the Metro entrance. After recovering a little bit, he took me 
against all my resistance to his home outside the city to show me as an outer space 
being to his family. Only before returning to Moscow he told me that the place he 
was living was forbidden for foreigners and I must keep my mouth closed during 
my travel. I felt a little bit cold in my back but succeeded to return without incidents.

 In Leningrad I gave a seminar talk at the Joffe institute and got new friends Efros and 
Shklovsky. Both invited me to their homes. Their living conditions were decent. One of 
them had a renovated flat separated from a former huge apartment (“kommunalka”), 
the other one was the owner of two small (“koopertivnye”) flats in a new building. 
One of them served as his office.  The theorists worked mainly at home and met at the 
institute only for the seminars. 

I made a visit also at a former colleague of my wife. They also lived on a decent 
standard. However, during the dinner her man looked often out of the windows to 
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check if their car, they brought out of the garage for me, was not stolen. There were 
still some bizarre things, as the long years of wait for a car and its use only in the 
summer collecting mushrooms in the woods.  The way they could spend their state 
organized summer vacations sounded also strange to me.

Compared to   Ceaușescu’s Romania, things looked still better. The people carried 
not any more the permanent fear with them, discussing freely. I was lodged in a 
new modern hotel built by the Finns on the Neva river-shore. (But the supervising 
ladies still sat at every floor at their small tables.)   Both Moscow and Leningrad were 
brightly lightened in the night and everywhere I saw modern color TV-s. 

Another funny experience I had as I went on my own money, out of curiosity to the 
amorphous semiconductor conference of the socialist countries in Chișinău. In the 
Ungheni border station the Soviet officer could not conceive how one can combine 
two such things as a scientific visit and a private pass. As a private person I had to go 
through the Intourist offices and as a scientist I must have had an official pass.  He led 
me to the commanding officer’s office. I showed him my invitation to the conference, 
but at night around two o’clock he could reach nobody.  I told him in an amused tone, 
that I am ready to take the next train back to Bucharest to relate about not being 
allowed to participate at an international conference.  After that he got angry and 
greeted me with “idite k chortu (go to hell)” and I could continue my travel.  

The Moldavians were very kind with us and again I met a lot of relevant soviet 
physicists like Dneprovskyi, with whom I kept also later the contact.  The city itself 
- Chișinău - was not very attractive. I had an interesting private visit by a Moldavian 
family and learned a lot about their fate and lives. 

VB: Although you spent longer periods in the West, even together with you wife, you 
always returned to Romania. What determined you later to change your mind and how 
did you managed to emigrate?  

LB: During my six months Trieste visit in 1970 my wife could visit me and with our 
Dacia 1100 car we travelled through Italy (Venice, Rome, Florence, Napoli, Capri, 
Amalfi, …). On our way I gave also a seminar talk at FRASCATI and from the fees I 
bought new tires.  I accompanied her by the return until Vienna and made a nice 
guided tour of the city. It was wonderful, but we never thought at all about remaining 
in the West. We believed, from now on everything would turn to be better. 

In France where I stayed a whole year from March 1973 my wife got the permission to 
visit me for two months.  I waited her in Switzerland at my old friend Victor Ionescu 
and we travelled through the beautiful landscapes of the Alps with my small, used 
Citroen “deux chevaux”.  Later we travelled around in France (Paris, Vallée du Loire, 
Nizza, Monte Carlo, Avignon, Arles, …). It was wonderful in France, but in Romania 
the things were not any more looking pink. My wife had the first thoughts not to 
return. I was less pessimistic and still was for returning.  Anyway, it was not a well-
defined option. Our 10-year-old son and our parents would not understand such a 
step and I had no immediate job options.

After returning to Romania the changes I felt were so disastrous, that I was depressed 
for months. I succeeded however to change the direction of research and to adapt 
myself to the new conditions.
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As I already mentioned, I was in the graces of Ursu and in August 1983 I was to 
travel to Trieste as lecturer at a summer school and in the same time to finalize 
the organization of the international conference on “hopping” I initiated with the 
support of the ICTP.  I felt myself too sure in the “saddle” and convinced Ursu to let 
my coworkers (Gartner and Aldea) to accompany me.  They already went to Trieste, 
but I still did not get a pass. I went to Ursu to complain about and he reassured me to 
solve the problem by phoning to the Securitate. I should call him the next day. Next 
day his secretary told me that Ursu was not in. It went on like this for days. My wife 
suggested me to clarify the situation and check the “absence” of Ursu. I placed in the 
early morning my Dacia 1300 at a corner with a nearby public phone and a good 
visibility towards the CNST entrance. I saw Ursu climbing the steps and ten minutes 
later I called his secretary. Although she covered the phone micro with her hands, 
I could overhear as she was asking, “What shall I say to this guy?”. Things got clear 
for us, I fell in disgrace due to something the Securitate told Ursu. (Here I have to 
mention, that during the same summer I was summoned twice by the Securitate to 
cooperate with them and I flatly refused it.) 

You might understand how frightened and depressed we became. But things did not 
end that way. Since I applied for a private pass for this scientific visit, I applied for an 
audience at the passport office. The audience came fortunately at a time, when Ursu 
left Romania with an official delegation to South America. I brought with me all the 
correspondence regarding the future conference and bluffed saying: If they do not 
deliver my pass within two days, they must share the responsibility for the failure 
of this international event. Seemingly nobody wanted that, Ursu was not there to be 
asked and the next day I got a phone call to get my pass. The day Ursu landed at the 
Bucharest airport I was already in the train toward Budapest. Just before (under the 
blanket) my wife told me: “If you return I shall divorce you!”. She was ready to wait 
despite all the risks but did not want to remain any further in Romania.  

I told my mother about our decision only on the way to the railway station and our 
son only as the train started. From Budapest, being at my uncle, I phoned home, that 
I am already outside.

A poignant detail expected me in Trieste. As Salam saw me, he got confused saying: “I 
just met Ursu a few days ago and he excused himself of not being able to support you 
anymore and nevertheless you are here!”

VB:  You felt no remorse to leave your old mothers alone?

LB:  Even, too much! However, my mother and later the mother of my wife were in 
good hands. From the West we were able to help them more efficiently with money, 
parcels of food, medicine, as well as all kind of gifts for those who took care of them. 
Both visited us in Germany and we tried to show to them from the Western world, 
as much as they could enjoy. After the borders opened for us we went twice a year 
to visit them. My wife and me, we loved enormously our parents and always keep 
them in our heart and mind. Nevertheless, we think, it would have not been right to 
sacrifice our future and our mothers also encouraged us in our endeavor.   

VB: Tell me about your first steps as a physicist in the West. How did you succeeded to 
get into the first lines of solid-state theory?

LB: After my arrival in Trieste, I called my old friend Vladimir Rittenberg, who was 
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a professor at the Bonn University and told him, that I decided not to return to 
Romania. He sent me immediately an invitation for three weeks to give a series of 
lectures at his university. On this basis I got immediately a visa for West Germany. In 
the meantime, at the ICTP in the frame of the summer school Prof. Franz Wegener 
from the Heidelberg University gave a lecture about disorder and he wrote my name 
on the blackboard quoting my Paris paper. After that it I met him, introduced myself 
and told him, that I would be glad if he could offer me some months at Heidelberg 
to put my feet in Germany.  He promised and indeed he offered me later a 6 months’ 
work contract in his theory group.  

In Bonn I stayed more than three weeks. My friend Vladimir Rittenberg succeeded 
to get some financial support to prolongate my stay until the Heidelberg invitation 
could start. He was extremely generous with me and I lived in his apartment for 
almost all this time.  I have to mention here, that in the 14 years of separation our 
ways in physics splat far away and he could not offer me any perspectives, besides 
the human solidarity.

In the meantime, I renewed my contacts with the German physicists I already met 
at the ICTP.  Prof.  Peter Thomas invited me to give a seminar talk at the Marburg 
University and I was a guest in his house for a couple of days.  He recommended me a 
young coworker of him, who went to Heidelberg as a postdoc. In Heidelberg I wrote a 
paper together with him and a mathematician, that was published in Phys. Rev. 

I had several invitations for seminar talks and in Köln even for a colloquium. Prof. 
Hajdu told me, that he knew two papers of mine: the one at the Paris Conference and 
my review paper about Kubo’s theory in Novacu’s Seminars, included as a reprint in 
this volume. Although it was in Romanian, he somehow managed to understand it. 

Still being in Heidelberg I got an invitation to lecture at a summer school in Santa 
Fe (Arizona) about the scaling connection between the kinetic and hydrodynamic 
descriptions we published with Paul Gartner. I spent a month in the USA and got 
also a job proposal from Prof. Scully, which I declined, since I did not understand the 
American system.  He told me to prepare a research proposal and I had no Idea how 
to do it. In Europe you should adhere to the subjects of the group and the proposal for 
the financial support is forwarded by the inviting Professor not by the guest.  Anyway, 
I was not very attracted by the American way of life and rather wanted to remain in 
Europe. In my Eastern naivete I thought the farther one goes westward, the higher is 
the living standard and civilization, but it was not that way. 

After returning to Germany I got soon two positive answers at my job applications. 
The first one came from Prof. Götze at the Technical University in München. We met 
in Trieste and he worked on “hopping” like me. The position however was limited 
to two years. I visited him, gave a seminar talk and even got a lodging offer of a 
small furnished flat in the villa of another professor.  A few days after I got by post 
the contract to sign. Before posting it, I got a phone call from the secretary of Prof. 
Hartmut Haug of the Frankfurt University inviting me to meet him the next day. We 
went to a small restaurant and had a pleasant conversation. At the end he offered 
me a position that could be extended up to 5 years. His condition was, that I must 
turn my activity toward his new, modern research orientation (non-linear optics 
of semiconductors). I decidedly preferred Haug’s variant, while the new research 
field attracted me. On the other hand, 5 years gave me the needed stability, since as I 
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expected to get within a year or so my family out of Romania. 

During the two and half years of waiting, my wife could keep her job and my son 
continued his architecture studies. Before leaving Romania, my wife succeeded to 
change our spacious apartment, where we lived together with her mother into a 
small one not far away of her sister.  She took over the burden of caring. 

The choice of Haug was a very lucky one, although I knew almost nothing about him 
before. He was already an important person in the optics of semiconductors. A field 
with growing actuality due to the new lasers of high intensity with ultra-short pulses 
as well as the new low dimensional semiconductor structures.  His field became 
soon one of the most important ones in solid state theory. I had luck also sharing the 
office with Stephan Koch preparing his habilitation. He was a bright ambitious young 
physicist and later he got to be one of the most important scientists and science 
organizers in Germany and the USA. We soon developed a friendship and published 
within a year together with him and Haug a successful paper. The cooperation with 
him went on over the years and I was his scientific guest at the Optical Science Center 
in Tucson for several months, while together with my wife we lived in his splendid 
villa in the Sonora desert. 

By Haug I could benefit also of similar advantages I had in Romania. I got enough 
freedom in the research and I had several young gifted students and doctorands to 
supervise and work with me. Haug was an extremely active, stimulating physicist, 
being always up to date with the latest most important and interesting theoretical 
and experimental problems and I was glad to join him in solving these.  We were 
complementary to each other. He also appreciated my experience with the quantum 
theory of fields as well as my mathematical skill. I participated at his broad 
cooperation, with many theoretical and experimental groups in the whole world and 
got also some appreciation. In the same time, he offered me and even encouraged me 
to have my own different, independent fields of research with own coworkers and 
invited scientists. He cared to equip the group with the most up-to-date computers, 
so we were the first to solve many new difficult problems.

As I came to Germany the prospects to get a professorship were just zero, due to 
formal aspects as well as to the lack of large contacts and knowledge of science 
organization. For a C2 or C3 professor I was too old, while for a C4 I had to follow a 
longer path.  In Germany before getting the professor title one has to get the title of a 
“Privat-Dozent”, implying the publication of a scientific monography. Therefore, only 
a position of a “wissenschaftlicher Mitarbeiter” (scientific coworker) was available 
for me. It was well payed, but its duration is limited to 5 years. Haug got me on such a 
job but also pushed me forward to get the Privat- Dozent title followed with that of an 
extraordinary Professor. Moreover, in order to keep me in the Institute he succeeded 
to obtain the exceptional approval of the Ministry of Education to transform my 
position into a permanent one. I was not keen to be a globetrotter and I remained 
here.

I had various invitations for seminar talks at many universities. In Cambridge I met 
again Mott as a bronze statue. My most successful talk was at The Humboldt University 
in Berlin at the invitation of Prof. Zimmermann. The first day I had a Colloquium 
about quantum kinetics with many experimental illustrations and the next day I gave 
a supplementary seminar talk about irreversibility in a solvable classical polaron 
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model, intended for a restricted auditory of theorists. To my greatest surprise, it 
turned out that so many were interested in my lecture, that they filled the room. 

I held many years along the solid-state theory lecture in Frankfurt, 6 months also at 
the university of Strasbourg and I gave a series of lectures about low dimensional 
semiconductors at the University of Lausanne and about quantum kinetics at the 
university of Marburg. I had also an invited talk at the Spring meeting of the American 
Physical Society. 

My old tradition to cooperate with experimentalist in the IFB continued also being 
in Germany with experimental groups in Frankfurt, Karlsruhe, Stuttgart, München, 
Strasbourg, Paris and Tucson. We used often to publish joint papers with them 
(experimental results and the theoretical interpretation). On the other hand, 
sometimes I worked on pure theoretical topics as Bose condensation in real time, 
biexciton in a quantum dot or motion of a classical polaron in an electric field.

I spent exceptionally interesting years with Hartmut Haug and we remained good 
friends, meeting often at our common office at the university.

VB: As far as I know, you kept along this time also a strong link with the old coworkers 
in Bucharest.

LB: After the regime change in Romania I invited Paul Gartner to Frankfurt and we 
worked again together for two and half years and published together with Haug and 
some of the doctorands 12 papers in Phys. Rev. and Phys. Rev. Letters.  Thereafter Paul 
was already so known in Germany, that he got immediately a job at the University 
of Bremen, where he worked until his retirement.  Just before my own retirement I 
invited also Mircea Bundaru for 6 months and we worked out together with Haug a 
nice paper on Bose condensation in a finite potential well. I invited also old friends 
to give seminar talks in Frankfurt like Luca and Andrei Mezincescu, Alexandru Aldea 
and some of my Russian acquaintances.   

VB:  Runs scientific research in Germany different compared to the one you experienced 
in Romania?  What are the main differences?

LB: The most important difference is that scientific research occurs mostly in the 
universities and not in independent scientific centers. A professor most have had 
a research record and his main activity is still doing research. Pedagogy is merely 
a secondary task.  His efficiency depends on the quality and number of coworkers 
(graduate students, doctorands and postdocs), on the technical equipment (by 
theorist -modern computers), on the good contacts with other research groups, the 
number and quality of visiting scientists and the possibilities to attend important 
conferences. To fulfill all these requirements, beyond the minimum offered by the 
finances of the university one has to apply for founding at the DFG (German Physical 
Society), EU or DAAG (Foundation for international cooperation) or other sources.

Generally, in Western Europe physicists prefer to work in large groups of theorists 
and experimentalists from different universities. In this way one forms clubs around 
a certain thematic. This collective activity is encouraged by getting easily financial 
support for their projects.  Individual projects have less chance to get approved. 

Of course, in the very last years in Romania we had to have research contracts, but for 
the theorists it was a formal game, while for the experimentalist it was detrimental 



Ladislaus Bányai: Profile in Motion 31

guiding them toward industrial applications.  The result was the drop of the scientific 
quality.  Here the link to the industry is a spontaneous one. For example, Koch himself, 
together with some experimentalists is active as businessman trying to get money 
from their discoveries.

VB: Tell me something about the typical way of a young physicist in the West.

LB:  This is a very relevant question since it differs essentially from the one used to be 
in the former socialist countries.  As a young physicist at the IFB I envied the Western 
colleagues moving around at various scientific centers in the world. Actually, there 
is not too much to envy. Stable jobs do not exist for the young scientists. These are 
always limited to a few years and may be prolongated only by looking for other 
sources of support, in the frame of some of the mentioned projects. One is compelled 
to look always for the next job and this mostly implies another country. To get any 
job one must have good recommendations from important people. If one does not 
succeed within a given time to get a professorship, one is lost for science. Then 
one has to look for a job in the industry or elsewhere. Here one must add, that it is 
forbidden to get a professorship at the university where one obtained the necessary 
titles (PhD, Privat-Dozent, Extraordinary Professor).  One has to be very talented and 
very self-conscious to follow this path. Another aspect not to be ignored is that under 
the above described conditions it is very difficult to get a stable partner and to ground 
a family. This complicates especially the possibilities of women for a scientific career. 

Along the years in Frankfurt I had some gifted doctorands, but only two of them had 
the courage to try an academic career and one of them failed soon. The best of my 
doctorands had all the chances to make it to a professorship, but he chose industry, 
although he was fond of science. He wanted to have a quiet life with a family and not 
to migrate around the world. The Ericson company offered him a very good manager 
position already before he got his PhD.  Recently Paul read in a newspaper, that he 
became the vice-president of German Wings.   We congratulated him, and he replied, 
that it was more difficult get through a university examination, than to make this 
step.

I would like to add a few words about the number and quality of physics students. 
Under the conditions of socialism, physics was one of the few domains of activity 
more or less shielded from political pressure. Science attracted many talented young 
people. As I arrived in Germany I met a completely different mentality. Due to the 
intense (almost hysterical) anti-atom energy propaganda of the greens the public 
opinion about physics was not at all positive.  On the other hand, the youth chose 
careers promising more money (lawyers, medical doctors, …). Therefore, the number 
of students in physics was relatively low and they were not the most intelligent ones. 
In the same time the demands required from the students were rather low.  On the 
other hand, the graduate students were already included in the scientific activity and 
got a desk and computer to work in the university. 
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Laci’s years in Frankfurt starting in 1984

H. Haug1

*Institut f. Theoret. Physik, Goethe-Univ. Frankfurt

Laci Bányai came as a refugee in 1984 from Romania via short stays in Triest, Bonn 
and Heidelberg to my group at the Institut f. Theoretische Physik, at the Goethe-
Uni. Frankfurt. Our main subject of interest was the theory of the optical properties 
of semiconductors excited by intensive laser pulses. The excitations are a non-
equilibrium many-body system of electrons (e), holes (h), excitons (x) and bi-excitons 
interacting with the phonons and with each other by Coulomb forces. The optical 
response was in general nonlinear. The laser pulses have been in the 60ties in the 
nanosecond range, became picosecond pulses in the 80ties and became as short as 
femtoseconds at the end of the century. Many body theory in quasi-equilibrium and 
more and more in non-equilibrium were the tools required to understand the optical 
properties of laser excited semiconductors. Simultaneously the decreasing size of 
the samples made quantum confinement more and more important: Quasi-two-
dimensional quantum well structures, quantum wires and quantum dots reduced 
the translational degrees of freedom of the excited carriers more and more.

Laci’s interest turned first to the understanding of e,h pairs in quantum wires and 
dots. As an example he showed that two e,h pairs confined in a quantum dot lay 
energetically always lower the two noninteracting e,h pairs. The work on quantum 
dots had the nice advantage that Laci got invited for a few months by Stephan 
Koch, a former coworker in my group, a professor at the Optical Sciences Center in 
Tucson, Arizona with its beautifully saguaro cactus dessert. Obviously that scenery 
stimulated Laci and Stephan so much that they wrote a book on Semiconductor 
Quantum Dots, World Scientific, Singapore 1993. With these investigations Laci also 
got his Habilitation at the Goethe-Uni. in Frankfurt, which in 1997 was upgraded to 
an Extra-ordinary Professor position.

Naturally, the first years have been tough for Laci, because it took quite a long time 
until his family was allowed to join him. Anni, his wife also found a position in industry 
as an engineer, but because her company was outside of Frankfurt, they lived for 
many years about 50 km north of Frankfurt. Laci was quite polyglot, particularly his 
knowledge of the Russian language was very helpful for the conversation with our 
Russian guests in my group.

As already mentioned we had to use a non-equilibrium many-body theory in order 
to understand the femtosecond spectroscopy of semiconductors and semiconductor 
nano-structures. Such a theory existed and has been developed in the Russia and 
in the US, independently. Particularly, the real-time formulation of Leonid Keldysh 
could be used directly to describe the non-equilibrium time-development on a 
femtosecond time scale. Starting in the early 90ties, we calculated femtosecond four-
wave mixing (FWM) and pump and probe signals.

1 Hartmut.Haug@t-online.de
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In non-equilibrium the Green functions depend truly on two-time arguments, and 
furthermore one has to calculate not only the spectral properties e.g. in terms of the 
retarded Green function Gr but also the kinetic ones in terms of G<. One of the first 
important results in which Laci was directly involved was the appearance of the LO-
phonon echo superimposed on the decaying four-wave mixing signal. Traditionally 
the FWM has been used to measure the polarization decay expressed by the T2 
time. A coherent oscillation on the decaying FWM signal was really something new. 
Fortunately, we cooperated with one of the leading experimental groups of Martin 
Wegener of the Uni. Karlsruhe. They observed the LO-phonon echo shortly after our 
prediction! See Fig. 1. Laci’s excellent mathematical talent made him very valuable 
in our group when it came to reliable numerical evaluations of complex systems of 
integro-differential equations which one runs into in quantum kinetics.
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Figure 1: Measured (solid lines) and calculated (dashed lines) time-integrated 
four-wave mixing signals versus delay time τ showing the LO-phonon echoes for 
various excitation densities. (L. Banyai, D.B. Tran Thoai, E. Reitsamer, H. Haug, D. 
Steinbach, M.U. Wehner, M. Wegener, T. Marschner, W.Stolz, PRL 75, 2188 
(1995)) 
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Fortunately, we had Alex Ivanov as a Humboldt fellow and later as a scientific 
coworker in my group. A. Ivanov was a student of Keldysh, so Keldysh came with 
a Humboldt prize frequently to us, which obviously helped to develop our 
knowledge of the quantum kinetics quite a bit. And as already mentioned, Laci’s 
ability to talk to Keldysh in his own language was also very helpful. Another 
approach to non-equilibrium many-body systems formulated by Karim El Sayed 
and Laci Bányai was the use of a Monte Carlo kinetics for a 2D electron gas starting 
from a given non-equilibrium distribution and following the loss of spatial 
correlation in time. As an initial 2D electron distribution we choose the letters QK, 
where each dot corresponds to one electron Very nicely Karim El Sayed and Laci 
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Fortunately, we had Alex Ivanov as a Humboldt fellow and later as a scientific 
coworker in my group. A. Ivanov was a student of Keldysh, so Keldysh came with a 
Humboldt prize frequently to us, which obviously helped to develop our knowledge 
of the quantum kinetics quite a bit. And as already mentioned, Laci’s ability to talk 
to Keldysh in his own language was also very helpful. Another approach to non-
equilibrium many-body systems formulated by Karim El Sayed and Laci Bányai was 
the use of a Monte Carlo kinetics for a 2D electron gas starting from a given non-
equilibrium distribution and following the loss of spatial correlation in time. As an 
initial 2D electron distribution we choose the letters QK, where each dot corresponds 
to one electron Very nicely Karim El Sayed and Laci could show that after a time 
interval in which each particle had on an average one collision the structure was lost 
(See Fig. 2).

We found out that if the pulse duration becomes shorter than the oscillation period 
say of an optical phonon or of a plasmon of an e-h gas, we are in a range where 
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quantum kinetics is absolutely necessary in order to explain various observations of 
ultra-short time spectroscopy. Under high fs-excitation we studied in particular the 
temporal build-up of the screening of the Coulomb interaction again in cooperation 
with M. Wegener and another outstanding experimental group of A. Leitenstorfer 
and R. Huber who used ultrashort THz pulses. With these THz pulses one could study 
directly the build-up of the plasmon pole which were found in excellent agreement 
with our calculations (see Fig. 3) Similarly the temporal build-up of the polaron, i.e. 
the dressing of an excited carrier by LO-phonons have been studied successfully in 
these cooperations. Quite a few Physical Review Letters resulted from these fruitful 
cooperations. Most of these investigations were also supported by the collaboration 
with Paul Gartner, an old friend and colleague of Laci from Bucharest, where the 
two had been involved mainly in transport investigations. Fortunately, the DFG 
allowed me to finance the stay of Paul Gartner with us, which resulted in a fruitful 
collaboration with him for several years.
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Figure 2: Monte-Carlo simulation of the Coulomb relaxation kinetics of a 2D 
electron gas, according to K. El Sayed and A. Banyai, taken from H. Haug and A. -P. 
Jauho, Quantum Kinetics for Transport and Optics of Semiconductors, Springer 
(1969), first ed. The initial distribution of the 3600 electrons form the initial 
letters of Quantum Kinetics (QK). This distribution relaxes under Coulomb 
scattering to a thermal distribution. The three snapshots are taken at t = 0,55 and 
145 femtoseconds. In the last picture 3000 scattering events, i.e. roughly one 
scattering event per particle, produce a nearly thermal distribution. 
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gas, according to K. El Sayed and A. Banyai, taken from H. Haug and A. -P. Jauho, 
Quantum Kinetics for Transport and Optics of Semiconductors, Springer (1969), first ed. 
The initial distribution of the 3600 electrons form the initial letters of Quantum Kinetics 
(QK). This distribution relaxes under Coulomb scattering to a thermal distribution. 
The three snapshots are taken at t = 0,55 and 145 femtoseconds. In the last picture 
3000 scattering events, i.e. roughly one scattering event per particle, produce a nearly 
thermal distribution.

In the last period before his retirement we studied the approach of a bosonic exciton 
gas coupled to a thermal bath towards Bose-Einstein condensation. Similarly, the 
kinetics of a dense interacting exciton gas towards the BEC was studied. While 
these studies showed that exciton condensation is in principle possible, the crucial 
question whether the critical density for exciton BEC is not higher than the Mott 
density of exciton ionization remained unanswered. Only later it turned out that the 
much smaller mass of an exciton polariton in a microcavity, which in turn causes 
an increase of the quantum-mechanical zero-point energy, makes a non-equilibrium 
BEC of microcavity exciton polaritons much easier compared to a BEC of the basic 
excitons.
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Figure 3: Spectra of the imaginary (left) and real (right) parts of the inverse 
dielectric function calculated for a wavenumber qa0 = 1 and various times after 
the 15fs pulse at t = 0. The plasma frequency of the excited carriers is about 31meV 
the corresponding plasma period is about 100fs (L. Banyai, Q.T. Vu, B. Mieck, H. 
Haug, PRL 81, 882 (1998)) 

It remains my pleasure to thank Laci for the fruitful cooperation over many years, 
even in difficult times in which he struggled with an old Hepatitis C infection, 
which fortunately has been healed recently with a modern medical treatment. I 
wish him many more happy years with keen interest in many fields, such as 
science, computers, politics, arts and many more! 
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t = 0. The plasma frequency of the excited carriers is about 31meV the corresponding 
plasma period is about 100fs (L. Banyai, Q.T. Vu, B. Mieck, H. Haug, PRL 81, 882 (1998))

It remains my pleasure to thank Laci for the fruitful cooperation over many years, 
even in difficult times in which he struggled with an old Hepatitis C infection, which 
fortunately has been healed recently with a modern medical treatment. I wish him 
many more happy years with keen interest in many fields, such as science, computers, 
politics, arts and many more!
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A Selfie with Laci

Paul Gartner

National Institute of Material Physics, Bucharest-Magurele

It is useful to start by declaring one's notations: Dr. Ladislaus Banyai is known to his 
inner and broader circle of friends and acquaintances as Laci (read approximately 
Lotzi), which is the Hungarian diminutive for Ladislaus.

In my life Laci's reputation preceded our actual encounter. After finishing my studies 
I learned that I could not get the security clearance for a position at the Institute for 
Atomic Physics (IFA), but I could have one at the Institute of Physics "Bucharest" 
(IFB). Presented like this, it sounded like a lower, less attractive option. I was hesitant, 
but then I was told that it cannot be that bad, since I would have Laci as a colleague. 
This was comforting and I took the position without second thoughts. 

Indeed Laci was known as the 'enfant terrible' of the theory group at IFB. Yet the 
possibility to work with him had to wait for a while. In the early years of amorphous 
semiconductors Laci was in close contact with the experimental research group lead 
by Prof. Radu Grigorovici. They have reached paradoxical results: the optical gap 
was not matching the conductivity gap, contradicting the long-established intuition 
about semiconductors. But Laci went against the common wisdom and assumed the 
existence of localized states, optically active but not taking part in transport. These 
groundbreaking results were sent as a communication to the 7th Semiconductor 
Conference, Paris, 1964. Unfortunately, he was not allowed to attend the conference. 
The paper did appear in the conference proceedings ("On the theory of electric 
conduction in amorphous semiconductors", in "Physique des Semiconducteurs" 
p.417, M. Hulin Ed. Dunod, Paris,1964) and enjoyed a well-deserved popularity. Not 
presented by the author himself, the paper had instead the chance to be promoted 
by Sir Nevill Mott (Nobel prize, 1977). Today it is well-known that disorder brings 
localization (Anderson localization) but in the '60s this was new in the amorphous 
physics community. Banyai has succeeded to make Romanian physics known abroad, 
in spite of the semi-isolation conditions of the time.

The resulting frustration was endured discreetly: Laci abandoned for a while his 
interest in condensed matter in favor of quantum field theory. He was the only 
member of the group who was equally familiar and had contributions in both 
domains. When I joined the group I found him working on field theory with L. 
Mezincescu. (I remember that their collaboration involved a lot of friendly yelling at 
each other.) The topic was beyond my depth so that no collaboration was possible. 

Laci returned to the condensed matter theory only in the mid '70s. The topic was 
again related to amorphous semiconductors. As mentioned above, the localized 
states do not contribute to conduction in the usual quasi-free, weakly-scattered 
carrier mechanism. But it turned out that they are active in another way, by 
phonon-assisted hopping, a new transport channel specific for disordered systems. 
This is when he invited me to work with him and A. Aldea on the subject. He was 
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instrumental in establishing results concerning the hopping formalism, the role of 
Coulomb interaction and of the magnetic field, as well as the connection between 
the microscopic hopping parameters and the measurable macroscopic material 
constants like conductivity and magnetoresistance. 

In 1983 Laci emigrated to Germany and he worked until his retirement in Prof. 
Hartmut Haug's group, at the Theoretical Physics Institute of the Frankfurt 
University. That was the time of new experiments in heterojunctions under extreme 
(strong, ultrashort) excitation conditions, for which new theoretical tools were 
required. Laci contributed decisively to the pioneering effort of the Frankfurt group 
in applying the methods of nonequilibrium Green's functions (Keldysh) to such novel 
optical and kinetic effects. His amply quoted results concern ultrafast (femtosecond) 
optical phenomena, which cannot be described by the usual Boltzmann equation. 
The methods allowed the understanding of many effects like screening, the buildup 
of plasmonic and polaronic modes, relaxation processes under interaction with 
phonons a.s.o. Several types of  heterostructures, quantum wells, wires, dots, could 
be understood and modelled in a comprehensive framework. Also, Laci had a keen 
interest in a broad spectrum of problems, like the kinetics of the Bose-Einstein 
condensation, Coulomb correlations in semiconductors, the classical polaron theory, 
to name a few.

At his invitation I spent two and half years in the Frankfurt group. Professionally I 
could call them formative years, even though I was not a young researcher any more. 
I learned a lot from Laci, especially quantum kinetics in the Keldysh formalism, which 
was quite new for me. I had practically no previous experience with equilibrium 
Green's functions, let alone Keldysh ones, but Laci had a gift for clarity which stripped 
many so-called difficult problems of their mistique aura. First of all, he made sure to 
have a good contact with his audience. This meant establishing a common ground 
as a starting point. Then he was always checking that the contact is not lost. During 
his explanation he had a verbal tic "intelegi? intelegi?" (do you understand? do you 
understand?) while looking right into your eyes. 

Also, when a problem captured his interest he was very focused and even obsessed. 
In Frankfurt we shared the same room, so we were within hearing distance. Once I 
had to tell him repeatedly that the coffee on his desk was getting cold. He was glued 
to his monitor, absorbed in some problem, and answered mechanically "yes" but paid 
no attention. I had to sent him an email from my desk to his desk, which popped up 
on his screen as the only mean of communication left.

I cannot overestimate his talent for finding and clearly formulating new problems. I 
think this is as important as finding the answers, if not more. Allways curious, he was 
very creative, his enthusiasms contagious and inspiring.

After all these years, remembering my musing on IFA versus IFB, I recall Robert 
Frost's poem:    

Two roads diverged in a wood, and I
I took the one less traveled by,
And that has made all the difference.    
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From Bucharest to Miami

Luca Mezincescu

University of Miami

I dedicate the rows below to Ladislaus Bányai on his 80th birthday. He and the late 
Vladimir Rittenberg where important pillars in my growth as a physicist.

At the end of the fourth year (1968) of study in the Physics Department of the 
University of Bucharest we were supposed to undergo a month long of so called 
“training “. I was specializing in Theoretical Physics and like many others was about 
to make a choice which will lead to important consequences for my future. Most of 
my colleagues were aiming for IFA (Institute of Atomic Physics), which was supposed 
to be the star choice. My schoolmate, friend, colleague, the beloved, recently deceased 
Iulian Uschersohn, and I, were thinking in a little different direction. As students 
we heard about the very promising Particle Theory group under the leadership of 
Valeriu Novacu at IFB (Institute of Physics - Bucharest) which at the time consisted 
of L. Bányai, P. Dita, N. Marinescu, H. Raszillier, V. Rittenberg and I.O- Stamatescu. We 
also learned that the duo compo- sed of Ladislaus Bányai and Vladimir Rittenberg 
were producing lots of interesting and successful papers. In fact, this Particle Physics 
group was very active: every week they held a seminar discussing the latest news 
from PRL, and beyond that there were also review sessions in which they were 
presenting talks at introductory level in order to enlarge their horizon. In the first 
few years of existence they also published a number of volumes in which they were 
contributing these original review talks. I mention only two such review articles, 
Bányai’s Veneziano amplitude and Rittenberg’s Effective Lagran-gians, both subjects 
which survived for 50 years, Veneziano amplitude being the basis of string theory, 
while effective Lagrangians being very important in QCD. Therefore, together with 
Iulian we opted to train at IFB. Beyond the above-mentioned plusses IFB was also 
located in the heart of Bucharest and as I was going to learn, at its ground floor was 
one of the best coffee shops in the Capital. As Laci was out of town, the trai-ning 
was directed by the late V. Rittenberg. We were supposed to go over some chap-ters 
of The Scattering Theory by Goldberger and Watson, and at least for me this was 
an extremely fruitful experience. Every day we were presenting different sections 
of the book and Vladimir was putting lots of questions. I was used to questions I did 
not know how to answer, and what I appreciated very much was, that Vladimir was 
formulating them in such a manner, that I got the feeling I had a hope of giving the 
answer in the right direction. With the training finished we decided to do our master 
thesis under the supervision of V. Rittenberg. In April of the following year, before 
we finished our thesis work, Vladimir left Romania for good, so that the completion 
of our work was done under the supervision of L. Bányai. This is how an interaction 
started which was going to become a lasting friendship for my whole life. 

After the graduation I started to work at IFB under the supervision of L. Bányai and 
soon I was admitted for the graduate studies which were also supervised by Laci. It 
is from him that I understood what means to be correct and precise. I collaborated 
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with him on a number of projects, the most long lived of which was an application 
of the Dirac method of quantization with constraints to the configuration space 
quantization of the relativistic spinor field, which in the literature was presented in a 
wishy-washy way. I was very lucky that for the second of my PhD exam Laci picked up 
the Yang Mills fields, their quantization and applications. This was around 1971 and 
I had the pleasure of learning the subject together with one of the examiners himself. 
I am not sure that I would have succeeded without his help. With some papers in the 
back and the exams finished together with Laci we decided that I should meet some 
other people. At a recent conference he met V.I. Ogievetsky with whom he established 
an instant contact, and he suggested that if I go to JINR-Dubna I should try to work 
in his group and he also appropriately recommended me. I spent a very fruitful 
two-year period, getting acquainted with supersymmetry and producing together 
with V. I. Ogievetsky one of the first reviews of supersymmetry (unfortunately 
my wish to extend my stay in JINR was turned down and I think this did a serious 
damage to my career!). As with Laci and Vladimir I formed a solid bond with the late 
Victor Isaakovich. I also had the pleasure of meeting Emery Sokatchev and getting 
in friendly relations with Zhenya Ivanov. On the return to Romania I learned with 
sadness that Laci was back in Solid State Physics his original passion. For me, there 
remained just to write a paper by myself which I did, using exhaustively the help 
of Mircea Bundaru. Then I wrote my PhD thesis and defended it in 1978, with Laci 
being one of the referees. When I left Romania at the beginning of 1982, I had the 
luck that Bruno Zumino knew my name and he suggested to contact (and called) in 
SLAC, Sydney Drell. I was also encouraged by Iulian, and by the fact that Laci knew 
Leonard Susskind, to ask him for help so that for a little more than a year I will be in 
Stanford University or SLAC with detours to UC Davis in Sacramento and University 
of Michigan in Ann Arbor. In Ann Arbor I met Marc Grisaru which was giving some 
lectures at a summer school, and I remember that we looked together at some 
papers related to the Harmonic Superspace, but nothing came out, however it was 
the beginning of some collaborations which spanned over few years. In Ann Arbor I 
also met Cosmas Zachos with whom latter I will collaborate. Then I was very lucky to 
be offered a Post Doc position by Steven Weinberg who recently left Harvard for UT 
Austin, Texas. This was basically the apotheosis of my career. Working in the Theory 
Group was an unbelievable pleasure. Steven Weinberg was giving class as usual to 
everything which he touched. Here I also met enormous number of very important 
physicists and I collaborated with D.R.T. Jones, M. Henneaux S de Alwis and last but 
by no means least Paul K. Townsend from University of Cambridge and through Paul 
with Peter van Nieuwenhuizen. While at a conference in Cambridge UK I had the 
pleasure of reestablishing contacts with Peter Freund and Adam Schwimmer. In the 
same year the much-regretted Peter Freund invited me to give a talk at University of 
Chicago, and this was one of the visits I enjoyed very much. Later with the help from 
Peter Freund I succeeded to get a tenure track appointment with University of Miami 
in the fall of 1986. From then on life went very fast between getting tenure, teaching, 
doing research, obtaining grants and waiting for the Sabbaticals. My first Sabbatical 
was spent at the University of Bonn as a guest of Vladimir Rittenberg during the 
1995, it was an unbelievable nice sabbatical in the middle of which we spent two 
weeks at the Weizmann Institute in Israel, I was going to repeat this endeavor in the 
next two sabbaticals, thanks to Adam Schwimmer.  Other very successful sabbatical 
leaves endeavors were spent in University of Cambridge working with Paul at 
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different always exquisite projects. I should also mention the wonderful time I had 
in different occasions in JINR - Dubna as a guest of Zhenya Ivanov, always doing 
wonderful research.  In University of Miami I collaborated with R. I. Nepomechie and 
T. L. Curtright.

To finish this text, I want to wish a Happy 80th Birthday to Laci and many more to 
come!!!
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Part II. The WORK
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Short introduction to my papers  
reproduced in this volume1

Out of my about 140 published scientific papers, mostly with coauthors I have 
chosen 28 to be reprinted in this volume. Since half of my scientific career occurred 
in Bucharest, while the other half in Frankfurt am Main, I selected 15 published in 
the Romanian period and 13 ones from my time in Germany. Some of these last ones 
were worked out together with my old colleagues from Bucharest, Paul Gartner and 
Mircea Bundaru. Obviously, I am a product of the Romanian physics with German 
improvements.

My scientific activity started in 1961, in Bucharest with papers dedicated to solid 
state theory and after a ten-year break of work on elementary particles and quantum 
field theory, it continued further on solid-state theory both in Bucharest, as well as in 
Frankfurt am Main.  For sake of transparency I grouped the reprinted papers in these 
two categories, starting with those dedicated to the first field. Thus, the presentation 
is not strictly chronological.

In the IFB (The Physics Institute of the Academy in Bucharest) Prof. Valeriu Novacu 
organized in 1964 a research group of Elementary Particles Theory. The actual leader 
of the group was Vladimir Rittenberg (later professor at the University of Bonn) 
and its founding members were Hans Raszillier (later professor at the University 
of Erlangen) ,  Luca Mezincescu (still activ professor at the university of Miami) 
and Nicolae Marinescu (got his professor title at the Heidelberg University, but left 
physics).  We published several papers of which here one finds one about the SU(3) 
group (all of us together) [2], one about an application of the non-linear effective 
Lagrangians (together with V.R.) [20] and another one on the null-plane quantization 
(together with L.M.) [26].  

After the members of this group left Romania I continued to work on the same field 
together with Sorin Mărculescu from the chair of Professor Șerban Țițeica and chose 
for this volume two of our publications on the renormalization of gauge theories 
[29], [30]. This was the end of my activity on that field.

As I already mentioned, I started on solid state theory and my first publication 
abroad (about magneto-optical phenomena) was together with the elder theorist 
George Ciobanu [34]. It is followed here by my paper about the conductivity gap in 
amorphous semiconductors published in the Proceedings of the Paris Conference 
on Semiconductors in 1964 [37] and a paper published with my younger colleague 
Alexandru Aldea   on the Hall effect in disordered semiconductors [38]. I included 
here also the English translation of my old (add notated) review on Kubo’s theory of 
electric conduction [39].

Returning to solid-state after the afore mentioned break, I published together 
with my coworkers Alexandru Aldea and Paul Gartner several papers on hopping 
conduction of which I chose one written together with the late Vladek Capek of 
Prague on the very low temperature Seebeck effect in amorphous semiconductors 
1 The quotation numbers refer to the “Scientific Publications” in this volume.
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[41]. This period was followed by a series of papers on fundamental matters, close to 
mathematical physics written together with Paul Gartner on the scaling connection 
of the kinetic and hydrodynamic levels of which I chose two (one of them also with 
Vlad Protopopescu)[51], [53].  Of the papers published together with Paul Gartner 
I chose also a paper on the quantum mechanical derivation of the Clausius-Mosotti 
formula [55] , as well as one concerning the theory of the Meissner effect [57].  I 
included here also my last paper I wrote in Bucharest (on the Nyquist noise) together 
with Alexandru Aldea and Paul Gartner [58].

Of the many papers I published, while being at the Frankfurt University I chose first 
some related to quantum dots [78]. These resulted partly in collaboration with my 
friend Stephan Koch (first in Frankfurt, then in Tucson and Marburg) [66] and Pierre 
Gilliot from the University of Strasbourg [86].

I chose here also a paper of mine published on a classical solvable polaron model, 
where the dissipative motion of the electron results from the interaction with the 
phonon bath without any assumptions or approximations [93].  

Another paper here was written together with our talented doctorand Karim El 
Sayed on the time reversal in many-body theories [94].  

Then follow more papers of Hartmut Haug’s group on the analysis of ultra-short laser 
spectroscopy of semiconductors in close cooperation with experimental groups in 
Karlsruhe [99], Paris (Anthony) [116] and München [129] within the theoretical 
approach of quantum kinetics. Another subject of the same period was on the THz 
emission of laser excited semiconductors [126], already joined by Paul Gartner, who 
spent two and a half years in Frankfurt.  A very interesting topic of Haug’s group 
was the real time description of the Bose-Einstein condensation [127]. Here our best 
doctorand Oliver Schmitt played an important role. Together with Paul Gartner we 
published also a paper [132] on a solvable model of Bose-condensation in real time. 
Then I quote a short paper of mine about the c-number approximation for the Bose 
condensate [134]. The papers from the Frankfurt period end with a paper together 
with Hartmut Haug and Mircea Bundaru on Bose-Einstein condensation in a finite 
potential well [136].

As one might have seen, the manifold of my papers had to do with the manifold of 
talented coworkers, most of them becoming also close friends of mine.
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Reprints
Elementary particles
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Seminar de Fizică Teoretică 1, p.13 (1968)

Quantum theory of transport coefficients1

L. Bányai

1 Derivation of the electric conductivity for-

mula (Kubo’s formula)

The state of a quantum mechanical system (mixed ensemble) is defined by
the statistical matrix (”density matrix”) ρ. The average 〈A〉 of a dynamic
observable is given by

〈A〉 = Tr (ρA) (1)

The operator ρ in the Schrödinger picture is time-dependent and obeys
the equation of motion (quantum mechanical Liouville equation)

ı�
∂ρ

∂t
= [H, ρ] (2)

with H being the Hamiltonian of the system.
The operator

ρ0 = exp (−β (H−µN−Ω)) (3)

with

exp (−βΩ) = Tr exp β (H−µN) , β =
1

kT

describes the thermodynamic equilibrium of a system in contact with a ther-
mostat, having energy and particle exchange with. It is the analogue of the
classical macro-canonical distribution.

Our task is to compute the average value of the electric current for the
case of its deviation from equilibrium due to an applied external electric field.

We shall admit that at t = −∞ the electric field was vanishing and the
state of the system was described by the macro-canonical statistical matrix
ρ(H) . Thereafter the external field is applied and the measurements are

1See also a modern discussion of the same topic in recent books of the author. [18],[19].

1
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made at some finite time t. (In this way one eliminates the transitory pro-
cesses.) Other ways stated, we have to solve the equation

i�
∂ρ

∂t
= [H+HE (t) , ρ] . (4)

where HE is the interaction Hamiltonian with the external electrical field,
while the initial conditions are

H(−∞) = 0, ρ (−∞)= ρ0 (5)

In what concerns the time dependence of HE (t) we take

HE (t) = H̄Ee
iωtest; (s → 0+) . (6)

Here s is the so called adiabatic parameter, that ensures the vanishing of the
field at t = −∞.( However, in the final stage we have to take the s → +0
limit.)

Another way to formulate the problem would be to introduce the field
suddenly at t = 0 and perform the measurement at t = ∞ (see Sec. 6 ).
To give a proper mathematical formulation of the t → ∞ limit, one has
to introduce explicitly an interaction with the surrounding by a ı�ρ−ρ0

τ

(τ → ∞) term in the Liouville equation.
These two formulations of the problem lead to identical results, since the

role of the infinitesimal parameters s, 1
τ
was just to eliminate the oscillating

solution due to a sudden coupling of the external field.
The linear differential equation equation Eq.5 is equivalent to the in-

homogeneous integral equation

ρ (t)= ρ0 +
1

i�

∫ t

−∞
dt′e

ı
�H(t′−t) [HE (t′) , ρ (t′)] e−

ı
�H(t′−t) (7)

This integral equation may be solved in an iterative manner. Since we
are interested only in the effects proportional (linear) in the external field,
we may retain only the first term in this iteration

ρ1 (t) =
1

i�

∫ t

−∞
dt′e

ı
�H(t′−t) [HE (t′) , ρ0 (t

′)] e−
ı
�H(t′−t) . (8)

Using Eq. 6 we get

2
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ρ1 (t) =
1

i�
eı(ω−ıs)t

∫ 0

−∞
dt′e

ı
�Ht′

[
HE, ρ0

]
e−

ı
�Ht′ (9)

and therefore the average value of the electric current is

〈jµ (t)〉 = Tr {ρ0jµ}+ Tr {ρ1 (t) jµ}

= eiωt lim
s→+0

1

i�

∫ 0

−∞
dt′ei(ω−is)t′Tr

{
e

ı
�Ht′

[
HE, ρ0

]
e−

ı
�Ht′jµ

}

On the other hand, using the operator identity

[
A, e−βH

]
= e−βH

∫ β

0

dλeλH [H,A] e−λH (10)

that my be easily checked by taking the matrix elements between the eigen-
states of the Hamiltonian H, we have

[
HE, ρ0

]
= −ı�ρ0

∫ β

0

dλḢE(−ı�λ) ,

therefore

e−ıωt〈jµ(t)〉 = − lim
s→+0

∫ ∞

0

dt′e−i(ω−is)t′
∫ β

0

dλ〈ḢE(−i�λ)jµ(t′)〉0 ,

where 〈...〉0 denotes averaging over the equilibrium state i.e. Tr {ρ0{...}} .
Thus

〈jµ (t)〉 = V σµνEνe
iωt , (11)

where

σµν (ω) =
1

V
lim
s→+0

∫ ∞

0

dt′e−i(ω−is)t′
∫ β

0

dλ 〈jµ (−i�λ) jµ (t)〉0 (12)

is the electric conductivity tensor (V being the normalization volume).
Eq.12 is the so called Kubo formula for the electric conductivity, defining

this kinetic coefficient by the equilibrium characteristics of the system. It is
exact in the whole domain of validity of Ohm’s law. As we have seen, in its
derivation no assumptions about the nature of the system played any role,
but just about the external field. In the more general case of a time- and
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space- dependent field one may show a more general relation (for the average
current density [1]

〈jµ (r, t)〉 =
∫ t

−∞
dt′

∫
dr′Lµν (r, r

′;t− t′)Eν (r
′, t′) (13)

with

Lµν (r, r
′, t) =

∫ β

0

dλ 〈jν (r′, 0) jµ (r,t+ i�λ)〉0 . (14)

The connection between Eqs.12 and 13 is obvious.
Of course, these formulas need an explicit evaluation in each peculiar 

case, that as we shall see, is not at all trivial. However, from now on any 
computation of the conductivity relies only on the equilibrium properties of 
the considered system.

In the following we deal only with the case of homogeneous electric fields 
described by Eq. 12.

2 Symmetry relations and sum rules
The vanishing limit of the adiabatic parameter may be taken only after per-
forming the time integral, since this defines the meaning of the improper 
integral. One may see this explicitly by expressing the average by insertion 
of the eigenfunctions of the operator H

σµν (ω) =
1

V
lim
s→+0

∫ ∞

0

dte−i(ω−is)t

∫ β

0

dλ
∑
m,n

e−β(Em−µNm−Ω)

× 〈m |jν |n〉 〈n |jµ|m〉 exp
(
i

�
(Em − En) (t+ i�)

)

=
1

V
lim
s→+0

∑
m,n

e−β(Em−µNm−Ω) e
−β(En−Em) − 1

Em − En

〈m|jν |n〉〈n|jµ|m〉
ı(En−Em

�−ω
− s)

Now using the relation

lim
s→+0

1

x± is
= P

1

x
∓ iπδ (x)

we get

4
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σµν (ω) = − �
V

∑
m,n

ρ0 (En)− ρ0 (Em)

En − Em

〈m |jν |n〉 〈n |jµ|m〉 (15)

×
[
πδ (En − Em − �ω)− iP

1

En − Em − �ω

]
(16)

In this matrix form one may easily see the relations

�σµν(ω) = �σνµ (−ω) , �σµν (ω) = −�σνµ (−ω) (17)

If one takes into account that

〈|mjµ|n〉 = 〈n|jµ|n〉∗ = −〈n|j
µ
|m〉 ,

where the state |n〉 belongs to the same energy En and the operator jµ belongs
to the problem with reversed magnetic field H → −H, then we get the
relationship

σµν (ω;H) = σνµ (ω;−H) . (18)

On the ground of the above general Eq. 16 one may derive an interesting
sum-rule for the diagonal elements of the conductivity tensor

σµµ (ω) = lim
s→+0

∫ ∞

0

dte−i(ω−is)tϕµµ (t) ,

where

ϕµµ (t) =

∫ β

0

dλ 〈jµ (−i�λ) jµ (t)〉0

=
∑
m,n

ρ0 (En)− ρ0 (Em)

En − Em

|〈m |jµ|n〉|2 exp
(
− i

�
(Em − En) t

)

is a real even function of time.
Thus

∫ ∞

−∞
dω�σµµ(ω) =

∫ ∞

0

dtϕµµ(t) · �
∫ ∞

−∞
e−ı(ω−ıs)t

= 2π

∫ ∞

0

dtϕµµ (t) δ (t) = 2πϕµµ (0) .
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On the other hand

ϕµµ (0) =

∫ β

0

dλ 〈jµ (−i�λ) jµ (t)〉0

=
1

i�
Tr

{[
ρ0,

∑
i

eix
i
µ

]∑
j

ejx
j
µ

}

=
1

i�
∑
i,j

eiej

〈[
xi
µ,

d

dt
xi
µ

]〉

0

=
∑
i

e2i
mi

.

Then, using Eq. 17 we have also the relationship

∫ ∞

0

dω�σµµ (ω) = π
∑
i

e2i
mi

. (19)

The cyclic permutation of the operators under the trace is not obviously 
an allowed manipulation in the case of unbounded operators. Therefore, this 
last relationship must be looked up with some caution.

3 The link to the Green function
We want to show now another useful form of the electric conductivity formula, 
that relates it to the statistical Green functions of the currents, respectively 
to the correlation functions of the currents [3]. We start from the equation

σµν (ω) = − 1

i�

∫ ∞

0

dte−(iω+s)t′Tr

∫ β

0

{[∑
i

eix
i
ν , ρ0

]
, jµ (t)

}
(s → +0)

proven in Sec. 1 (here we took the volume V = 1). Using the cyclic permu-
tation of the operators under the trace (see also the remark at the end of the
preceding Section) and introducing the step function

θ(t) =

{
1 t > 0
0 t < 0

we get as it follows

6
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σµν (ω) =
1

i�

∫ ∞

0

dte−(iω+s)t

〈[
jµ (t) ,

∑
i

eix
i
ν

]〉

0

=
1

i�

∫ ∞

−∞
dte−(iω+s)tθ (t)

〈[
jµ (t) ,

∑
i

eix
i
ν

]〉

0

=
1

�ω

∫ ∞

−∞
dt

d

dt

(
e−(iω+s)t

)
θ (t)

〈[
jµ (t) ,

∑
i

eix
i
ν

]〉

0

After a partial integration we have

σµν (ω) = − 1

�ω
e−(iω+s)tθ (t)

〈[
jµ (t) ,

∑
i

eix
i
ν

]〉

0

∣∣∣∣∣
∞

−∞

+
1

�ω

∫ ∞

−∞
dtδ(t)

〈[
jµ (t) ,

∑
i

eix
i
ν

]〉

0

− 1

�ω

∫ ∞

−∞
dte−(ıω+s)tθ(t)

〈[
d

dt
jµ (t) ,

∑
i

eix
i
ν

]〉

0

.

The first term vanishes , the second gives rise to

1

�ω

〈[
jµ (t) ,

∑
i

eix
i
ν

]〉

0

=
1

�ω
∑
i,j

eiejx
i
ν

〈[
dxi

µ

dt
,xi

ν

]〉

0

=
1

iω

∑
i

e2i
mi

δµν

and if we have a single sort of carrier, it is Ne2

m
1
ıω
δµν .

Using the Heisenberg equation of motion

i�
∂jµ (t)

∂t
= [jµ (t) ,H]

and the cyclic permutability under the trace one may overpass the time
derivative with opposite sign on the coordinates. Thus we get

σµν (ω) =
Ne2

m

1

iω
δµν +

1

�ω

∫ ∞

−∞
dte−i(ω+s)tθ (t) 〈[jµ (t) , jν ]〉0 (20)

or

7
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σµν (ω) =
Ne2

m

1

iω
δµν +

2π

i�ω
G̃µν

r (ω + is) , (21)

where G̃µν
r (t) is the Fourier transform of the retarded statistical Green func-

tion of the currents

G̃µν
r (t) = −iθ (t) 〈[jµ (t) , jν (0)]〉0 . (22)

Farther, using the well-known dispersion relations of the Green functions
, we may express thew real part of the electric conductivity tensor by the
correlation function of the currents

�σµν (ω) =
2π

�ω
�G̃µν

r (t) =
eβ�ω − 1

2�ω

∫ ∞

−∞
dt 〈jµ (t) jν (0)〉0 e

−iωt (23)

The link to the statistical Green functions is of utmost importance, since
this offers a way for the calculation of the conductivity (mostly in many
body problems). Thus we get two important tools to compute the Green
functions. The first one consist in ”cutting” the chain of the equations for
the Green functions and solving the finite system of remaining equations.
The other one is based on the Feynman diagram technique developed for the
causal Matsubara Green functions (with imaginary time) and the analytic
continuation of their Fourier coefficients in the whole upper complex plane
until the real axis.

4 The one-electron version of the Kubo for-

mula

When the system of carriers (electrons) may be described by an one electron
Hamiltonian i.e. we have to do with dynamically independent particles being
in an external potential, the conductivity formula, taking still into account
the exclusion principle, takes a peculiar ”one-electron” form.

H =
∑
k,k′

hkk′a
+
k ak′ , (24)

where a+
k and ak are the creation and annihilation operators in an arbitrary

basis denoted by the quantum numbers k, and hkk′ are the matrix elements

8
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of the one-electron in this basis. The average value of the electric current is
then

〈jµ (t)〉 = Tr {ρ (t) jµ} =
∑
k,k′

(iµ)kk′ Tr
{
ρ (t) a+

k ak′
}

, (25)

where i is the one-electron current.
Let us define an one-electron operator f (”one-electron density matrix” )

by
fkk′ =

〈
a+
k ak′

〉
. (26)

Then
〈jµ (t)〉 = trf (t) iµ (27)

and as it is easily seen, the equation of motion of this operator is

i�
∂f

∂t
= [h, f ] (28)

(Had we also not only one-electron terms in H, then we could have obtain
at-most a chain of coupled equations for a series of operators like f .)

On the other hand, in the eigenstates of the energy (for a system having
particle exchange with the thermostat)

fαα′ = δαα′
1

exp εα−µ
kT

+ 1
,

thus in equilibrium the operator f looks as

f0 =
1

eβ(h−µ)
. (29)

We may formulate now the electric conductivity problem directly in terms
of the one-electron density matrix f . A similar reasoning to that described
in Section 1 leads to the equation

σµν (ω) = − e

i�

∫ ∞

0

dte−(iω+s)ttr {[xν , f0] iµ} . (30)

For the next step one has to use the peculiar form of the identity Eq. 10,
namely

9



Ladislaus Bányai: Profile in Motion 119

[
a,

1

eβ(h−µ)

]
=

1

eβ(h−µ)

∫ β

0

dλeλh [h, a] e−λh

(
1− 1

eβ(h−µ)

)
. (31)

Using this relation we get finally

σµν (ω) =

∫ ∞

0

dte−(iω+s)t

∫ β

0

dλtr {f0iν (−i�λ) (1− f0) iµ (t)} (32)

=

∫ ∞

0

dte−(iω+s)t

∫ β

0

dλ 〈iν (−i�λ) (1− f0) iµ (t)〉0 (33)

5 Explicit application of the one-electron for-

mula to elastic scattering

The one-electron formula we derived in the preceding Section is especially
useful to compare the quantum mechanical theory with the semi-classical
Boltzmann one 2. Let us consider a system of free electrons scattered on
some static scatterer, described by the one-electron

h = − �2

2m
∇2 + V (r) = h0 +V (34)

If we make the approximation

f0 (h) � f0 (h0) (35)

in Eq. 30, then instead of the Eq. 33 we get

σxx (ω) = β

∫ ∞

0

dte−sttr {f0 (h0) jx (1− f0 (h0)) jx (t)} (36)

= −β

∫ ∞

0

dte−sttr

{
∂f0 (h0)

∂h0

f0 (h0) jxjx (t)

}
(37)

or, in the plane wave basis (after normalization in a box),

2Here as in he following the author meant the rate equation with inclusion of the Pauli
principle. It was a frequent misuse of terminology in the early times.
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σxx = −e2�2

m2

∑
k

∂f (εk)

∂εk
kxKk,k (s) (s → +0) (38)

K (s) =

∫ ∞

0

dte−stkx (t) (39)

We shall compute the diagonal matrix element of K(s) using the equation
of motion of kx(t). One may see, that

K (s) = −1

s

∫ ∞

0

dt
d

dt

(
e−st

)
kx (t) = −1

s

{
−kx −

∫ ∞

0

dte−st d

dt
kx (t)

}
,

giving rise to

sK (s) = kx +
1

i�
[K (s) ,h] (40)

or, as matrix elements

(s+ iωk′k)Kk,k′ (s) = kxδk′k +
1

i�
∑
q

(Kk,q (s)Vq,k′ − Vk,qKq,k′ (s)) (41)

with

ωk′k =
εk′ − εk

�
.

Let us admit, that the perturbation V is so weak, that the diagonal ma-
trix elements of K(s) are mach bigger than the non-diagonal ones. Such a
singular approximation becomes plausible if we observe, that the potential
itself hat such singular character, at least after an averaging over the random
distribution of the scattering centers. Indeed , if V (r) =

∑
i v(r − ri), then

Vkk′ = vkk′
∑

i e
ı(k−k′)ri and due to the random oscillation of the phases the

non-diagonal elements are proportional to
√
N , while the diagonal ones are

proportional to N (the number of scatterers). Under this seemingly self-
consistent assumption, we get in a first approximation for the non-diagonal
matrix elements

Kq,k′ (s) � Vk,k′ (s)

�ωk′k + i�s
(Kk,k (s)−Kk′,k′ (s)) . (42)

Inserting this expression in the equation for the diagonal matrix elements
leads to

sKk,k (s)=kx+
1

i�
∑
q

|Vk,q|2
(

1

�ωqk + i�s
− 1

�ωqk + i�s

)
(Kkk (s)−Kqq (s)).

(43)

11
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After performing the s → +0 limit, we get the equation

kx =
∑
k′

Wkk′ (Kk,k (s)−Kk′,k′ (s)) , (44)

where

Wkk′ =
2π

�
|Vk,k′ |2 δ (εk′ − εk) (45)

is the k → k′ transition rate. If this rate depends only on the energies of the
initial and final states, we may look for the solution as

Kk,k = kxτ (εk) (46)

and get finally

τ−1 (εk) =
∑
k′

Wkk′
kx − k′

x

kx
=

∑
k′

Wkk′ (1− cos θ) . (47)

Therefore, under the above approximations, after passing from sums to inte-
grals, we get for the conductivity

σxx = −e2�2

m2

1

(2π)2

∫
dk

df0 (εk)

dεk
k2
xτ (εk) (48)

This expression coincides with the one given by the linearized Boltzmann
equation and the evaluation of the transition rates through the quantum
mechanical perturbation theory. As one may see from the proof given in
the Appendix, the coincidence of the results is obvious, since under simi-
lar approximations The linearized Boltzmann equation may be derived from
quantum statistics [5], [7].

These conclusions are general and obvious, although we got it for a par-
ticular case. Always, when a semi-classical Boltzmann equation is valid, the
Kubo formula would lead to the same result. The exact formulas for the
conductivity however offer the possibility to deal also with cases outside the
availability of a Boltzmann formulation of the transport problem.

It is true however, that convenient methods of approximations in the
Kubo formula are not available for all cases and the existent ones imply
solving integral equations that are not simpler as the Boltzmann equation
itself. Nevertheless, their validity extends that of the Boltzmann equation.
For example, in the above example we could have continued the iteration

12
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with respect to the scattering potential (as formerly mentioned)and therefor 
obtain results valid also for higher concentration of the scattering centers.

Some of the cases, where the Boltzmann treatment fails due to strong 
quantum mechanical effects are : strong magnetic fields, high frequencies, 
strong couplings (very low mobilities).

For a general , more convenient discussion of these cases we shall derive 
in the next Section the general expression of the conductivity tensor for an 
ideal relaxation.

6 Ideal relaxation
Let us introduce an additional relaxation term

ı�
ρ − ρ0

τ

in the right -hand side of the Eq. 2 of the statistical matrix, with a constant 
relaxation time τ . Such a term might replace in an oversimplified version 
the effects of a supplementary dissipative interaction. The solution of such 
an equation (in the linear approximation with respect to the external field ) 
with the initial condition

ρ(0) = ρ0

and sudden introduction of the filed at t = 0 is

ρ = ρ0+
1

i�
e−

t
τ

∫ t

0

dt′et
′/τ exp

(
i
H (t′ − t)

�

)
[HE (t′) , ρ0] exp

(
−i

Ht′

�

)
(49)

or, after a sufficiently long time (t → ∞) after the introduction of the field
one has

ρ = ρ0 +
1

i�
eiωt

∫ 0

−∞
dt′e(iω+τ−1) exp

(
i
Ht′

�

)[
HE (t′) , ρ0

]
exp

(
−i

Ht′

�

)

(50)
and this leads to the formula

σµν (ω) =

∫ 0

−∞
dt′e(iω+τ−1)

∫ β

0

dλ 〈jνjµ (t+ i�λ)〉0 (51)

One may see, that for τ → ∞ Eq. 12 obtained by the adiabatic intro-
duction of the electric field results.

13
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If one may simulate the effect of dissipation alone by such a relaxation
term, ensuring the finiteness of σµν (”ideal relaxation”), then the time de-
pendence of the currents is determined only by the Hamiltonian H0 of the
dynamically independent electrons without dissipation. The eigenfunctions
of this Hamiltonian are mostly known and therefore Eq. 51 may be calcu-
lated explicitly. For electrons in the presence of a magnetic field,taking the
one-electron version of Eq. 51 (see Eq. 33)using the well-known Landau
functions and taking into account that

i = e
dx

dt
=

e

m

(
p− e

c
A (x)

)

after relatively simple calculation we get

σzz (ω) =
Ne2

m

1

iω + τ−1

σµν (ω) = σµν (ω) =
Ne2

m

(
1

i (ω − ω0) + τ−1
+

1

i (ω + ω0) + τ−1

)
(52)

σxy (ω) = −σyx (ω) =
Ne2

m

(
1

i (ω − ω0) + τ−1
− 1

i (ω + ω0) + τ−1

)

This result coincides with the classical one.
Since in the absence of a dissipation (τ → ∞) one must conclude , that an

expansion in powers of the coupling to the dissipative interaction is forbidden
(see for example Eq. 47 ). To conclude, we may say, that generally speaking
the conductivity cannot be calculated by a simple expansion in the powers
of the coupling constant to the dissipation, not even in the case of a very
weak coupling. Nevertheless there are some cases when such an expansion
may work. As it may be seen, this happens for ωτ � 1 for the longitudinal
conductivity and |ω ± ω0| for the transverse ones. Also precisely in the
cases of strong magnetic fields and high frequencies where the boltzmannian
approach fails (except the case of the cyclotron resonance). In the next
Section we shall give an example of such a perturbational calculus for the
static magneto-resistance.

As a final remark: although the ”ideal relaxation” is just a mathematical,
non realistic model, the conclusions we derived from are valid for realistic
systems, as it may be shown by direct application of perturbation theory.
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7 The transverse magneto-resistance

Let us consider a system of electrons in a homogeneous magnetic field H 
oriented along the z axis, interacting with phonons. The Hamiltonian of the 
whole system is

H = He +Hph +He−ph , (53)

where the Hamiltonian of the independent electrons is

He =
1

2m

∫
drψ+ (r)

(
−ih∇+

e

c
�A (r)

)2

(r) (54)

with
�A (r) = (0,Hx, 0) .

Here we denoted by Hph the Hamiltonian of the free phonons, while He−ph

term represents the interaction between the electrons and phonons.
The Kubo formula for the static transverse conductivity is then

σxx = e2
∫ ∞

0

dte−st

∫ β

0

dλ 〈ẋ (−ihλ) ẋ (t)〉0 (55)

where we inserted

jx = e

∫
d�rψ+ (�r) ẋψ (�r) = eẋ .

On the other hand, we may separate the electron motion on the plane
transverse to the magnetic field into the cyclotron center motion and the
relative one

ẋ = Ẋ+ ξ̇ (56)

where

X =
h

mω0

1

i

∂

∂y
=

�y
mω0

k; ω0 =
eH
mc

(57)

is the operator of the cyclotron motion along the x axis.
We recall here, that the eigenfunctions of the electron motion in a homo-

geneous magnetic field are the so called Landau functions

n,X,kz = φn(x−X)eı(
mω0
� Xy+kzz) ,

with the eigenenergies

En,X,kz = �ω0(n+
1

2
) +

�2k2
z

2m
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and the functions φn(x) being the eigenfunctions of the one-dimensional os-
cillator. The meaning of the operator X follows immediately.

We have

σxx = e2
∫ ∞

0

dte−st

∫ β

0

dλ
〈
Ẋ (−ihλ) Ẋ (t)

〉
0

(58)

+ e2
∫ ∞

0

dte−st

∫ β

0

dλ
〈
Ẋ (−ihλ) ξ̇ (t)

〉
0

(59)

+ e2
∫ ∞

0

dte−st

∫ β

0

dλ
〈
ξ̇ (−ihλ) Ẋ (t)

〉
0

(60)

+ e2
∫ ∞

0

dte−st

∫ β

0

dλ
〈
ξ̇ (−ihλ) ξ̇ (t)

〉
0

. (61)

If we admit, that contrary to X, the ξoperator is bounded, then it is
meaningful to perform the time integration of ξ̇. For example, the second
term in Eq.58 thereafter looks as

∫ β

0

dλ
〈
Ẋ (−ihλ) ξ (∞)− Ẋ (−ihλ) ξ (0)

〉
0

and taking into account that correlations over infinite time have to vanish,
we get further

∫ β

0

dλ
〈
Ẋ (−ihλ) ξ (∞)

〉
0
− e2

ı�
Tr {[ρ0,X] ξ}

e2β〈Ẋ〉0〈ξ(∞)〉0 −
e2

ı�
〈[ξ,X]〉0 = 0

since 〈Ẋ〉0 = 0; [ξ,X] = 0.
In the same way one may show that all the terms in Eq. 58 containing ξ

vanish, if this is bounded. Thus, under this plausible assumption

σxx = e2
∫ ∞

0

dte−st

∫ β

0

dλ
〈
Ẋ (−ihλ) Ẋ (t)

〉
0

emerges. Or in a more convenient form for applications (see Eq. 23)

σxx =
1

2
e2β

∫ ∞

−∞
dt

〈
Ẋ (0) Ẋ (t)

〉
0

.
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On the other hand, since X commutes with Heand Hph, Ẋ is of first order
in the electron-phonon interaction potential. It follows, that an expansion in
powers of this interaction starts directly with a second order term. If we are
content with this first non-vanishing approximation, we have

σxx =
1

2
e2β

∫ ∞

−∞
dtTr

{
Ẋe

ı
� (He+Hph)tẊe−

ı
� (He+Hph)t

}
. (62)

Using the occupation number representation of the Landau states (de-
noting the three quantum numbers n, kz, X by ν) we have

X =
∑
ν

Xa+
ν aν , He−ph =

∑
ν,ν′

Uν,ν′a
+
ν aν′ ,

where Uν,ν′ is an operator in the space of phonon states. Thus

Ẋ =
1

ı�
[H,X] =

1

ı�
[He.ph,X] =

∑
ν,ν′,ν′′

Uν′,ν′′X
[
a+
ν′aν′′,a

+
ν aν

]
(63)

=
∑

ν,ν′,ν′′

Uν′,ν′′X
(
δν,ν′′a

+
ν′aν − δν′,νa

+
ν aν′′

)
=

∑
νν′

Uν′ν(X −X ′)a+
ν′aν .

After introducing it in Eq.62 end performing the trace in
the space of the phonon states, characterized by the quantum
number s and performing the time-integral we find

σxx =
πe2β

�
∑

ν1,ν2,ν3,ν4

∑
s,s′

ρph0 (εs)〈a+
ν1
aν2a

+
ν3
aν4〉00 (X1 −X2) (X3 −X4)

×Uν1,s;ν2,s′Uν3,s′;ν4,sδ (Eν4 + εs − Eν3 − εs′) .

However,

〈a+
ν1
aν2a

+
ν3
aν4〉00 =Tr

{
e−β(

∑
ν(Eν−µ)a+

ν aν−Ω)a+
ν1
aν2a

+
ν3
aν4

}
(64)

= δν3ν2δν1,ν4f0(Eν1) (1− f0(Eν2))+δν1ν2δν31,ν4f0(Eν1)f0(Eν3),

with f0(E) being the Fermi function. Therefore

σxx =
πe2β

�
∑
ν,ν′

f0(Eν) (1− f0(Eν′)) (X −X ′)
2

(65)

×
∑
s,s′

ρph0 (εs)|Uν,s;ν′,s′ |2δ (Eν + εs − Eν′ − εs′) . (66)
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or
σxx = e2β

∑
ν,ν′

f0(Eν) (1− f0(Eν′)) (X −X ′)
2
Wν;ν′

with Wν;ν′being the average transition rate for the electron from state ν to
state ν ′due to the interaction with the phonons. If we neglect the phonon
energies, or if we had instead of the phonons static defects, we had obtained

σxx = −e2
∑
ν,ν′

∂f0(Eν)

∂Eν

(X −X ′)
2
Wν;ν′

These results [8]-[10] coincide also with those obtained by Titeica [11] in
1935 by a kinetic approach interpreting the transverse conductivity as the
migration of the center of cyclotron motion.An english version of this paper
may be found in ”Şerban Ţiţeica, Modificarea rezistenţei electrice a metalelor
ı̂n camp magnetic”. p. 49, Ed. Horia Hulubei (2018)

We have seen, that in the exact formulation of the theory, this assumption
could be formulated as the boundedness of the relative coordinate. A check
of the above hypothesis has been verified on various definite cases by taking
into account also the terms we neglected.

8 Strong coupling problems and strong elec-

tric fields
In the preceding Section we have dealt with a relatively simple example of
calculating the electric conductivity by perturbation theory with regard to
the dissipative potential. An important class of conductivity problems in
(crystalline )solids allow such an approach , at least by an improved version
of perturbation theory, even in cases where an expansion of the conductivity
in powers of the dissipating potential is not allowed (like the one treated in
Section 5 ). The application of such a method actually depends on the pos-
sibility to separate a part of the system Hamiltonian whose eigenstates and
eigenvalues are known, but leading alone to a diverging static conductivity
and a weak ”dissipative” one, ensuring the existence of the stationary flow.
The stronger the dissipation is, farther we have to go with improving the per-
turbation method. Obviously, there is a certain strength of this interaction,
where such method does not work any more. This happens by amorphous
substances, by impurity band conduction and always by very low mobilities.

18
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Even in these cases the exact formula of the conductivity may be useful.
The method of its evaluation consist in simple, plausible assumptions about
the nature of the energy spectrum and the energy dependence of the matrix
elements of the currents (see for example [12], [13]).

The elaboration of the conductivity theory has clarified the foundation
and limits of the old kinetic theory, allowed the refinement of the old results
and allowed as well completely news results. On the other hand, it has
simplified and somewhat unified the approach to transport problems.

A next extension of the conductivity theory is the evaluation of higher
order kinetic coefficients, namely of the higher order terms in the expression
of the average current. For this sake we have just to consider the next
iterative terms of the integral equation Eq. 7. As it is easy to see, we get

ρ(t) = ρ0 +
∞∑
n=1

eınωtρ̃n

where

ρ̃n =
1

ı�

∫ 0

−∞
dteınω+s)te

ıHt
� [H̄E, ρ̃n−1]e

− ıHt
�

With the help of this expression for the statistical matrix,one may com-
pute the so called higher harmonics, i.e. those terms in the expression of the
average current,that oscillate with multiples of the applied field frequency.
Taking into account the availability of high intensity monochromatic sources
(lasers), such computations got peculiar interest.

In the static case, the exact solution with coupling of the field at t = 0
(introducing a relaxation term as in Section 6) may be put in the form

ρ = ρ0 +
1

ı�

∫ 0

−∞
dteınω+s)te

ı(H+HE)t

� [HE, ρ0]e
− ıH+HE)t

�

This equation however, needs to be brought in a usable form by an expansion
in powers of the electric field.

A very special case is the one, where the intensity of the field is so strong,
that no expansion in powers of the field is allowed. We have in mind the case
of so called ”hot electrons” for which j ∼

√
E. This problem got until now

no adequate quantum mechanical treatment (although a formal procedure to
improve the perturbation method with respect to the electric field [17].
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9 Derivation of the ”non-mechanical” trans-

port coefficients

We have reviewed in the preceding Sections the proper formulation of the
electric conduction problem. Kubo’s exact formula relates the conductivity
tensor to the correlation function of the currents in the equilibrium state. It
is only to expect a generalization of this theory to other kinetic coefficients,
characteristic for the linear response of a system to gradients of concentra-
tion and temperature. Based on the quasi-classical results, we may expect
that these coefficients might be expressed by equilibrium correlations of the
corresponding currents. The proof of such a statement, however is not at
all simple, since in the case of these purely macroscopic ”forces” a mechan-
ical formulation of the problem is not possible. In other words, gradients
of temperature or concentration cannot be introduced in a microscopical
Hamiltonian. Therefore, the derivation of such formulas (although followed
immediately after that of the electric conductivity) needed a lot of assump-
tions, which were actually equivalent the postulating the relationships. This
situation throw a shadow of doubt to the very existence of a generalization of
Kubo’s theory. Only recently offered Luttinger [16] a simple, but convincing
proof that confirms their validity. In what follows, we describe shortly his
argumentation.

The diffusion coefficient usually may be computed using Einstein’s rela-
tion relating it to the electric conductivity. On the other hand, it may be
shown an analogous relation between the thermal conductivity and the re-
sponse coefficient to a fictive gravitation field coupled to the energy density.
This ”mechanic” response however one may be calculated. In this way one
may avoid the problems.

We define the coefficients L
(i)
µν , L̃

(i)
µν , (i = 1, . . . 4) by the phenomenolog-

ical relationships for the average electric and energy currents:

〈jµ〉 = L(1]
µν∂νφ− L̃(1)

µν

T

e
∂ν(

µ

T
)− L̃(2)

µν T∂ν(
1

T
) + L(2]

µν∂ν (67)

〈jEµ 〉 = L(3]
µν∂νφ− L̃(3)

µν

T

e
∂ν(

µ

T
)− L̃(4)

µν T∂ν(
1

T
) + L(4]

µν∂ν (68)

where φ and are the electric and the gravitational potentials. We have
chosen as independent macroscopic variables the inverse temperature 1

T
and

the ratio µ
T
of the chemical potential to the temperature.
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The coefficients L
(i)
µν , (i = 1, . . . 4) may be calculated by Kubo’s method,

considering the interaction with the applied external fields (within the second
quantization description) as

F =

∫
d�x {n(�x)φ(�x) + h(�x)ψ(�x)} ,

where the first term represents the electrostatic energy, with n(�r) being the
particle density operator, while the second one is the gravitational energy,
with h(�r) being the energy density. The similar computation by the method
of statistical matrix of Section 1, gives rise to

L(1)
µν =

∫ ∞

0

dte−st

∫ β

0

dλ〈jν(t− ı�λ)jµ(0)〉0 , (69)

L(2)
µν =

∫ ∞

0

dte−st

∫ β

0

dλ〈jEν (t− ı�λ)jµ(0)〉0 ,

L(3)
µν =

∫ ∞

0

dte−st

∫ β

0

dλ〈jν(t− ı�λ)jEµ (0)〉0 ,

L(4)
µν =

∫ ∞

0

dte−st

∫ β

0

dλ〈jEν (t− ı�λ)jEµ (0)〉0 .

where jEν is the operator of the energy current (satisfying the continuity
equation ḣ(�r) +∇jE(�r) = 0).

We shall show, that for all i = 1, . . . 4 we get L̃
(i)
µν = L

(i)
µν . To this end

we consider the system in equilibrium (〈jµ〉 = 〈jEµ 〉 = 0) in the presence of
an electric , respectively gravitational field and we calculate the gradients
∂µ(

µ
T
, ∂µ(

1
T
) produced in order to compensate the gradients of the poten-

tials. Therefore we require equilibrium in the presence of the fields. For
the quantum statistical computation we express first these gradients by the
gradients of the particle and energy densities:

∂ν

(µ

T

)
=

∂
(
µ
T

)
∂〈n〉

∂ν〈n〉+
∂
(
µ
T

)
∂〈h〉

∂ν〈h〉 (70)

∂ν

(
1

T

)
=

∂
(
1
T

)
∂〈n〉

∂ν〈n〉+
∂
(
1
T

)
∂〈h〉

∂ν〈h〉 .

Let us consider first equilibrium in the presence of just an electric field

F =

∫
d�x {n(�x)φ(�x)} ,
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with the equilibrium particle density

〈n(�r)〉 = Tr{e−β(H+F−µN−Ω)n(�r)} .

Using the expansion

e−β(H+F−µN) = e−β(H−µN)

{
1−

∫ β

0

dλF(−ı�λ) + ...

}
,

we get

〈n(�r)〉 = 〈n(�r)〉0

−
∫ β

0

dλ

∫
d�r′ (〈n(�r′,−ı�λ)n(�r)〉0 − 〈n(�r′,−ı�λ)〉0〈n(�r)〉0)φ(�r′) .

Where the symbol 〈. . .〉 means Tr{e−β(H−µN)...}
Tr{e−β(H−µN)} .

Taking into account the macroscopic homogeneity in the absence of the
field, by a partial integration we get

∂ν〈n(�r)〉 = (71)

−e

∫ β

0

dλ

∫
d�r′∂ν (〈n(�r′,−ı�λ)n(�r)〉0−〈n(�r′,−ı�λ)〉0〈n(�r)〉0)φ(�r′) (72)

=−e

∫ β

0

dλ

∫
d�r′(〈n(�r′,−ı�λ)n(�r)〉0−〈n(0,−ı�λ)〉0〈n(0)〉0) e∂νφ(�r′).(73)

(Here by neglecting the surfaced integration terms the vanishing of long range
correlations was admitted.) If the field does not vary too rapidly with the
coordinate, taking into account that the operator of the total particle number
commutes with the Hamiltonian, we have further

∂ν〈n(�r〉 = − e

V kT

(
〈N2〉0 − 〈N〉20

)
∂νφ(�r). (74)

In the same way one may get also

∂ν〈h(�r)〉 = − e

V kT
(〈HN〉0 − 〈H〉0〈N〉0) ∂νφ(�r). (75)

However, as it may be seen easily
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(
〈N2〉0 − 〈N〉20

)
=

∂〈N〉0
∂βµ

= V
∂〈n(�r)〉0
∂βµ

(76)

and

(〈NH〉0 − 〈N〉0〈H〉0) =
∂〈H〉0
∂βµ

= V
∂〈h(�r)〉0
∂βµ

. (77)

Therefore, from Eq. 70 and Eqs. 74 - 77 it follows

∂ν

(µ

T

)
= −

[
∂
(
µ
T

)
∂〈n〉

∂〈n〉
∂
(
µ
T

) +
∂
(
µ
T

)
∂〈h〉

〈∂〈h〉
∂
(
µ
T

)
]
e

T
∂νφ (78)

= −
d
(
µ
T

)

d
(
µ
T

) e

T
∂νφ = − e

T
∂νφ

and as it is to be expected

∂ν

(
1

T

)
= −

[
∂
(
1
T

)
∂〈n〉

∂〈n〉
∂
(
µ
T

) +
∂
(
1
T

)
∂〈h〉

∂〈h〉
∂
(
1
T

)
]
e

T
∂νφ (79)

= −
d
(
1
T

)

d
(
µ
T

) e

T
∂νφ = 0 .

From the conditions 〈jµ〉 = 〈jEµ 〉 = 0, together with Eqs.78, 79 we get
immediately

L̃(1)
µν = L(1)

µν , L̃(3)
µν = L(3)

µν . (80)

In the same manner one finds

∂ν

(µ

T

)
= 0, ∂ν

(
1

T

)
= − 1

T
∂νψ ,

and therefore also

L̃(2)
µν = L(2)

µν L̃(4)
µν = L(4)

µν . (81)

The proof is over and we got finally the whole table of transport coefficients.
One might also check Onsager’s reciprocity relations.

The calculus of the coefficients L
(i)
µν , (i = 1, . . . 4) may be performed

according to the same recipes as that of the electric conductivity L
(1)
µν . The

only complication is that the expression of the energy current operator in the
case of interacting particles is not that simple as that of the particle current.
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10 Appendix. Derivation of the Boltzmann equa-

tion for elastic scattering.

Let us consider an dynamically independent electron system scattered on s
static potential V (�r). After the application of a homogeneous electric field,
according to Sec. 4, the equation of motion of the one-electron density matrix
is

ı�
∂f

∂t
=

[
− �2

2m
∇2 + V (�r) + exExe

st, f

]
(82)

or in matrix elements of the free electron states

ı�
∂fkk′

∂t
= (εk′ − εk)fkk′ − ıeExe

st

(
∂

∂kx
+

∂

∂k′
x

)
fkk′ (83)

+
∑
q

[Vkqfqk′ − fkqVqk′) (84)

We consider, that the system at t = −∞ was in equilibrium:

f = f (0) + f (1)est + . . .

with

f (0) =
1

eβ(−
�2
2m

∇2+V (�r)−µ) + 1

and f (1) being of first order in the applied field. If in Eq. 83 we retain only
terms linear in Ex, then

ı�sf (1)
kk′ = (εk′ − εk)fkk′ − ıeExe

st

(
∂

∂kx
+

∂

∂k′
x

)
f
(0)
kk′ (85)

+
∑
q

[
Vkqf

(0)
qk′ − f

(0)
kq Vqk′

)

On the other hand, f
(0)
kk′ obeys the equation

∂f
(0)
kk′

∂t
= 0 .
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or
(εk′ − εk)f

(0)
kk′ +

∑
q

[Vkqfqk′ − fkqVqk′) = 0

Inserting into Eq. 85 we get

(ı�s+ εk − εk′)f
(1)
kk′ = −ıeEx

(
∂

∂kx
+

∂

∂k′
x

)
f
(0)
kk′ (85)

+
∑
q

[
Vkqf

(1)
qk′ − f

(1)
kq Vqk′

)

Approximating
f
(0)
kk′ ≈ f0(εk)δkk

′

we get further

(ı�s+ εk − εk′)f
(1)
kk′ = −ıeEx

∂f0(εk)

∂kx
δkk′ +

∑
q

[
Vkqf

(1)
qk′ − f

(1)
kq Vqk′

)

We shall look for a solution of Eq. 10 under the assumption f
(
kk1) � f

(1)
kk′ for

k �= k′. Then we get as a first approximation for the non-diagonal matrix
elements

f
(1)
kk′ =

Vkk′

ı�s+ εk − εk′

(
f
(1)
k′k′ − f

(1)
kk

)
(83)

and after inserting this into the equation for k = k′ we have finally

eEx
∂f0(εk)

∂kx
=

∑
k,k′

Wk′k

(
f
(1)
kk − f

(1)
k′k′

)
, (83)

where

Wk′k =
2π

�
|Vkk′ |2 δ(εk − εk′) (83)

Equation 83. is nothing else as the linearized Boltzmann equation. Its solu-
tion one looks for in the form

f
(1)
kk = eEx

∂f0(εk)

∂kx
τ(εk) (83)

and finds
τ(εk)

−1 =
∑
k′

Wkk′(1− cos θ) (83)
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Thereafter it follows for the conductivity

σxx = −e2�2

m2

1

(2π)3

∫
d�k

df0(εk
dεk

k2
xτ(εk). (83)

This is identical to Eq. 48. The derivation of the Boltzmann equation for
the more general case of inelastic collisions one finds for example in [17].
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Authors correcture after publication

At the beginning of Section 3 (Conclusions and Discussions) the first paragraph and
Eq. (3.1) shuld read as:

Equation (2.11) is the general form of the Nyquist
theorem. Indeed, Nyquist’s equivalent circuit for-
mula for the equilibrium voltage noise due to an
impedance Z(ω) gives

δV 2

ω = 2h̄ω coth
(

h̄ω

2kTB

)
ReZ(ω) (3.1)
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Bose-Einstein Condensation Quantum Kinetics for a Gas of Interacting Excitons

O. M. Schmitt, D. B. Tran Thoai,* L. Bányai, P. Gartner,† and H. Haug
Institut für Theoretische Physik, J. W. Goethe–Universität Frankfurt am Main, D-60054 Frankfurt-am-Main, Germany

(Received 2 October 2000)

A quantum kinetics of the Bose-Einstein condensation in the self-consistent (s.c.) Hartree-Fock-
Bogoliubov (HFB) model of the interacting Bose gas is formulated and numerically solved for the
example of excitons scattering with a thermal bath of acoustic phonons. The theory describes the con-
densation in real time starting from a nonequilibrium initial state towards the equilibrium HFB solution.
The s.c. changes of the spectrum are automatically incorporated in the scattering terms.

DOI: 10.1103/PhysRevLett.86.3839 PACS numbers: 71.35.Lk, 03.75.Fi

A nonequilibrium many-body description of the con-
densation of atomic or excitonic bosons starting with
experimentally specified initial conditions and ending in
the stationary Bose-Einstein condensation (BEC) state is
an urgent problem since the experimental realizations in
atomic traps [1–3] and experimental indications in semi-
conductors [4–7] of such a phase transition appeared. In
such a phase transition, quantum coherence occurs spon-
taneously once critical conditions are reached. For the
description of such an effect, a helpful analogy is the laser
theory in which the spontaneous creation of a coherent
photon amplitude in a driven nonequilibrium many-body
system is treated [8]. As demonstrated for lasers, rate
equations are the simplest approach to treat the self-
organization of collective coherence in terms of a macro-
scopically populated laser mode. For a nonequilibrium
boson system, semiclassical Boltzmann kinetics has in-
deed been shown to be able to describe a transition into a
state with macroscopically populated condensate, provided
the thermodynamic limit is treated with care [9]. How-
ever, a spatially homogeneous interacting boson system
is known to change its spectrum from a quadratic one in
the normal phase to a nonquadratic one in the condensed
phase. Therefore, a semiclassical kinetics with scattering
between the free-particle states cannot reach the stationary
solution of the condensed state.

In recent years a quantum kinetic theory has been de-
veloped on the basis of Keldysh nonequilibrium Green
functions and the equation of motion technique in which
such time-dependent renormalizations of the spectra are
contained [10,11]. Particularly for the description of fem-
tosecond semiconductor spectroscopy, a quantum kinetics
in terms of the single-time density matrix has been devel-
oped with non-Markovian scattering integrals. The scat-
tering integral kernels are determined by the spectral (i.e.,
retarded and advanced) nonequilibrium Green functions
which have to be calculated self-consistently together with
the density matrix. This theory has been successful in de-
scribing fine details of recent phase sensitive femtosecond
four-wave mixing experiments [10].

A first approach for the BEC kinetics in a dilute
atomic Bose gas was proposed using a Fokker-Planck
equation [12]. In an atomic trap Markovian rate equation

approaches were used [13] to simulate numerically the
occupation of the lowest levels without touching the
problem of spontaneous symmetry breaking. A more re-
cent formal treatment [14] starts from quantum kinetics
and includes anomalous averages, but finally a Markovian
approximation is made and the nature of the solutions is
not discussed.

We apply a purely quantum kinetic approach to the
nonequilibrium phase transition of a BEC of a weakly
interacting Bose gas within deterministic equations. While
in an atomic system the particle-particle interaction causes
the irreversibility, in a low-density exciton (x) system the
x-phonon scattering dominates the relaxation kinetics.
Therefore we treat weakly interacting x’s with x-phonon
scattering as a relatively simple and thus sufficiently
transparent model system for a BEC phase transition. For
the discussion of possible obstructions to a BEC, e.g., in
the form of nonideal boson commutator relation of x’s, the
polariton effect, too short lifetimes, or Auger processes
we refer to the literature [15,16].

We consider x’s in a spatially homogeneous system as
ideal bosons with creation and annihilation operators in
momentum states a

y
�k
, a �k . The nonequilibrium x system is

described approximately by the self-consistent (s.c.) time-
dependent Hartree-Fock-Bogoliubov (HFB) Hamiltonian
[17–19]

HHFB�t� �
X

�k

�ek 1 wn�ay
�k
a �k

1
1
2

X
�k

�c�t�ay
�k
a
y
2 �k

1 H.c.�

2
p

V �wjp�t�j2p�t�ay
0 1 H.c.� , (1)

where w is the x-x contact potential, n is the total density,
V is the volume, and ek is the kinetic energy. The s.c. pa-
rameter c�t� � w

2 � 1
V

P
�q Fq�t� 1 p�t�2� is given by the pair

(or anomalous) function Fk and the coherent amplitude p,

Fk�t� � �ã �k�t�ã2 �k�t��, nk�t� � �ã1
�k

�t�ã�k�t�� ,

p�t� �
1p
V

�a0�t�� ,
(2)
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with ã �k�t� � a �k�t� 2 �a�k�t��. The order parameter in an
x system is also its polarization and therefore named p.
The total density is the sum of the noncondensate and the
condensate n � 1

V

P
k nk�t� 1 jp�t�j2. This approxima-

tion does not lead to the gapless linear spectrum of the
much simpler Bogoliubov approximation. However, for a
proper definition of, e.g., superfluidity, not the single par-
ticle spectrum but the density response function has to be
gapless [20] and these are indeed well behaved in the HFB
approximation.

We use a “spinor” notation for the boson opera-
tors a �k,1 � a �k and a �k,2 � a1

2 �k
with the commutator

�a �k,i , a �k0,j�2 � is
y
ijd�k,2 �k0 , where s

y
ij is a Pauli matrix.

The condensate amplitude is given by pi �
1p
V

�a0,i�,
the reduced density matrix for the noncondensate by
rq,ij � �ã2q,i ãq,j�, and the phonon expectation values by
Nq,ij � �b2q,ibq,j�.

Splitting the time development ≠
≠t � ≠

≠t jcoh 1
≠
≠t jcoll

into a coherent part due to the HFB Hamiltonian and a
part due to the collisions with phonons we find

≠

≠t
pi�t�jcoh � 2i

X
j

H 0
0,ij�t�pj�t� 2

ip
V

si�t� , (3)

≠

≠t
rk,ijjcoh � 2i

X
l

�H 0
k,il�t�rk,lj 1 H 0

k,jl�t�rk,il� , (4)

where si�t� � 2
p

V wjp�t�j2sz
iipi�t� is the cubic Gross-

Pitaevskii term and

H 0
k,ij�t� � �ek 1 wn�sz

ij 1 �c�t�s1
ij 2 H.c.� (5)

is the k-dependent HFB Hamiltonian matrix, where s1 �
�sx 1 isy��2.

Furthermore, the x’s are coupled to a thermal bath of
acoustic phonons with the boson operators b �q, b

y
�q , the

linear spectrum vq � cj �qj, and the inverse temperature b

through Hx2ph � 1p
V

P
�k, �q g �qa

y
�k1 �q

a �k�b �q 1 b
y
2 �q�, where

g �q � G
p

v �q is the long-wavelength deformation potential
coupling. The dissipative evolution due to the phonon
coupling is treated in the framework of quantum kinetics.
The hierarchy of equations of motion for the boson density
matrix is truncated on the second level by factorizing the
averages in the equations for the phonon-assisted density
matrices which contain also the HFB motion. After a for-
mal integration of these equations, one finds the following
non-Markovian quantum kinetic collision integrals:

≠

≠t
pi�t�jcoll � 2

Z t

0
dt0

X
�k,j,l

g2
kDk,jj�t, t0�

3 sz
iiTk,il�t, t0�Rk,lj�t0� , (6)

≠

≠t
rk,ijjcoll � 2

X
l,m

g2
k

Z t

0
dt0 Dk,ll�t, t0� ���sz

jjpj�t�Tk,im�t, t0� 1 �i % j����Rk,ml�t0� 2
X

�q,l,m,n

g2
q

V

Z t

0
dt0 Dq,ll�t, t0�

3 ���sz
jjTk,im�t, t0�Tj�k2 �qj,jn�t, t0�S2 �k, �k2 �q, �q

mnl

�t0� 1 sz
iiTj�k1 �qj,im�t, t0�Tk,jn�t, t0�S2 �k2 �q,k,q

m,n,l

�t0���� . (7)

The functions R and S are combinations of the generalized initial and final state population factors. They are taken
at the earlier time t0, therefore demonstrating the quantum-kinetic memory structure of the equations, which is caused
by the elimination of higher correlations.

Rk,ij�t� � sz
iiNk,j̄j�t�pi�t� 1 sz

jj���rk,i2�t�p1�t� 1 rk,i1�t�p2�t���� ,

S k1,k2,k3
i,j,l

�t� � Nk3,l̄l���s
z
jjrk1,ij�t� 1 sz

iirk2,ij�t���� 1 sz
ll���rk1,i1�t�rk2,j2�t� 1 rk2,j1�t�rk1,i2�t���� .

For all indices n̄ fi n is used. The memory kernel is deter-
mined by the phonon propagator Dk�t, t0� � e2ivksz �t2t0�

and the particle propagator function Tk�t, t0�. The latter
describes the HFB evolution, generated by H 0

k �t�,

i
≠Tk�t, 0�

≠t
� H 0

k �t�Tk�t, 0�; Tk�0, 0� � 1 . (8)

Tk�t, t0� replaces the usual free propagation factors
eiek�t2t0� in the scattering terms by the coherent HFB dy-
namics without any additional adiabatic approximations.
So the important s.c. temporal evolution of the renor-
malized particle energies is fully taken into account. For
t . t0, the evolution matrix Tk�t, t0� is up to a phase the re-
tarded HFB Green function. The system of Eqs. (3),(4),(8)
have to be numerically solved simultaneously.

One expects that the solution approaches the grand-
canonical equilibrium averages of the equilibrium HFB,

at least for weak phonon coupling. We indeed show nu-
merically in what sense this conjecture holds. Note that
these equations do not break the gauge invariance of the
fundamental Hamiltonian with respect to a constant phase
(particle number conservation). Therefore, if the anoma-
lous quantities p and Fk are zero initially, they will be zero
for all times. However, a finite, but very small symme-
try breaking initial condensate population will blow up for
supercritical conditions (n . nc) but decays immediately
for subcritical conditions. This behavior has been demon-
strated also in the framework of rate equations before [9].
However, it is unique to our model that the condensate am-
plitude jp�t�j, the pair function jFk�t�j, the total anomaly
jc�t�j, and the noncondensate population nk�t� converge
to stationary values given by the equilibrium theory of the
interacting HFB gas with the proper thermodynamic quasi-
particle spectrum.
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FIG. 1. Kinetics of the order parameter p. Curves 1 and 2:
jp�t�j2 for w � w1 and for w � w2, respectively. The dashed
lines e1 and e2 correspond to the solution of the HFB equilib-
rium theory and e0 to the equilibrium of the ideal Bose gas.

In order to illustrate these statements, the full set of
the kinetic equations Eqs. (3),(4),(8) is solved numerically.
We take the material parameters of Cu2O, a phonon tem-
perature T � 1.5 K, and a supercritical density of n �
1.76 3 1017 cm23, typical for related experiments [4]. In
order to speed up the numerics, the coupling constant to
the phonons is chosen to be twice the value reported in the
literature. The interaction strength w is varied around the
estimated x-x coupling.

In Cu2O and the results for two coupling constants w1 �
0.5 3 106 meV nm3 and w2 � 2w1 � 106 meV nm3 and
are shown. The scattering length corresponding to w2 is
an exciton Bohr radius. Furthermore, a small initial con-
densate seed of less than 1% of the density is introduced.
A Gaussian initial noncondensed x distribution is assumed
centered at k0 � 0.2 nm21 (excess energy 0.5 meV) and
a width Dk � 0.1 nm21.

For the comparison of the asymptotics of the time-
dependent theory with the result of the equilibrium the-
ory, the s.c. equations for the HFB equilibrium parameters
are solved numerically, too. Figure 1 shows how the or-
der parameter jpj converges in the full kinetics towards
the value of the equilibrium theory for both interaction
constants w1 and w2. The still existing differences stem
from the nonvanishing energy corrections due to the in-
teraction with phonons. For the actual x-phonon coupling
G in Cu2O they are negligibly small. An additional small
phenomenological damping of the memory kernel Tk�t, t0�
stabilizes the numerics on a finite grid of k points. Surpris-
ingly, the speed of the condensation is strongly affected by
the HFB corrections in the scattering terms. Future esti-
mates of condensation time scales should take into account
the buildup of the quasiparticle spectrum. A quasiclassi-
cal Boltzmann equation with phonon scattering does not
yield an accurate description of the x kinetics for typi-
cal high-density experiments in Cu2O. In Fig. 2 the time
dependence of the anomalous density [19] 2jc�t�j�w is
shown. The anomalous density approaches the equilibrium
asymptotes quite well. The resulting asymptotic distribu-
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FIG. 2. Kinetics of the anomalous density 2jc�t�j�w. Curves 1
and 2: 2jc�t�j�w for w � w1 and w � w2, respectively. The
dashed lines e1 and e2 are the HFB equilibrium solutions and
e0 is the equilibrium solution of the ideal Bose gas.

tions nk and the pair function jFkj are compared with the
equilibrium solution in Fig. 3. It can be seen that for Cu2O
parameters both results are nearly identical and far away
from the trivial condensation of an ideal Bose gas, which
predicts Fk � 0. For a truly quantitative calculation, one
should take for large k values the k dependence of inter-
action potential into account. However, already our con-
tact potential results demonstrate clearly the importance
of interaction effects for the resulting x distributions. In
particular, they show that experimentally determined dis-
tributions nk for condensed x’s in Cu2O cannot be fitted
with an ideal gas distribution with m � 0 as has been tried
quite often; see, e.g., [21,22].

The derived quantum-kinetic equations bring all real
quantities and absolute values to the grand-canonical
equilibrium state of the interacting Bose gas. However,
the equilibrium theory makes no prediction for the phase
of the complex quantities. In Fig. 4 the real parts of
the order parameter p and of the sum of the anomalous
function 1

V

P
k Fk are plotted versus the time. Note that

both oscillate with multiples of the chemical potential

k

kn 
 ,

|F
 | k

(1/nm)

2
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FIG. 3. Asymptotic distribution functions nk (�) and jFkj (�)
of the kinetics and the corresponding equilibrium solutions
(curves 1 and 2) for w � w2. Equilibrium solution of the ideal
Bose gas for nk (curve 0) (here Fk � 0).
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FIG. 4. Asymptotic time dependence of the real parts of the
polarization p (curve 1) and of the sum of all anomalous func-
tions 1

V

P
k Fk (curve 2) for w � w2.

m � 76.531 meV of the equilibrium theory. For the
evolution under HHFB�t� 2 mN , the equilibrium values
are stationary. For the real evolution the second term in
the grand-canonical Hamiltonian is missing, which gives
rise to oscillations for quantities which do not commute
with N .

Our quantum kinetic results can be summarized by the
following asymptotic statement for r�t�:

r�t� ! 1
Z

e2imNte2b�Heq
HFB2mN�eimNt , (9)

where Z is the partition function. Observables which com-
mute with N relax to their equilibrium value, while the
noncommuting ones oscillate with multiples of m but have
absolute values given by the equilibrium theory. A quasi-
adiabatic approach would not be sufficient for our problem,
because HHFB�t� rotates very fast even asymptotically.
Therefore, quantum kinetics with integral kernels deter-
mined by the HFB evolution is the appropriate way to treat
the buildup of the quasiparticle and thermodynamic prop-
erties. Equation (9) is not an artifact of the HFB approxi-
mation but a special case of a more general statement. In
Eq. (9) the essential point is that H

eq
HFB does not com-

mute with N . The situation is common in systems with
spontaneous particle number symmetry breaking. In the
Van Hove limit of weak coupling to the bath, the “ro-
tated” density matrix r̃�t� � eimNtr�t�e2imNt relaxes to
a macrocanonical distribution. With infinitesimal symme-
try breaking initial conditions one reaches (as in Ref. [9])
a Bogoliubov quasiaveraging macrocanonical density ma-
trix which also does not commute with N , as in Eq. (9).

In conclusion, a quantum-kinetic theory for the BEC
of an interacting Bose gas has been developed with far-
ranging possible extensions also to atomic systems. It

has been applied successfully to x’s scattering with a ther-
mal phonon bath. A better insight in the kinetics of a
x-BEC in semiconductors has been obtained. This example
also shows that quantum kinetics with its time-dependent
memory kernels is the appropriate formalism to treat sys-
tems, where a quasiparticle spectrum builds up in time as
in a BEC.
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Abstract

The relaxation of nonequilibrium heavy-hole distributions in highly polar CdTe is studied via femtosecond

transmission spectroscopy and compared to more covalent GaAs. Heavy holes in CdTe show ultrafast energy

redistribution via the Fr .ohlich mechanism even if photoexcited below the LO phonon energy. This sub-threshold

dynamics is a genuine quantum kinetic effect relevant whenever the polaron self-energy is comparable to the LO

phonon energy. r 2002 Elsevier Science B.V. All rights reserved.

PACS: 71.38.+i; 72.10.Di; 78.47.+p

Keywords: Quantum kinetics; Polarons; Femtosecond spectroscopy

1. Introduction

In recent years, materials such as III–V nitrides
and semimagnetic II–VI semiconductors have
obtained special attention for applications in
optoelectronics and future spintronics [1,2]. A
common feature of these materials is their
relatively high degree of ionicity as compared to
the well established AlGaAs/InP family. Accord-
ingly, the polar-optical Fr .ohlich interaction of
charge carriers with longitudinal-optical (LO)
phonons is significantly stronger in the nitrides
and II–VI compounds. This scattering mechanism
is of central importance for the transport and

optical properties of direct-gap semiconductors.
The coupling strength of LO phonon scattering for
a carrier with effective mass m� may be character-
ized by the dimensionless polaron coupling con-
stant

a ¼
e2

_

1

eN
�

1

e0

� �
m�

2_oLO

� �1=2

;

which determines the ratio between the polaron
self-energy and the LO phonon energy _oLO:
Electrons in the G-valley of GaAs represent a
typical example for weak Fr .ohlich interaction with
a51: In contrast, charge carriers in CdTe fall into
the so-called intermediate coupling regime where a
is in the order of unity.

The most direct access to electron–phonon
interaction is provided by ultrafast optical spectro-

*Corresponding author. Tel.: +49-89-289-12861; fax: +49-

89-289-12842.

E-mail address: mbetz@ph.tum.de (M. Betz).
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scopy. Situations have been found, where the
semiclassical Boltzmann picture with instanta-
neous scattering events is insufficient for the
treatment of femtosecond kinetics. As an example,
LO phonon quantum beats in the decay of the
excitonic interband polarization [3–6] call for a
quantum kinetic description. Information on the
time dependence of the energy distribution of
nonequilibrium carriers interacting with phonons
is gained analyzing femtosecond transmission
measurements [7]. In GaAs, scattering events
without energy conservation and with memory
effects have been observed for highly energetic
electrons which emit LO phonons [8]. Quantum
kinetic calculations agree with the experiment
[9–11].

In this article, we demonstrate that the dynamics
of nonequilibrium carriers for intermediate elec-
tron–phonon coupling exhibits qualitatively new
and important features which are completely
unexpected in semiclassical physics and may be
understood only on the most sophisticated level of
quantum kinetic theories. The most striking result
is that carriers injected below the one-LO-phonon
threshold, still experience significant relaxation if
the Fr .ohlich coupling is strong enough [12].

2. The experiment

We choose the direct II–VI material CdTe as a
model substance for intermediate Fr .ohlich inter-
action: electrons at the minimum of the conduc-
tion band (m�

e ¼ 0:09m0) exhibit a polaron
coupling constant of ae=0.33. Due to their larger
effective mass (as in GaAs, m�

hh=m
�
eE10 in CdTe),

the heavy holes are even more strongly coupled
with ahhE1: The band gap energy of CdTe is
Eg ¼ 1:60 eV at low temperatures and _oLO ¼
21 meV: The results are directly compared to
analogous investigations in GaAs where
Eg ¼ 1:52 eV, m�

e ¼ 0:067m0; ae ¼ 0:06 and
ahhE0:15:

In the experiments, we create unbound electron–
hole pairs with Gaussian light pulses of a duration
of 80 fs and a central photon energy above Eg: The
samples are epitaxial layers of high-purity CdTe
and GaAs of a thickness of d ¼ 370 and 500 nm,

respectively. They are anti-reflection coated on
both sides, glued to transparent substrates and
mounted inside a He cryostate. In order to gain
insight into the dynamics of the photoexcited
carrier distributions, we measure the pump in-
duced transmission changes with a time delayed
probe pulse of a duration of 15 fs and a bandwidth
of 100meV. Perfectly synchronized pulses for
excitation and probing are provided by a special
two-color femtosecond Ti:sapphire laser system
[13]. The test pulse is spectrally dispersed with a
double monochromator (spectral resolution set to
4meV) after transmission through the sample.

3. Theoretical simulations

In the theoretical treatment, we consider a
quantum kinetic approach based on the Keldysh
Green functions with two-time arguments. The
photoexcited electrons and holes interact with LO
phonons. Coulomb collisions between carriers are
neglected in the low density regime of the
experiment, but the exciton and excitonic enhance-
ment are included through the Hartree–Fock
approximation. The phonons are taken to be in
equilibrium.

In a previous publication [14], we have devel-
oped a straightforward procedure to directly solve
the Dyson equation for the nonequilibrium charge
carriers numerically. Our solution for the inter-
mediate coupling regime (0.1oao1) predicted
important deviations from the earlier one-time
approximations.

Numerical simulations are performed for the
material parameters of CdTe and GaAs taking
into account time delayed optical probe and pump
pulses of the experiment.

4. Results and discussion

Differential transmission spectra for various
delay times tD are measured at a photoexcited
electron–hole density of 4� 1014 cm�3 with cross-
linearly polarized pump and probe beams in GaAs
(left column of Fig. 1) and CdTe (right column of
Fig. 1) [12]. The excitation density is maintained
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extremely low to suppress carrier–carrier scatter-
ing [15]. A lattice temperature of 4.5K ensures
very slow scattering of carriers with acoustic
phonons on a time scale of 10 ps. Consequently,
the polar-optical interaction with LO phonons is
by far the dominant relaxation mechanism in the
sub-picosecond regime.

Exciting GaAs with an 80 fs pulse at 1.65 eV (see
dashed line) results in a heavy-hole (hh) distribu-
tion centered at a kinetic energy of 18meV which
is smaller than _oLO; i.e. no scattering with LO
phonons is expected. In contrast, the electrons are
created with an excess energy of 112meV and
allowed to transfer energy to the crystal lattice via
rapid emission of LO phonons [7,8]. At tD ¼ 50 fs
in GaAs, a signature of the nonthermal carrier
distribution appears near the excitation energy.
For a delay of tD ¼ 500 fs, i.e. after twice the
electron–LO phonon emission time of approxi-
mately 240 fs in GaAs [7,15], most of the electrons
have relaxed towards the minimum of the G-valley,
inducing a transmission increase below a probe
photon energy of 1.55 eV. A well resolved bleach-
ing peak due to the generated heavy holes remains
at 1.63 eV (indicated by hh in Fig. 1). As late as
700 fs after excitation, the increased transmission

associated with the hh distribution is still clearly
visible in GaAs.

In strong contrast to GaAs, no analogous
signature of a hh distribution is found in CdTe
(right column of Fig. 1): excitation with an 80 fs
pulse centered at 1.71 eV (see dashed line) gen-
erates heavy holes with an average kinetic energy
of 12meV. In the semiclassical picture of carrier
relaxation, the hh distribution should, therefore,
behave similarly as in GaAs. However, at a delay
time of tD ¼ 150 fs, approximately twice the
electron–LO phonon emission time of 70 fs in
CdTe [15], no bleaching peak is observed close to
the excitation energy. Apparently, the distribution
of heavy holes in CdTe relaxes on a time scale
comparable to the electrons even though real
emission of LO phonons should be energetically
impossible. This surprisingly fast dynamics can
only be related to the increased polaron coupling
in CdTe since all other parameters are very similar
in GaAs.

To elucidate the physical origin of the missing
bleaching peak in more polar CdTe, we have
performed extensive theoretical studies [12]. The
hh energy distributions computed with the two-
time quantum kinetics (thick lines) and the
semiclassical Boltzmann kinetics (thin lines) are
depicted in Fig. 2 for GaAs (left column) and
CdTe (right column). In GaAs, both models result
in rather similar hh populations. A strongly
peaked distribution is conserved on a sub-picose-
cond time scale. In contrast, the populations
obtained with the Dyson equation for CdTe show
a significant femtosecond relaxation of the holes.
A very broad continuous background resembling a
quasi-thermal distribution has formed already
after a delay time tD as short as 60 fs. Even at a
delay time of tD ¼ 200 fs, the background compo-
nent experiences further relaxation indicating that
the phenomenon is not linked exclusively to the
energy uncertainty during the ultrafast carrier
generation process. This effect is purely quantum
kinetic in nature: if the sub-threshold hole
dynamics in CdTe is simulated semiclassically
(thin lines in Fig. 2), the distribution functions
undergo no relaxation. Upon closer inspection
the background component is discernible also in
the quantum kinetic simulation of GaAs, but the
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Fig. 1. Spectrally resolved transmission changes DT=T in

GaAs (left column) and CdTe (right column) for various delay

times tD at a carrier density of 4� 1014 cm�3 and TL ¼ 4:5K.

The excitation spectra are shown as dashed lines.
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effects are much smaller than in CdTe. In the
experimental result for CdTe, the relaxation of
the heavy holes is even more pronounced than
expected from the calculated hole distribution.
This finding suggests an additional broadening of
the bleaching signal due to valence band warping
that is not included in the simulation.

To understand the unexpected dynamics of the
heavy holes, one has to take into account the fact
that within the two-time quantum kinetics with a
stronger coupling constant the energy of the free
particles is no longer conserved. The interaction
energy plays an important role and allows transi-
tions that are forbidden in the Boltzmann picture.

The dynamics of the hole distribution is a result
of a dynamical polaron formation: the laser pulse
creates bare electrons and holes. These quasi-
particles get dressed via deformation of the

surrounding polar crystal lattice. The buildup of
this virtual LO phonon wave packet leads to a new
class of carrier dynamics. Such phenomena are
relevant whenever the polaron renormalization
energy is comparable to the LO phonon energy.
The approximate time scale for the polaron
formation is linked to the duration of the LO
phonon oscillation period which is o�1

LO ¼ 200 fs
for the case of CdTe.

5. Conclusion

In conclusion, we have found an ultrafast
dynamics of low-energy heavy holes interacting
with unoccupied polar-optical modes in CdTe. A
theoretical description of the sub-threshold scat-
tering calls for a sophisticated quantum kinetic
treatment beyond the Kadanoff–Baym ansatz.
This phenomenon represents a typical many-body
effect: the free-particle energy ceases to be a
constant of motion in systems where the coupling
between electronic and lattice degrees of freedom
can no longer be regarded as a weak perturbation.
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Real-Time Bose-Einstein Condensation in a Finite Volume with a Discrete Spectrum
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We show that Bose condensation in real time occurs in a finite system not only as an accumulation
of the bosons in the ground state below a critical temperature, but also as a rapid enhancement of an
arbitrary small symmetry breaking, followed by a very slow decay of the symmetry breaking order
parameter from the almost ideal value to the vanishing equilibrium value. We show this analytically on
an exactly soluble model and numerically on a model of noninteracting bosons in an oscillator potential.

DOI: 10.1103/PhysRevLett.88.210404 PACS numbers: 03.75.Fi, 05.20.Dd

Extraordinary experimental achievements have recently
proven Bose-Einstein condensation (BEC) of atoms in
magnetic traps [1,2]. While the original idea about BEC
was formulated only in the thermodynamic limit of a free
Bose gas, one may easily conceive that, with a finite num-
ber of atoms in a finite volume, below a certain temperature
the number of bosons in the ground state will increase pro-
portionally to their total number (or volume). A more unex-
pected aspect for a theorist is the observation of the order
parameter (interference) implying a spontaneous symme-
try breaking (of phase transformations corresponding to
the particle number conservation) in a finite system. We
show in this paper, by a study of the evolution in real time,
that even with a finite number of bosons in a finite volume
below a “critical temperature” one gets, besides the accu-
mulation of the bosons in the ground state, also a strong
and rapid enhancement of the order parameter, which later
decays very slowly. The more particles one has, the slower
this decay will be, and of course in the thermodynamic
limit it will not decay at all. In other words, what is for-
bidden in equilibrium in a finite volume (a nonzero order
parameter) is allowed and therefore experimentally acces-
sible in the kinetics, for a certain time interval which grows
with the number of particles.

The treatment is based on the Markovian equations for
the particle occupation numbers and the order parameter
as they may be derived through the equation of motion
techniques for a system of noninteracting bosons in con-
tact with a thermostat. A treatment of interacting bosons
already would require going beyond the Markov approxi-
mation [3]. The Markovian equations were derived and
used in earlier publications [4,5] in the context of Bose
condensation, however, without calculation of the order
parameter in finite systems. For completeness these equa-
tions are first discussed. Then, an exactly soluble model
is discussed [4], to prove analytically our statements about
BEC. On the other hand, in order to be closer to experi-
ments, we consider also bosons in an oscillator potential.
We make the assumption of very simple degenerate transi-
tion rates due to a thermostat and get numerical solutions.
The behavior obtained in this numerical study is in per-
fect agreement with the conclusions of the soluble model.
Already with 100 bosons one gets, at � kBT

h̄v0
� 0.5�, very

rapidly all the atoms in the ground state, and the order
parameter almost achieves its ideal thermodynamic value
before its very slow asymptotic decay.

Let us consider the interaction between bosons
and a thermal bath (phonons) described by the
Hamiltonian H �

P
a eaa1

a aa 1
P

q h̄vqb1
q bq 1P

a,a 0,q�gq,aa 0a1
a aa 0bq 1 H.c.�. Starting from the

Heisenberg equations for the creation and annihilation
operators of the bosons a1

a , aa, taking averages with the
bath being in thermal equilibrium, decoupling the higher
correlations and taking the long-time Markovian limit,
one gets the equations describing the time evolution of
the average boson occupation numbers �a1

a aa� and of the
(square modulus) of the average ground state annihilation
operator �a0� (anomalous average related to the order
parameter):

≠

≠t
�a1

a aa�t �
X
a 0

�Wa 0a�a1
a 0aa 0 �t�1 1 �a1

a aa�t�

2 �a % a0�� ,

≠

≠t
j�a0�tj2 � j�a0�tj2

X
afi0

��a1
a aa�tWa0

2 �1 1 �a1
a aa�t�W0a � .

The transition rates due to the interaction with the
thermal bath Wa,a 0 satisfy the detailed balance relation
Waa 0 � Wa 0aeb�ea2ea0 �. The explicit expression of the
transition rates is given by the golden rule, but it is not
relevant for our further discussion.

It is important to remark that the equation for j�a0�tj2
resembles very much the equation of �a1

0 a0�t , but they are
not identical and, as we shall see, this fact has far reaching
consequences. The stationary solution of these equations is
the Bose distribution for the occupation numbers and a van-
ishing anomalous average. However, if one starts with an
arbitrarily small (but extensive) symmetry breaking initial
condition �a1

0 a0�t�0 fi 0, one may show [4] that, below a
critical temperature, in the thermodynamic limit the sym-
metry breaking survives as a spontaneous symmetry break-
ing as it is given by Bogolyubov’s quasiaverages theory.

The equation for the phase f of �a0�, however, is not
governed by the transition rates,
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≠

≠t
f�t� � 2e0 2

X
q,afi0

jgq,a0j2

3

Ω
1

ea 2 e0 2 h̄vq

∑
�a1

a aa�
e2b h̄vq 2 1

2
�a1

a aa� 1 1

eb h̄vq 2 1

∏
1 P

1
ea 2 e0 1 h̄vq

∑
a1

a aa�
eb h̄vq 2 1

2
�a1

a aa� 1 1

e2b h̄vq 2 1

∏æ
.

The phase behaves asymptotically as f�t� ! 2�e0 1
De0�t, where De0 is the lowest order correction to the
ground state energy due to the interaction with the thermo-
stat. A derivation of these equations is given in Ref. [4] for
free massive bosons interacting with acoustical phonons in
thermal equilibrium, but it does not depend on these spe-
cific details. In what follows, we shall discuss only the first
two equations considering different models for the energies
and transition rates.

All the essential features of the BEC are contained also
in an exactly soluble boson model consisting of a ground
state (particle energy e0) and an excited state (particle en-
ergy e1). The lowest state is taken nondegenerate, while

the higher state is taken to be macroscopically degener-
ate (i.e., the degeneracy is Vn1, proportional to the vol-
ume V ). It simulates a continuum. The transition rate
between the two states is W10 �

1
V we2be0 , respectively

W01 �
1
V we2be1, and obeys the detailed balance. This

volume dependence is typical for transition rates between
a bound state and a state in the part of the spectrum; that
in the infinite volume limit goes to a continuous one [5].
Within this model, the real-time evolution can be studied
analytically.

We are looking for degenerate solutions having identical
occupation of the degenerate states. The rate equations for
fa�t� � �a1

a aa�t; �a � 0, 1� are then

≠

≠t
f1�t� �

w
V

� f0�t� �1 1 f1�t��e2be1 2 f1�t� �1 1 f0�t��e2be0� ,

≠

≠t
f0�t� � n1w� f1�t� �1 1 f0�t��e2be0 2 f0�t� �1 1 f1�t��e2be1� ,

and the equation for the square modulus of the order pa-
rameter p�t� � �1�

p
V � �a0�t is

≠

≠t
jp�t�j2 � jp�t�j2n1w� f1�t�e2be0 2 �1 1 f1�t��e2be1 � .

These equations conserve the average particle density
ntot � n1f1 1

1
V f0. Since the chemical potential in

equilibrium has an upper bound, m # e0, the particle
occupation in the state 1 is bounded by 1��eb�e02e1�21�.
Therefore, above a critical density at fixed temperature (or
below a critical temperature at fixed ntot), the equilibrium
occupation of the state (0) has to increase with the volume.
The critical density is given by nc � n1��eb�e12e0� 2 1�.
These equations are exactly soluble for any set of parame-
ters. For the sake of simplicity, we take e0 � 0, w � 1
(which amounts to choosing the time unit 1

w ), and denote
e2b�e12e0� � j , 1. Then nc � n1

j
12j . We eliminate

f1 in favor of f0 through the conservation equation and
get a closed equation for f0:

≠

≠t
f0�t� � 2

1 2 j

V
f0�t�2

1 f0�t� �1 2 j�
µ
ntot 2 nc 2

1
V �1 2 j�

∂

1 ntot .

The discriminant of the polynomial in f0 on the right side
is positive, the roots �x1, x2� are real with opposite signs,
and we choose x1 as the positive one. Then the solution of
the differential equation [with f0�0� $ 0] is

f0�t� �
x1 1 x2

x12f0�0�
f0�0�2x2

e2a�x12x2�t

1 1
x12f0�0�
f0�0�2x2

e2a�x12x2�t
,

with a � 12j
V . Now, as it is easy to see, the roots behave

for large volumes as V �ntot 2 nc� 1 nc���1 2 j� �ntot 2
nc�� and 2nc���1 2 j� �ntot 2 nc��, respectively. Then
since limt!`f0�t� � x1 $ 0, one gets the following for
n0�t� � 1

V f0�t�:
lim
V!`

lim
t!`

n0�t� �

Ω
0 for ntot , nc

ntot 2 nc for ntot $ nc.

Thus, BEC for the population occurs above the critical
density. By taking the opposite order of the limits, one
has to be careful regarding the initial condition. Let us
now consider the infinite volume limit of the condensate
particle density. For ntot , nc (subcritical density),

n0�t� �
n0�0� �nc 2 ntot�e2�12j� �nc2ntot�t

nc 2 ntot 1 n0�0� �1 2 e2�12j� �nc 2ntot�t�
,

for ntot . nc (supercritical density),

n0�t� �
n0�0� �ntot 2 nc�

n0�0� 1 �ntot 2 nc 2 n0�0��e2�12j� �ntot2nc�t ,

and for ntot � nc one gets a “critical slowing down,” i.e.,
powers of t instead of exponentials:

n0�t� �
n0�0�

1 1 n0�0� �1 2 j�t
.

Therefore, if no condensate is present at the initial time
��n0�0� � 0�, then there is no evolution of the condensate
at all, while for any finite initial condensate ��n0�0� . 0�
one gets condensation at t ! ` above the critical density,
while the condensate disappears below the critical density.
One gets the square modulus of the order parameter by
simple integration using the previous solution:

jp�t�j2
jp�0�j2 �

1 1
x12f0�0�
f0�0�2x2

1 1
x12f0�0�
f0�0�2x2

e2ja�x12x2�jt
e2�12j� �x1�V2ntot1nc�t .
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FIG. 1. Evolution of the average occupation of the lowest level
in the soluble model for the volumes V � 20 and 400.

The last exponential behaves for V ! ` as
e2�1�V � �nc�ntot2nc�t in the supercritical regime, and as
e2�12j� �nc2ntot�t in the subcritical one. It is clear that one
encounters here two time scales: a fast or “microscopic”
one, i.e., weakly affected by the volume, and a slow
or “macroscopic” one, describing evolutions which get
slower as the volume increases. The relaxation of the
population to the equilibrium BE distribution is in this
sense fast, as is the decay of the order parameter to zero
under subcritical conditions. On the contrary, in the
supercritical regime the order parameter decays slowly.
A further consequence of this is the observation that the
time constant of this slow decay can be readily obtained
directly from the equation of jp�t�j2. Indeed, the popu-
lations are quickly thermalized and therefore one may
replace f1�t� with f1�`�. Using the properties of the BE
functions, together with the detailed balance, one gets the
following for large volumes:

1
jp�t�j2

≠

≠t
jp�t�j2 � nc�1 2 e2bm� � 2

1
V

nc

ntot 2 nc
,

in agreement with the discussion above.
It is clear that for any large but finite volume at t ! `

the order parameter disappears. However, if the infinite
volume limit is performed first, then the order parameter
reaches the stationary value,

jp�`�j2
jp�0�j2 �

n0�`�
n0�0�

,

and the Bose condensation is perfect also in the sense of
the order parameter if it was different from 0 at t � 0. If
in the initial state one had jp�0�j2 � n0�0�, then also in the
final state jp�`�j2 � n0�`�. In a finite but sufficiently big
volume, under supercritical conditions, the order parameter
will be first enhanced from any small initial value and then
disappears very slowly. Figures 1 and 2 illustrate the time
evolution of n0 and jp�t�j2

jp�0�j2 above the critical density for
finite volumes V � 20 and 400. [We took here ntot �
20; nc � 10; n0�0� � 0.01; j � 0.001.]

The features shown above are actually rather general and
not pertinent only to this soluble model. The same kind
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FIG. 2. Evolution of the square of the order parameter in the
soluble model for the volumes V � 20 and 400.

of scenario for the order parameter can be shown through
numerical simulation to occur also in a more complicated
model of noninteracting bosons in a finite volume in con-
tact with a thermal bath of acoustical phonons, but we give
here no numerical details of it. Instead we shall analyze
a quite different model with discrete spectrum, where no
useful concept of a volume may be defined, but the spec-
trum is discrete.

We consider a three-dimensional isotropic oscillator
whose states may be characterized by three integers
n1, n1, n3 � 0, 1, 2, . . . , but its spectrum is deter-
mined only by n � n1 1 n2 1 n3, en � h̄v0�n 1

3
2 �;

n � 0, 1, . . . and therefore each energy level has the
degeneracy 1

2 �n 1 1� �n 1 2�.
This model has an appropriate thermodynamic limit (see

Ref. [6]) by letting the distance between the levels go to
zero �h̄v0 ! 0� and at the same time the average num-
ber of particles �N� go to infinity in such a way that
n � �N� �h̄v0�3 remains constant. In this limit, Bose con-
densation with a critical temperature defined by kBTc �
h̄v0� �N�

z �3� �
1�3 occurs, with z �3� � 1.202 06 the Riemann

z �n� function for n � 3.
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FIG. 3. Time evolution of the relative occupation of the lowest
level j�a0�j2��N� (dashed line) and the square of the order param-
eter jPj2 (solid line) in the oscillator model. (�N� � 100, kBT

h̄v0
�

0.5, j�a0�j2t�0 � �a1
0 a0�t�0 � 1.)
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We will treat now the kinetics of a finite average number
�N� of bosons in the oscillator potential with a finite dis-
tance �h̄j0� between the levels. We consider very simple
transition rates depending only on the energies of the ini-
tial and the final states: Wn1,n2,n3 ;n10 ,n20 ,n30 � Wn,n0 , and

we look only for degenerate solutions �a1
n1,n2,n3

an1,n2,n3� �
fn1,n2 ,n3 � fn�n � n1 1 n2 1 n3�. Therefore the equa-
tions for the populations fn and the square modulus of
the “order parameter” P � �a0,0,0��

p
�N� are

≠

≠t
fn �

X̀
n0�0

1
2

�n0 1 1� �n0 1 2� �Wn0nfn0�1 1 fn� 2 Wnn0fn�1 1 fn0��; �n � 0, 1, 2, . . .� ,

≠

≠t
jPj2 � jPj2

X̀
n�1

1
2

�n 1 1� �n 1 2� �Wn0fn 2 W0n�1 1 fn�� .

We suppose again that the transition rates satisfy
the detailed balance relation: Wnn0 � Wn0neb h̄v0�n2n0�.
These equations conserve the total number of bosons:P`

n�0
1
2 �n 1 1� �n 1 2�fn � �N� and the station-

ary (equilibrium) solution is the Bose distribution
for the populations and a vanishing order parame-
ter: f0

n � 1��eb�h̄v0�n13�2�2m� 2 1�; P0 � 0. We
shall illustrate the kinetics of evolution to equilib-
rium for finite numbers of bosons below the formerly
discussed critical temperature by numerical calcu-
lations with transition rates only to nearest states
Wnn0 � w�e�1�2�b h̄v0 dn,n011 1 e2�1�2�b h̄v0 dn0,n11�.

For the numerics, we choose the temperature as
bh̄v0 � 2.0 far below the “critical” one. (Of course, in
the discrete spectrum one has no true critical temperature,
and we borrow the value given above in the specific ther-
modynamic limit.) We choose initial conditions satisfying
j�a0�j2t�0 � �a1

0 a0� at (t � 0) and put very few particles
in the lowest state as a “seed” for jPj2 and the rest in a
high lying excited state (20th level).

Surprisingly enough (see Fig. 3), one gets practically
the complete enhancement scenario of the order parameter
as described before within the soluble model at a finite
volume already at �N� � 100. The dotted curve in Fig. 3
shows the population condensation ��a1

0 a0���N��, and one
may see that the square of the order parameter reaches
very rapidly almost half of the ideal value and thereafter
slowly decays. The maximally enhanced value of the order

t
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FIG. 4. Long-time behavior of the order parameter jPj2 for
�N� � 100 and �N� � 1000. The rest of the parameters are as
in Fig. 3.

parameter is still strongly dependent on the initial con-
dition. For an initial condition with an initial conden-
sate of 0.1 instead of 1, one gets a 4 times smaller order
parameter.

The slow decay of the order parameter after its enhance-
ment may be understood along the same lines as in the
soluble model. By introducing in the right-hand side of
the equation for the order parameter the equilibrium popu-
lation given by the Bose function, and using again the de-
tailed balance, one gets a decay constant proportional to
3
2 h̄v0 2 m. As �N� ! `, m ! 3

2 h̄v0 and the decay con-
stant goes to zero.

Indeed, as is shown in Fig. 4, where the time evolution
of the order parameter is shown on a longer time scale for
�N� � 100 and �N� � 1000 with the same initial condition
as before, the decay slope changes drastically with the
increase of the average number of bosons. In the same
time, the maximal value of the order parameter increases
slowly with �N�. On the same figure one may see also
explicitly the exponential character of the decay (at least
for �N� � 100).

In conclusion, we have shown, in a Markovian approach
within a soluble model, how in a finite system the full
scenario of the BEC develops in real time with a strong
enhancement of any small initial symmetry breaking.
However, asymptotically the symmetry breaking order
parameter very slowly disappears. We obtained an analo-
gous numerical result also for bosons in an oscillator
potential with as few as 100 atoms. The more atoms one
has, the more slowly the order parameter disappears.

*Present address: Institut für Theoretische Physik, Univer-
sität Bremen, Bremen, Germany.
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We show on a solvable model in equilibrium and non-equilibrium, that in the thermodynamic limit
the c-number approximation of the macroscopically occupied lowest state is exact for all averages
of products of these operators.

Introduction One of the basic ideas of the theory of condensation of weakly interact-
ing bosons is the replacement of the creation and annihilation operators of the conden-
sate states by their averages (c-numbers) in the many-body Hamilton operator. The
argumentation goes over the macroscopic occupation of these lowest states. This step
has allowed the developement of a specific diagramm technique [1]. Although very
successful, this theory is mathematically still not very well understood (see Ref. [2]).
Among others, it is not clear whether this is a self-consistent approximation, or in some
limiting sense equivalent to the exact theory. In this paper we describe a simple solva-
ble model, in which the infinite volume limit of the averages of the exact theory coin-
cides with the predictions of the c-number version. We describe first a non-equilibrium
version in which the symmetry breaking and the macroscopic occupation result from
the coupling to an external field. This model emerges from solid state theoretical mod-
els for excitons interacting with optical fields. Then we describe the equilibrium conden-
sation, in which the symmetry breaking in the Hamiltonian remains infinitesimal and
one gets spontaneous symmetry breaking in the sense of Bogolyubov’s quasi-averages.

Non-Equilibrium Model in an External Field Let us consider the time-dependent Ha-
miltonian for a single boson mode interacting with itself and with an external field EðtÞ

HðtÞ ¼ Eaþaþ w

V
aþ2a2 þ

ffiffiffiffi
V

p
EðtÞ ðaþ aþÞ : ð1Þ

Here V is the volume and the creation and annihilation operators satisfy

a; aþ½ � ¼ 1 : ð2Þ

The field term is typical for bosonic models of excitons in a semiconductor interacting
with an optical field. We may omit the one-particle energy term Eaþa, since it can be
eliminated from the Heisenberg equations by a simple phase transformation of the op-
erators a ! a e�{Et.
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We shall make use of the commutation relations

aþnam; aþ2a2
� �

¼ 2ðm� nÞ aþnþ1amþ1 þ ðmðm� 1Þ � nðn� 1Þ aþnam ;

aþnam; a½ � ¼ �naþn�1am ;

aþnam; aþ½ � ¼ maþnam�1

to obtain the Heisenberg equation of motion for the operators Bn;m defined as

Bn;m � aþnam ðn; m ¼ 0; 1; . . .Þ ; ð3Þ

and we get

{�h
@

@t
Bn;m ¼ w

V
ð2ðm� nÞ Bnþ1;mþ1 þ ðmðm� 1Þ � ðn� 1ÞÞ Bn;mÞ

þ
ffiffiffiffi
V

p
EðtÞ ðmBn;m�1 � nBn�1;mÞ :

Obviously the undefined symbols with n ¼ �1 or m ¼ �1 have vanishing coefficients
and therefore do not appear.
Now let us define the infinite volume limits (in the thermodynamical sense) of the

averages

bn;m � lim
V!1

1

V
nþm
2

hBn;mi < 1 : ð4Þ

We anticipated here, that the so defined objects have a finite thermodynamic limit.
For these limiting objects one gets

{�h
@

@t
bn;m ¼ 2wðm� nÞ bnþ1;mþ1 þ EðtÞ ðmbn;m�1 � nbn�1;mÞ : ð5Þ

The obvious solution is

bn;m ¼ bn1;0b
m
0;1 ; ð6Þ

with

{�h
@

@t
b0;1 ¼ 2wb1;0b

2
0;1 þ EðtÞ ; b1;0 ¼ b*0;1 : ð7Þ

This shows, that in the thermodynamic limit the weighted averages all factorize in pro-

ducts of averages of
1ffiffiffiffi
V

p haiÞ and its conjugate.

Equilibrium Model for Bose Condensation Now let us consider the Hamiltonian

H ¼ w

V
aþ2
0 a20 þ

P
k 6¼0

�h2k2

2m
aþk ak þ

ffiffiffiffi
V

p
hða0 þ aþ0 Þ ð8Þ

describing bosons of wave-vectors k. The k ¼ 0 mode interacts with itself and an infinitesi-
mal symmetry breaking parameter h was introduced, according to the definition of the
quasi-averages of Bogolyubov and it will vanish after performing the infinite volume limit
(in the thermodynamic sense) of the averages over the macro-canonical density matrix

h. . .i � Tr
1
Z

e�bðH�mNÞ . . .

� �
: ð9Þ
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The degrees k ¼ 0 and k 6¼ 0 are coupled only through the average particle number

1
V

P
k
haþk aki ¼ n : ð10Þ

Let us define as usual for any operator A

AðtÞ � etðH�mNÞ A e�tðH�mNÞ; ðt < bÞ : ð11Þ

Of course
d
dt

hAðtÞi ¼ 0, however, we get along the same scheme the factorization of

the averages at V ! 1,

lim
V!1

1

V
nþm
2

haþn
0 am0 i ¼ lim

V!1

1ffiffiffiffi
V

p ha0i
� �

*n
lim
V!1

1ffiffiffiffi
V

p ha0i
� �m

: ð12Þ

With the notation P � lim
V!1

1ffiffiffiffi
V

p ha0i we obtain the relation:

�mPþ 2w jPj2 Pþ h ¼ 0 : ð13Þ

Now one can go over to the limit h ! 0 and get besides the ‘‘normal” solution P ¼ 0
also the symmetry-breaking one

m ¼ 2w jPj2 : ð14Þ

Above the critical temperature of the free Bose gas one gets the normal solution,
while below it one gets the symmetry breaking one. In both cases we recovered the
results of the c-number approximation to be exact for the averages of products of op-
erators in the thermodynamic limit.
Unfortunately, we cannot generalize our proofs to the case of a true coupling be-

tween the k ¼ 0 and k 6¼ 0 modes, therefore we cannot proof the Bogolyubov model
itself, which includes as an important feature also a modified quasiparticle spectrum.
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